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Introduction 

Let V be a complex vector-space of dimension 6. Choose a volume-form vol on V. Wedge-product 
followed by vol defines a symplectic form on /\ 3 V: let LG(/\ 3 V) be the symplectic grassmannian 
parametrizing lagrangian subspaces of /\ 3 V (of course LG(/\ 3 V) is independent of the choice of vol). 
Let A £ LG(/\ 3 V): following Eisenbud-Popescu- Walter [3] one defines a subscheme Ya C P(V) as 
follows. Let 

3 

Fdf\V®O nv) (0.0.1) 
be the sub-vector-bundle whose fiber at [v] £ P(V) is equal to 

3 

F v := {a £ f\V | v A a = 0}. (0.0.2) 
We let Ya be the degeneracy locus of the map 

3 

F ^{/\V/A)®O v(v) (0.0.3) 

where Xa is given by Inclusion (|0.0.1[) followed by the obvious quotient map: thus Ya = T^(det A^)- 
We have detF = Op(v){—6)'- it follows that if A is generic then Ya is a sextic hypersurface (an 
EPW-sextic). An EPW-sextic Ya comes equipped with a double cover Xa — > Ya (a double EPW- 
sextic), see [2Tj . There is an open dense LG(/\ Vf C LG(A V) parametr izing smooth double 
EPW-sextics (warning: Ya is smooth only in the degenerate case Y A = POO). If A £ LG(A Vf 
then Xa is a hyperkahler 4-fold deformation equivalent to the Hilbert square K3^ of a K3 surface, 
see [TS1 El El- As A varies in LG(/\ 3 V)° the X^'s vary in a locally complete family of projective 
deformations of K3^ with ample divisor (the pull-back of 0y A (l)) of square 2 for the Beauville- 
Bogomolov quadratic form. The group PGL(V) acts naturally on LG(/\ 3 V) and we have a GIT 
quotient 

3 

M:=h<G(/\V)//PGL(V). (0.0.4) 

(There is a unique linearization of the action, see Section [2j) The open LG(A Vf is PGL(V)- 
invariant and is contained in the stable locus (a straightforward corollary of Proposition 6.1 of [18] . 
it will be reproved in this paper). It follows that COT is a compactification of the moduli space of 
smooth double EPW-sextics (see Proposition 6.2 of [T5] or Proposition [T70.5p . The goal of this 
paper is to analyze the GIT quotient 371. Our first main result is in Section [2j we will show that 
the locus of non- stable A £ LG(/\ V) is the union of 12 locally closed subsets of LG(A V) (the 
standard non-stable strata) defined by "flag conditions" , e.g. the set of A for which there exists a 
codimension-1 subspace Vo C V such that A n A Vo {0}- First we will show that the standard 
non-stable strata parametrize non-stable lagrangians: this will be a straightforward consequence 
of the formula giving the numerical function /i(A, A) of a lagrangian A with respect to a 1-PS 
A: C x — s> SL(TO m terms of the dimension of the intersections of A with the isotypical summands 
of A 3 ^- In order to prove that any non-stable lagrangian belongs to one of the standard non-stable 
strata we prove the Cone Decomposition Algorithm: it applies whenever we have a linearly reductive 
group G acting on a product of Grassmannains Gr(no, U ) x . . . x Gr(n r , U r ) via a representation 
G -> GL(f/°) x ... x GL{U r ). It provides a finite list of 1-PS's of G (ordering 1-PS's) with the 
property that if A, = (Aq, . . . , A r ) is non-stable then it is destabilized by a 1-PS conjugated to one 
of the ordering 1-PS's - of course our point of departure is Hilbert-Mumford's numerical criterion 
for stability. We will apply the Cone Decomposition Algorithm to the case of interest to us: using 
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a computer we will get the finite list of ordering 1-PS's of SL(V). Another computation will give 
the following result: if A is not stable then it is destabilized by a 1-PS conjugated to one among 
the simplest ordering 1-PS's, where simplicity is measured by the magnitude of the weights of the 
1-PS. The "simplest" ordering 1-PS's are exactly those defining the 12 standard non-stable strata. 
Once we have a description of stable lagrangians in terms of "flag conditions" the question arises 
whether stable lagrangians may be characterized via geometric properties of the double cover A a 
(we will prove that if Ya = F(V) then A is unstable and hence every point of DJI represents an 
equivalence class of double EPW-sextics) . We will give a partial answer in terms of the period map 

3 

V: h<G{/\V) —- > B BB 

Here D is the quotient of a 20-dimensional bounded symmetric domain of Type IV by a suitable 
arithmetic group and 1B BB is its Baily-Borel compactification. On the open dense LG(/\ 3 V)° C 
LG(/\ 3 V) parametrizing smooth double EPW-sextics the map V associates to A the Hodge struc- 
ture on the primitive H 2 (Xa) P t modulo Hodge isometries. The map V induces the period map of 
the moduli space: 

p-.fBt— +B BB . (0.0.5) 

Notice that the map p is birational by Verbitsky's Global Torelli Theorem and Markman's mon- 
odromy results [25] [6] [14] [15]. Our results will relate (semi) stability of A G LG(/\ 3 V) and the 
behaviour of V at A. In order to state the results we need to introduce some notation. Given an 
isotropic subspace A C /\ 3 V (e.g. a lagrangian) we let 

3 

©a := {W G Gr(3, V) \ f\ W C A}. (0.0.6) 
Let £ C LG(A 3 V) and £ C Gr(3, V) x LG(A 3 V) be defined by 

3 

E := {A G LG(/\ V)\e A ^ 0}, (0.0.7) 

3 

£ := {(W,A) G Gr(3,V) xLG(/\V) | W G Q A }- (0.0.8) 

A dimension count shows that £ is a prime divisor. Away from E the map V is regular and it lands 
into ID, the interior of the Baily-Borel compactification, see [H] and [2T]. One may analyze the 
behaviour of V at A G E as follows, see [22]. Let (W, A) G E: notice that f\ 3 W C (F w n A) for all 
[w] £ ¥(W), in particular P(W) C Ya- In Subsection 13.11 we will define a Lagrangian degeneracy 
locus C W ,A C P(W) such that 

suppCW = {N € P(W0 | dim(A n F w ) > 2}. (0.0.9) 

We will show that Cw,A is a sextic curve (generic case) or P(W) (pathological case). 

Theorem 0.0.1 ([22J). Let A G E be semistable with closed orbit and suppose that for all W G Oa 
the following holds: Cw.A is a sextic curve and it belongs to the regular locus of the compactified 
period map 

\O nw) (6)\ — ►Bff i2 (0.0.10) 

where 2 is the Baily-Borel compactification of the period space for K3 surfaces of degree 2. 
Then p is regular at [A]. Moreover p([A]) G D if and only if Cw,A has simple singularities for all 
W G ® A - 

We remark that the proof of Theorem 10. 0.11 requires some results that will be proved in the 
present work and hence [22] follows the present paper as far as logic is concerned. On the other 
hand the results of [22] suggest that we should examine the relationship between (semi)stability 
of A G LG(A 3 V) and the behavior of Map (|0.0.10|) at the points C WtA for W G 8a: that will 
motivate a large part of what will be done in this paper. 
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Definition 0.0.2. Let LG(/\ 3 V) ADE C LG(A 3 V) be the set of A such that C W ,A is a curve with 
simple singularities for every W £ Qa- 

Below is the main result of Section [3] 

Theorem 0.0.3. LG(A 3 V) ADE is contained in the stable locus LG(A 3 V) st . 

Theorem l0.0.3l and Theorem lO.O.ll give that there is an open (dense) 9Jl ADE C 97t parametriz- 
ing the isomorphism classes of double EPW-sextics Xa with A £ LG(/\ 3 V) ADE and moreover p 
is regular on DJl ADE and it maps it into D. Theorem 10.0.31 is analogous to Proposition 3.2 of 
R. Laza [10] on periods of cubic 4-folds with simple singularities. We should point out that the 
existing results on moduli and periods of cubic 4-folds, see [261 [9] \W[ [12] have been a model for 
this work. There is a strong analogy between the two families of varieties. In fact Beauville and 
Donagi pQ proved that the variety of lines on a smooth cubic 4-fold is a HK variety deformation 
equivalent to the Hilbert square of a K3 and that by varying the cubic 4-fold we get a locally 
complete family of projective deformations of such varieties, moreover the Hodge structure of the 
primitive H A of a smooth cubic 4-fold is isomorphic to the primitive H 2 of the variety of lines 
on the cubic. The (Plucker) polarization on the variey of lines on a cubic 4-fold has square 6 for 
the Beauville-Bogomolov quadratic form - thus we may think of the family of double EPW-sextics 
as analogous to the family of K3 surfaces which are double covers of a plane and the family of 
varieties of lines on cubic 4-folds as analogous to the family of K3's of degree 6 (generically com- 
plete intersections of a quadric and a cubic in P 4 ). Now let's pass to the contents of Section 
[51 One of the main results is the description of the irreducible components of the GIT-boundary 
59Jt := (5Dt \ DJl st ) where 9Jt s * is the open subset of DJl parametrizing isomorphism classes of stable 
double EPW-sextics. By applying the Cone Decomposition Algorithm we will show that d9Jl has 
8 irreducible components and dimension 5. A remark: from the analogy between cubic 4-folds and 
K3 surfaces of degree 6 and between double EPW-sextics and K3's of degree 2 one would expect 
the moduli space and period map of double EPW-sextics to be somewhat simpler than the moduli 
space and period map of cubic 4-folds. That is not the case: the reason must be the fact that the 
(Plucker) polarization on the variey of lines on a cubic 4-fold has divisibility 2 i.e. it is non-split in 
the terminology of [5]. In order to explain the other main result of Section \E\ we give a definition. 

Definition 0.0.4. Let 3 C 971 be the subset of points represented by A £ LG(/\ 3 V) ss for which 
the following hold: 

(1) The orbit PGL(V)A is closed in LG(A 3 V) ss . 

(2) There exists W £ Qa such that Cw,A is either P(W) or a sextic curve in the indeterminacy 
locus of the period map (|0.0.10p . 

By Theorem 10. 0.11 the indeterminacy locus of the period map (jO.0.51) is contained in 3 - an 
educated guess is that they are actually equal. In Section \E\ we will describe the intersection 
3 n dDJl. We will prove that 3 n dDJl is the union Xy U Xz where Xy is an irreducible 3-fold and 
%z is an irreducible curve. Our results suggest that the period map (|0.0.5p may be understood 
via Looijenga's compactifications of hyperplane arrangements ill i.e. 9Jt might be isomorphic to 
Looijenga's compactification of the complement of 3 specific "hyperplanes" in D. We will go through 
some preliminaries and then we will describe the 3 hyperplanes. Let A £ X and suppose that 
Wi,W 2 £ Qa' tben W\ W% ^ {0} because A is lagrangian. Suppose that W\ ^ W 2 and let 
p £ P(Wi fl W-z): then p £ Cw it A for i = 1,2 and a local equation of Cw ( ,A at p has vanishing linear 
term. Thus either C\Vi,A — P(Wi) or else every point of F(W\ fl W2) is a singular point of C\Vi,A- 
This explains the relevance of those A £ h&(/\ 3 V) such that dimO^ > when determining 3. 
Suppose that O is an irreducible component of Qa of strictly positive dimension. Since the planes 
P(TT) for W £ Q are pairwise incident we may apply Morin's Theorem [TB] on complete irreducible 
families of pairwise incident planes. Morin gives that O is contained in one of 6 families of pairwise 
incident planes, 3 elementary families defined by Schubert conditions and three more interesting 
families, namely one of the two rulings of a smooth quadric hypersurface Q C P(V) by planes, 
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the family of planes tangent to a Veronese surface V 2 C P(V) and the family of planes which 
cut V 2 in a conic. There are uniquely determined lagrangians A+, Ak and Ah with the following 
properties: @a + is the first family, 0^ is the second family and &A h is the third family, see (|2.2.11[) 
and p. 2.201) for more details. Each of A + , Ak, Ah is semistable with closed orbit in LG(/\ 3 V) ss : 
the corresponding points X) := [A + ], r := [Ak] and r v := [Ah] arc distinct and we have tj — Xy n %z 
while y,y v G Xz- Suppose that A approaches A + generically: then Xa will approach the Hilbert 
square of a quartic K3 surface, see [J]. Similarly if A approaches Ak or Ah generically then Xa will 
approach the Hilbert square of a K3 of genus 2 or a moduli space of pure sheaves on such a K3. 
The corresponding periods will approach the divisor in D parametrizing points in the perpendicular 
to a class of square —4 in the first case and of square —2 in the remaining two cases: these are the 
hyperplanes that we mentioned above. What about the other points of Xy UI2 ? The picture that 
emerges from our result is the following: if A approaches generically a point in (Xyy \ {rj}) (Xyy is 
a curve in Xy , see Definition I4.3.3[) then Xa approaches the Hilbert square of a double cover of a 
smooth quadric surface, if A approaches generically a point in (Xy \ Xyy) then Xa approaches the 
Hilbert square of a K3 which is a double cover of the Hirzebruch surface F2 (the relevant reference 
is [23), if ^ approaches generically a point in (Xz \ {t),y,r v }) then Xa approaches the Hilbert 
square of a K3 which is a double cover of the Hirzebruch surface F4. 

Notation and conventions: Throughout the paper V is a complex vector-space of dimension 6. 
We choose a volume-form vol on V and we let (,)v be the corresponding symplectic form on /\ 3 V 
i.e. 

(a, (3) v := vol(a A (3). 

Let W be a finite-dimensional complex vector-space. The span of a subset S C W is denoted by 
(S). Let S C f\ q W: the smallest subspace U C W such that S C im(/\ q U — > /\ q W) is the 
support of S, we denote it by supp(5). If S = {a} is a singleton we let supp(a) = supp({a}) (thus 
if q = 1 we have supp(a) = (a)). 

Let U be a complex vector-space. Let U\, . . . c U be a collection of subspaces and + - ■ = d 
a partition of d; the associated wedge subspace of f\ U is defined to be 

i\ i£ i s 

/\ Ut A ■ • • A /\ Ui := (at A • • • A a t \ a s e /\ 17.) (0.0.11) 

Let TV be a finite-dimensional complex vector-space. We will adhere to pre-Grothendieck conven- 
tions: P(W) is the set of 1-dimensional vector subspaces of W. Given a non-zero w € W we will 
denote the span of w by [w] rather than (w); this agrees with standard notation. Given a non-empty 
subset Z C P(W) we let (Z) C F(W) be the linear span of Z and ((Z)) C W be the cone over (Z) 
i.e. the span of the set of w €\V such that [w] G Z. 

Schemes are defined over C, the topology is the Zariski topology unless we state the contrary, 
points are closed points. As customary we identify locally-free sheaves with vector-bundles. 

Acknowledgments: It is a pleasure to thank Andrea Ferretti for helping me out with the compu- 
tations of Subsection 12.41 I would also like to thank Corrado De Concini for a series of tutorials 
on group representations and Paolo Papi for the interest he took in the present work. 
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1 Double EPW-sextics modulo isomorphisms 



Let 

3 

N(V) := {A £ LG(/\ V) \ Y A = P(V)}. (1.0.1) 

Notice that N(V) is not empty: for example F v £ N(V). It follows from the definition of EPW-sextic 
that N(V) is a proper closed PGL(F)-mvariant subset of LG(A 3 V). If A £ (LG(A 3 V) \ N(V)) 
there is a double cover f A :X A ^ Y A , see [2T]. Let A U A 2 £ (LG(/\ 3 V)\N(V)). The double covers 
/ai j /a 2 are isomorphic if there exists a commutative diagram 

X Al -^*Xa 2 (1.0.2) 

fA 1 Ja 2 

Y Al -^Y A2 

with horizontal isomorphisms. We will prove the following result. 

Proposition 1.0.5. Let A±,A 2 £ (LG(/\ 3 V") \ N(F)). The double covers f Al , f A2 are isomorphic 
if and only if Ai,A 2 are PGh(V) -equivalent. 

Before proving the above proposition we go through a few preliminaries. Let F be the vector- 
bundle on P(V) given by (|0.0.1[) : a straightforward computation involving the Euler sequence (see 
Proposition 5.11 of (TB]) gives an isomorphism 

Fsnj (v) (3). (1.0.3) 

Moreover (op. cit.) the transpose of Inclusion (|0.0.ip induces an isomorphism 

3 

f\V v Si H a (F v ). (1.0.4) 
Claim 1.0.6. The vector-bundle F is slope-stable. 

Proof. Since the (co)tangent bundle of a projective space is slope-stable [7] the vector-bundle 
is poly-stable i.e. a direct sum of stable bundles of equal slope (op. cit.); by (|1.0.3[) it follows that 
F is poly-stable. The slope of F is fi(F) = —3/5 and the rank is r(F) — 10; it follows that if F is 
not slope-stable then 

F = A®B, n(A) = n(B) = -3/5, r{A) = r{B) = h. (1.0.5) 

By (|1.0.3[) we have x(F(— 3)) = — 1; since it is odd we get that for any g £ PGL(V) we have 
g*A B. The action of SL(V) on F(V) lifts to an action on F and hence on F v ; this action 
is induced by SX(V)-actions on A y and £> v because A, B are slope-stable and g*A ^ B for any 
g £ PGL(I^). Hence the induced SL(V)-a,ct\oiv on H°(F V ) is the direct-sum of representations 
H°(A W ) and H°{B V ). Since F v is globally generated each of H°(A V ), H°{B V ) is non-zero; that is a 
contradiction because by (11.0.41) the SX(V)-representation H°(F V ) is the standard representation 
/\ 3 V v and hence is irreducible. □ 

Proof of Proposition 11.0.51 It follows from the definition of double EPW-sextic that if A\ and 
A 2 are PGL(V r )-equivalent then f Al and f A2 are isomorphic. Let's prove the converse. Since Y Ak 
is a hypersurface in P(V) = P 5 its Picard group is generated by the hyperplane class and moreover 
Y Ak is linearly normal. It follows that Y Al is projectively equivalent to Y A2 and hence by acting 
with a suitable element of PGL(y) we may assume that Y Al = Y A . 2 = Y. We will prove that with 
this hypothesis A 1 = A 2 . Let A £ (LG(A V) \ N(V)). Since A is Lagrangian the symplectic form 
defines a canonical isomorphism y /\ 3 V/Aj = A v ; thus (|0.0.3p defines a map of vector-bundles 
X A : F — » A v <E> Ofary Let i: Y A P(V) be the inclusion map: since a local generator of det X A 
annihilates coker(AA) there is a unique sheaf £a on Y A such that we have an exact sequence 

— > F A y ® O v(v) — > i,CA — -»• 0. (1.0.6) 
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Let £ A ■= Ca(-3). We recall that £4 is the (-l)-eigensheaf of f A : X A -> Y A . By ([OH]) we 
get that there exists an isomorphism £ Al — > £ A2 and hence also an isomorphism <f>: Q Al — > 
Ca 2 - Isomorphism (11.0.31) and Bott vanishing give that = for all i; by (| 1.0.6)) we get an 

isomorphism A)^ — > H°(C, Ak ). Thus we have a commutative diagram with exact rows and vertical 
isomorphisms 

->• F ^> AX®O v[v) — ► uCax -> 



H Q («/.)®id U (1.0.7) 
->■ F -A <g> O v[V) — > i*CA 2 -> 
By (| 1.0.4)) the transpose ^* : F v — > F v induces an automorphism 

3 3 

fl°(^*): /\^ v -^/\V V . 

By (|1.0.7|i we have 

H\^) o ff°(A* A2 ) = ff°(A Xl ) o H\4>y. (1.0.8) 

Let s: /\ 3 V^ f\ 3 V v be the isomorphism defined by the symplectic form (,)y i.e. s(«)(iu) := 
(v, w)y. Letting jk : /\ 3 V be inclusion we have 

S oj fe=J ff°(A A J. (1.0.9) 

Let e := s _1 o if (■(/>') os; we claim that 

e(A 2 )=Ai. (1.0.10) 

In fact by (|1.0.8I) and (11.0. 9p we have 

eoj 2 = s" 1 o if ^*) o s o j 2 = s" 1 oiJ°(V/) oH°(\ A2 ) = 

= s- 1 o H°(A* Xl ) o ff ^)* = ji o (1.0.11) 

and this proves (|1.0.10[) . By Claim [1.0.61 the vector-bundle F is slope-stable and hence rp — cUf 
for some c G C x . It follows that iJ°(-i/>*) = cldjjo^v) and hence e = cld^y by (jl.0.4p . Thus 
e(A 2 ) = A 2 and therefore A 2 = A x by (11.0. 10|) . □ 

We showed in [18] that there is a non-trivial involution (5 : 9Jt — ► 9Jt. We recall the definition of 8. 
Let 

A 3 V X A 3 ^ V (1.0.12) 



i-> /3 m- vol(a A /?) 



be the isomorphism defined by (, )y. We notice that Sy sends isotropic subspaces of /\ 3 V to 
isotropic subspaces of /\ 3 y v ; in particular it induces an isomorphism LG(/\ 3 V) —t LG(/\ 3 y v ). 
We record the following: given E G Gr(5, V) 

3 

E e if and only if (/\ £) n A ^ {0}. (1.0.13) 

Let A G LG(/\ 3 V) be generic: then Y<5 v (a) is the classical dual of Ya, see [IB]. The map (5y 
induces a regular involution 

[A] ^ IS V (A)} 

We showed in [TB] that a generic EPW-sextic is not self-dual and hence 5 is not the identity. 
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2 One-parameter subgroups and stability 



Let A £ LG(/\ 3 V). Choose ^ lj £ f\ w A; thus u £ A^WK)- % tlie Hilbert-Mumford 
criterion A is not stable if and only if there exists a one-parameter subgroup A: C x — > SL(V) such 
that lim t _j.o w exists in V) (by definition a 1-PS is not trivial). Equivalently the numerical 

function A) is non- negative (our sign convention is the opposite of Mumford's). The first goal 
of the present section is to write out /i(A, A) in terms of the dimensions of intersections of A with 
the subspaces of the flag in /\ V determined by the isotypical decomposition of /\ A. We will 
carry out the discussion in a more general context: that will allow us to apply it later on in the 
analysis of the GIT boundary components of 9Jt. As an application of the formula for n(A, A) we 
will define a series of locally closed subsets of LG(/\ 3 V) consisting of non-stable or unstable points; 
they are defined by imposing suitable flag conditions on A £ LG(/\ 3 V), and are named standard 
non-stable (or unstable) strata. A first consequence will be that if A £ LG(/\ 3 V) is semistable then 
Ya 7^ P(V) i.e. points of 9Jt do represent double covers of EPW-sextics. The following subsection 
introduces the Cone Decomposition Algorithm: it applies to a linearly reductive group acting on a 
product of Grassmannians. The output of the algorithm is an explicit description of the non-stable 
locus as a finite union of translates of Schubert cells. In the last subsection we will apply the Cone 
Decomposition Algorithm in order prove that A £ LG(/\ 3 V) is stable if and only if it does not 
belong to one of the standard non-stable strata. We start off by fixing our conventions regarding 
Geometric Invariant Theory (GIT), the standard reference is [17] . Let G be a linearly reductive 
group which acts on a projective variety Z C P(W / ) via a homomorphism G — > SL(W). Let [w] £ Z. 
Then [w] is semistable if there exists a G-invariant a £ H°(C n ) (for some n) such that a(w) ^ 0; 
we let Z ss C Z be the open subset of semistable points. A point [w] £ Z is stable if it is semistable 
and in addition the stabilizer Stab ([it;]) is finite and the orbit G[w] is closed in Z ss ; we let Z st C Z 
be the open subset of stable points. We say that [to] is properly semistable if it is semistable but not 
stable and that it is unstable if it is not semistable. Minimal orbit in Z ss is sinonimous of closed 
orbit in Z ss . The set of (closed) points of Z//G is in one-to-one correspondence with the set of 
minimal obits in Z ss , in particular it contains an open subset parametrizing orbits of stable points^ 
We name G-equivalence the equivalence relation induced by the quotient map Z ss — > Z//G: thus 
[w\], [1V2] £ Z ss are G-equivalent if and only if the unique closed orbit in G[tOi] PI Z ss is equal 
to the unique closed orbit in G[u>2] fl Z ss . Next we will recall the Hilbert-Mumford criterion for 
(semi) stability. Let W be a (finite-dimensional) complex vector space and A: C x — > GL(W) a 
homomorphism . Let 

W = ® a ^W a , \{t)\ Wa =t a ld Wa , (2.0.1) 

be the decomposition into isotypical addends. Given [to] £ P(W) let w = J2a€Z w a be the decom- 
position according to (|2.0.1[) : we set 

fi([w],X) := min{a | w a ^ 0}. (2.0.2) 

(Warning: our /1 is the opposite of Mumford's.) The following elementary remark explains the 
importance of the [i function. 

Remark 2.0.7. Keep notation as above. Then /x([to],A) > if and only if lim t ^o X(t)w exists. 
Suppose that /x([to], A) > and let to := lim t _>o \(t)w. Then to = if and only if //([to]. A) > 0. 

Next recall that a 1-PS (one-parameter-subgroup) of a group G is a non-trivial homomorphism 
A: C x — > G. Below is the formulation of the celebrated Hilbert-Mumford Criterion that goes with 
our choice of /i. 

Theorem 2.0.8 (Hilbcrt-Mumford's Criterion |17]). Let G be a linearly reductive group acting on 
a projective variety Z C P(W) via a homomorphism p: G — > SL{W). Then 

(1) [to] is stable if and only if (i([w],p o A) < for all l-PS's A of G. 

1 We recall that [w] is semistable if and only if is not in the closure of Gu, and the orbit G[w] of a semistable 
[w] is closed in Z ss if and only if Gw is closed in W. 



(2) [w] is semistable if and only if fi([w], poA) < for all 1-PS's A of G. 

(3) [w] is unstable if and only if there exists a 1-PS A of G for which p{[w], p o A) > 0. 

2.1 (Semi) stability and flags 

Let U°, . . . ,U r be finite-dimensional complex vector spaces. Let G be a linearly reductive group 
and 

G — > GL(£7°) x ... x GL(U r ) (2.1.1) 

be a homomorphism. Let m p ,n p > be integers for < p < r; we assume that n p < dimJ7 p . 
Homomorphism f2"XTj) gives a representation p of G on S m °(A"° U°) ® . . . <8> S mr (/\™ r U r ): we 
assume that 

S ra °(/\[/>...«S mr (/\c/ r ) . (2.1.2) 

Let C p be the Plucker ample line-bundle on Gr(n p , U p ). We have the embedding 

/no n r \ 

Gr(n ,C/°) x ... x Gr(n r ,CT) P S m ° (/\ £7°) <g> . . . <g> S m " (/\ C/ r ) (2.1.3) 



associated to C™° ® ... ® Homomorphism (|2.1.ip induces an action of G on Gr(no,J7°) x 

. . . x Gr(n r , U r ). In this paper we will study particular cases of the above construction. The main 
example for us is the action of G = SL(V) on /\ 3 V and the induced action on Gr(10, /\ 3 V): we 
will be interested in the closed S'L(V r )-invariant subset LG(/\ 3 V) C Gr(10, f\ 3 V), on the other 
hand we will examine more general homomorphisms in Section [5] Let A: C x — > G be a 1-PS. 
Let p m (-,p o A) be the Hilbert-Mumford numerical function defined by Embedding (12.1.3)) - here 
m = (mo,...,m r ) and the input is a point (Aq, . . . ,A r ) 6 Gr(no,C/°) x ... x Gr(n r ,U r ). One 
expands p m as follows. Let ir p : G — »■ GL(I7 P ) be projection. Then ir p o A: C x — > GL([/ P ) and we 
have the numerical function p,(A p ,ir p o A) (relative to C p ): abusing notation we will denote it by 
p(A p , A). We have 

r 

p m ((A , ...,A r ),po\) = J2 m p p{A pi A). (2.1.4) 

Next we will write out explicitly p(A p , A). First we must introduce the A- type of A p . To simplify 
notation we set U — U p . Thus we suppose that A: C x — > GL(U) is a homomorphism (ir p o p o A in 
the notation used above). Let 

U = U eo ®...®U es (2.1.5) 

be the decomposition into isotypical summands for the action of A. We assume throughout that 
the weights are numbered in decreasing order: 

e > ei > . . . > e s . (2.1.6) 

For < i < s we let 

Li :— U eo © . .. ffi Z7 ej . (2.1.7) 

Definition 2.1.1. Let A: C x — >■ GL(i7) be a homomorphism. Keep notation as above, in particu- 
lar (gX5J) and (|2"X6) . Let < n < dimC/ and A 6 Gr(n, 17). We let 

d$(A) :=dim(An Li/An Li-t) 0<i<s. (2.1.8) 

The vector d x (A) := (d$(A), d*(A)) is the A-type of A. More generally let A: C x -> GL(Z7°) x 
. . . x GL(C/ r ) be a homomorphism and (^4oj ■ ■ ■ , A r ) 6 Gr(no, f/°) x . . . x Gr(n r , U r ): the collection 
of vectors 

((T ooX (A ),...,d^ oX (A)) 

is the A-type of {Aq, . . . ,A r ). Whenever possible we omit reference to A i.e. we denote the A-type 
of (A . . . . , A r ) by (d(A°),...,d(A r )). 
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Let A: C x — > GL(U) be a homomorphism - we assume that (12.1.51) and (12 . 1 . 6[) hold. Let 
A G Gr(n, U). Then /j,(A, A) is determined by the A- type of A: 

s 

^(A,A) = 5>(#(A). (2.1.9) 

i=0 

In order to examine lim t _s.o A(t)(Ao, . . . , A p ) we introduce a definition. 

Definition 2.1.2. Keep notation as in Definition 12.1. H Let < n < dimU and A € Gr(n, J7). 
Then A is X-split if A = (A n C/ eo ) © (A n C/ ei ) © . . . © (A n U e J. 

Remark 2.1.3. Keep notation as above. Then A 6 Gr(n, [/) is A-split if and only if X(t)A — A for 
all teC x . 

Next assume that A is a 1-PS of G. Let (Aq, . . . , A r ) e Gr(no> U°) x . . . x Gr(n r , U r ) and suppose 
that Ai m ((-4o, • ■ • , Ar), p o A) = 0. Let w be a generator of (A' nax ^o) m ° ® • • • <8> (A"™* ^r) mr - Then 
limj^o /J o A(t)w exists and is non-zero by Claim 12.1.71 call it 57. Of course there exists a unique 
(A , ...,A r ) e Gr(n , U°) x . . . x Gr(n r , C/ r ) such that {/\ m ^A ) m ° ® • • • ® (A" 1 "" ^r) m " = CuJ. 
The result below follows directly from the definitions. 

Claim 2.1.4. For < p < r £/ie subspace A p is X-split of type equal to d x (A p ). 

Next we consider the case in which we are given a symplectic form a € A U v and G acts via a 
homomorphism 

G — ■+ S P ([/,ct) := {.o 6 GL(J7) | g*a = a}. 

The main example for us is G — SL(V), U — f\ 3 V and a = (, )y. Let's go through some elementary 
facts regarding Decomposition (|2.1.5[) . If a weight e occurs then so does — e: by (|2.1.6|) we get that 

ei + e s _i=0, 0<i<s. (2.1.10) 

Moreover 

U ei ±U ek if i + k ^ s 

and 

U et x — > C 
(a,P) <r(a,/3) 

is a perfect pairing - in particular dim?7 ei = dbnU es _ i and the restriction of (,)y to Uq is a 
symplectic form. Now assume that A 6 hG(U) where "lagrangian" refers to the symplectic form 
a. Then the first half of the di(Ays determine the remaining ones - this is a well-known fact, we 
recall the proof for the reader's convenience. 

Claim 2.1.5. Let U be a finite- dimensional complex vector-space and a G A 2 U v a symplectic 
form. Let X: C x — > Sp(£/, a) be a homomorphism. Let (|2.1.5I) be the isotypical decomposition of X 
and suppose that (|2.1.6[) holds. For A 6 LG(£/) we have that 

df(A) +d$_ i (A) = dimU ei , 0<i<s. (2.1.11) 

Proof. We have Lf- = L s -i-\ where orthogonality is with respect to the symplectic form a. Thus 
a induces a perfect pairing 

(IhIU-x) x (L a _ < /L a _ i _i) — ► C. 
Intersecting A with Li and with L s _i we get that 

d*{A) +d x s ^{A) < dimU ei = dimU es _ z (2.1.12) 

because projection defines an isomorphism U ei = Li/Li-i and A is lagrangian. On the other hand 

s s s 

dim U Cl = dim U = 2 dim A = ^ (d£ (A) + (A)) < ^ dim U ei . 

i=0 i=0 i=0 

It follows that (|2.1.12[) is an equality for < i < s. □ 
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Definition 2.1.6. Keep assumptions as in Claim [2.1.51 The reduced X-type of A is 

d x red {A) ■■= (4(A),...,df (s _ 1)/2] (A)). 
(In other words we truncate the A- type of A right before the middle.) 
By Claim l2.1.5l thc reduced A- type of A determines the A- type of A. 

Claim 2.1.7. Let U be a finite- dimensional complex vector-space and a G f\ 2 U v a symplectic form. 
Let A: C x — > Sp(U, a) be a homomorphism. Let A G UG(U). Then 

MA A) = 2 ( £ e ld KA) £ j . (2.1.13) 

\0<i<s/2 i<s/2 ) 

Proof. By flSXJJJ), (|2.1.10p and (|2.1.1ip we have 

S S 

MAA)=£eA A (A)= ]T e ^( A )+ E e i d i(A) = 

i=0 0<i<s/2 s/2<i<s 

= ]T e i d i( A )~ E ^(dimt^-d^A)). 

0<i<s/2 0<i<s/2 

The last term on the right is clearly equal to the right-hand side of (|2.1.13[) . □ 
2.2 Examples of non(semi) stable loci 

We will define closed subsets of LG(/\ 3 V) contained either in the complement of the stable locus or 
in the unstable locus - we name them standard non-stable (unstable) strata. Some of the standard 
non-stable (unstable) strata have appeared in [2QJ as loci of lagrangians containing a strictly positive- 
dimensional set of decomposable elements - we will make the connection in Subsubsection 12.2.21 
We refer to Section [3] for a geometric description of all the standard non-stable strata. 

2.2.1 The examples 

Let A be a 1-PS of SL(V) and 

F:={v ,...,v 5 } (2.2.1) 
be a basis of V which diagonalizes A. Thus 

5 

X(t)vi = t n Vi 0<i<5 E ri = ' (2.2.2) 

i=0 

Let 

3 3 

/\V = U eo ®...®U e „ /\\(t)\u^ =t e >Uu^ (2.2.3) 

be the decomposition of /\ 3 A into isotypical summands. Notation is as in (|2.1.5[) but notice the 
potential for confusion between A and /\ 3 A. In particular the weights are in decreasing order - 
see 42JL6]). Let 

V\ := {(do,---,<% s -i)/2]) I di eN, di < dim[/ e J. 

The reduced A-type of A G LG(/\ 3 V) belongs to V\\ viceversa every [(s + l)/2]-tuple in V\ is the 
reduced A-type of some A. Let d = (do, ... , d[( s _i)/2]) G Pa; we let 

**(d,A):=2( E E ^f^V (2.2.4) 

\0<i<s/2 i<s/2 J 

The above definition is motivated by (12.1. 13|) . 
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Definition 2.2.1. Let y be the partial ordering on V\ defined by a y b if 

(a + a 1 + ... + Oi) > (b + h + . . . + h), < i < s/2. 

Claim 2.2.2. Keep notation as above. Let a, b € V\. Ifa^h then /z(a, A) >: //(b, A) and equality 
holds if only if a = b. 

Proof. By (|2 . 1 . 13[) we need to show that 

^ ej(a; - bi) > 

0<i<s/2 

and that equality holds if and only if a = b. Let #j := (ao — &o) + • • • + ( a i — Since a ^ b 
we have Xj > for < z < s/2, moreover x, = for all < i < s/2 if and only if a = b. A 
straightforward computation gives that 

^ e.i(a,i-bi)=\ ^ (ei - e i+ i)xi J + e[( s _i)/2]X[( s _i)/ 2 ]. 

0<i<s/2 \0<i<[(s-3)/2] J 

The claim follows because cq > e\ > . . . > e[( a -i)/2] > 0. □ 

Let r = (ro, . . . , r^) be the sequence (counted with multiplicities) of weights of A. Given d 6 "Pa 
we let 

3 

:= M S LG(/\ 7) | <# ed (A) b d}. (2.2.5) 

Claim 2.2.3. The Schubert variety E F d is closed and irreducible. If in addition ^(d,A) > 
(fi(d, A) > CL 1 i/ien E^ d is contained in the non-stable locus (respectively the unstable locus) of 
h<G(/\ 3 V). 

Proof. E F d is closed by uppersemiconinuity of the dimension of the intersection of subspaces. One 
checks easily that the locus of A E LG(/\ 3 V) such that d x (A) = d is open dense in E^ d and 
irreducible; it follows that E^ d is irreducible. The statement about non-stability (respectively 
instability) follows at once from Claim 12. 1.71 and Claim [2.2.21 □ 

Let 

E: !d :=|jE r F d , E r . d :=E^ (2.2.6) 

F 

where F runs through the set of bases of V; thus E* d is locally closed and E rj d is (tautologically) 
closed. If /i(d, A) = then E* d and E Fi d are contained in the non-stable locus by Claim 12.2.31 
Similarly if /x(d, A) > then both E* d and E rj d are contained in the unstable locus of LG(/\ 3 V). 
We will define non-stable (unstable) strata by choosing certain r and d such that /z(d, A) = 
(fi(d, A) > 0). Table ([T]) defines the standard non-stable strata by defining the corresponding E^ d 
where F is the basis (|2.2.1I) . We explain the notation of that table. We let (5,-15) stand for 
(5,-1,— 1,-1,— 1,-1) and similarly for the other rows in the first column. To a given row we 
associate the 1-PS A given by (|2.2.2p where r = (ro, • • • ,r^) is the entry in the first column. The 
second column contains fi(d, A). The third column gives a d G V\ such that /x(d, A) = 0. The 
fourth column gives a flag condition on A € LG(/\ 3 V) which is equivalent to A G Ej! d - for r and 
d in the same row. In that column we adopt the notation 

Vij := (v i ,v i + 1 ,...,v j ), 0<i<j<5. (2.2.7) 

An entry in the last column is the name that we have chosen for E£ d with r and d in the same 
row. We let 

B^ := [JB^, Ma := B^, . . . ,1^ := [jBjr 2 , Bjf 2 := B^, X^ := [Jx^, Xj^ 3 := X^. 

F F F 

(2.2.8) 

Table @ defines the standard unstable strata; notation is as in Table (HJ except that we have X's 
everywhere - the rationale for the distinction between B's and X's will be explained in Section \3[ 
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Remark 2.2 A. Let X £ {A, A v , . .., T\} be one of the indices of the standard non-stable strata 
with the exception of A/3; by definition we have X^._|_ C Mx- Similarly Xjv 3 , C Xjv 3 . 

Duality. Given a 1-PS A let A -1 be the inverse 1-PS i.e. A" 1 ^) = A^ 1 ). The set of weights of 
/\ 3 A and of /\ 3 A -1 are the same and moreover dim U e (/\ 3 A) = dim U e (f\ 3 A -1 ) for each weight e. 
Thus V\=V x -i and 

A) = /i(d, A -1 ), deV x =T x -i. 

This implies that the non-stable (or unstable) strata E* d come in couples, namely E* d and E^ r d . 
Notice that if a non-stable (or unstable) stratum E* d appears in Table (JJ then so does El r d . The 
remarkable fact is that the mirror of a stratum may be identified with the image of the stratum when 
we apply the duality isomorphism LG(/\ 3 V) LG(/\ 3 V w ) induced by (|1.0.12[) : more precisely 
we have 

ME r * d 00) = E* r>d (T/ v ), 

where E* d (^) is the non-stable (or unstable) stratum in LG(/\ V) indicized by r, d and similarly 
for El r d (V^ v ). The above equation explains our notation for coupled non-stable (or unstable) strata 
in Tables (T) and ©. 

2.2.2 Geometric significance of certain strata 

Let 

3 

Soo := {^4 e LG(/\ V) I dim Q A > 0}. (2.2.9) 
Theorem 2.37 of [30] lists the irreducible components of £oo, in particular it gives that 

M A , M A v, M C2 , M v , B £2 , Bey, Bjr, (2.2.10) 

are irreducible components of Sqo, that they are pairwise distinct and that if A is generic in one 
of the above standard non-stable strata then Q A is an irreducible curv^|. How do we distinguish 
geometrically the strata above? We consider a generic A in the stratum and we look at the curve 
Q A and the ruled 3-fold R 0A C P(V) swept out by ¥(W) for W £& A . A few examples: if A £ 
then Q A is a line, if A £ M-p then <d A is a conic, if A £ Mg 2 or A £ B^v then 0,4 is a rational normal 
cubic curve, in the first case Re A is a cone in the second it is not, etc. - see Section 2 of [30J for a 
detailed discussion. In [20j we described also those A such that dim0A > 1; it will turn out that 
they are not stable, actually unstable with a few explicit exceptions - see Lemma 15.2.61 Below 
we will give a geometric consequence of the results of [20] . First we will recall the definition of a 
particular PGL(^)-orbit in LG(A V), see Section 1.5 of [20]. We have embeddings 



¥(U) ^ Gr(3,A 2 t/) P(^ v ) ^ Gr(3,A 2 £0 

[u] h-> {uAu' I u' £ [/}' [/] ^ A 2 ( ker /)- ' 



(2.2.11) 



The pull-back to F(U), P(U V ) of the Pliicker line-bundle on Gr(3, A 2 U) is isomorphic to O p{u) {2), 
Op([/v)(2) respectively and the map on global sections is surjective; it follows that each of im(i+), 
im(i_) spans a 9-dimensional subspace of f\ 3 (/\ 2 U). Now choose an isomorphism V = f\ 2 U where 
U is a complex vector-space of dimension 4. Let 

3 

A + (U), A_(U) c f\V (2.2.12) 

be the affine cones over the linear spans of im(i + ), im(i_); thus dim A + (U) = dimA_([7) = 10. 
Since each of A + (U), A-(U) is spanned by decomposable vectors and the supports of any two 
of them intersect non-trivially it follows that A+(U), A-(U) £ h&(/\ 3 V). Let Q := Gr(2, U) C 
F(/\ 2 U) be the Grassmannian embedded by Pliicker: in Section 1.5 of [20J we proved 

Y A+{U) = 3Q. (2.2.13) 



2 Writing 0^ = ¥(A) n Gr(3, V) we may give a structure of scheme: it is generically reduced but not reduced 
everywhere. 
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Table 1: Standard non-stable strata. 



(ro, ■ ■ ■ ,r s ) 


|U(d,A) 




reduced type d 


flag condition 


name 


(5,-ls) 


2(3<i - 15) 




(5) 


dim An ([v ] A /\ 2 V15) > 5 


B^ 


(15,-5) 


2(3d - 15) 




(5) 


dimAn (A 3 V04) > 5 




(ls,-ls) 


2(3d +di- 


6) 


(1,3) 


ADA 3 v 02 and dim A n (A 2 V02 A V35) > 3 




(0,6) 


dim A n (A 3 Von © (A 2 V02 A Vsb)) > 6 


B^ 

c 2 


(1,04, -1) 


2(d„ - 3) 




(3) 


dim A n ([d ] A A 2 V14) > 3 




(4, l 2 ,-2 3 ) 


2(6d + 3rfi - 


-12) 


(1,2) 


A D [d ] A A 2 V12 and dim A n {[v ] A V i2 A V35) > 2 






(0,4) 


dim A n ([d ] A (A 2 Vi 2 ) © (M A Via A V35)) > 4 


Bj 

£ 2 


fli -In — 41 


AJ t U Lt Q O 2 


iz; 


(1,2) 


ADA 3 V02 and dim A n (A 2 V 02 A V34) > 2 


1 




(0,4) 


dim A n (A 3 V02 (A 2 V02 A V34)) > 4 


2 








(2,0) 


A D (A 2 Vol A V 23 ) 




(1 2 , 2 , -I2) 


2(2d + di - 


4) 


(1,2) 


dim A n (A 2 Vol A ¥23) > 1 and 

dim A n (A 2 V01 A V23 © A 2 V01 A V45 © V01 A A 2 V 23 ) > 3 


B ^2 










dim A n (A 2 V01 A V 23 ) > 1 and 




(2, 1,0 2 , -1, -2) 


2(3d + 2di - 


f d 2 - 7) 


(1,1,2) 


dim A n (A 2 V01 A V23 © (v A»iA d 4 , d A v 2 A v 3 )) > 2 and 
dim A n (A 3 V 03 © [do] A V 13 A [d 4 ] © [v A di A d 5 ]) > 4 


■A/; 3 



Of course A_|_(t/), A_ (J7) is well-defined up to PGL(y); we denote it by Moreover it is 

clear that the orbits PGL(y)A + and PGL(V)A- coincide (nonetheless it is useful to consider both 
lagrangians, see below). We notice that Qa + — IP(C7), 0a_ — P(?7 V ), in particular dim9 J 4 + = 
dimO^ = 3. Theorem 2.36 of [3D] lists those A G LG(/\ 3 V) such that dim 6a > 2: that 
classifiation together with Table ([2]) gives the following result. 

Proposition 2.2.5. Let A E LG(A V) ss and suppose that dim Qa > 2; then A is projectively 
equivalent to A + . 

Later we will prove that A + is actually semistable. 

Corollary 2.2.6. Let A E hG(/\ 3 V) ss . Then Y A ^ P(V) and ^ P(^ v ). 

Proof. The isomorphism LG(A V) LG(A ^ v ) induced by (ll.Q.121) maps semi-stable points 
to semi-stable points hence it suffices to prove that Ya ^ P(V). Suppose that A E LG(/\ 3 V^) ss and 
that Y A = P{V): by Claim 1.11 of [20] we have dimO^ > 3 . By Proposition ^. 2. 51 it follows that 
A is projectively equivalent to A + . Claim 1.14 of [20 gives that Y A+ is a triple quadric (in fact the 
Pliicker quadric), in particular Ya + ^ P(V): that is a contradiction. □ 

Remark 2.2.7. Let U be as above i.e. dimU = 4. Then we have an isomorphism of GL(C/)-modules 

3 2 

/\(/\ u) = (S 2 U ® det [/) © (S 2 J7 V ® (dct J7) 2 ) . (2.2.14) 

The direct summand S 2 {/ <g> det U is identified with A+(U) and S 2 t/ v ® (det J7) 2 is identified with 
A-{U). 

2.3 The Cone Decomposition Algorithm 

We resume the hypotheses of Subsection l2.ll We will study (semi) stability of points in Gr(no, U°) x 
. . . x Gr(n r , U r ) with respect to Embedding (|2.1.3[) . Let T < G be a maximal torus. Let X(T) be 
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Table 2: Standard unstable strata. 



(ro, • • • ,rs) 


|U(d,A) 




reduced type d 


flag condition 


name 


(5,-15) 


2(3<i - 15) 




(6) 


dimAn(H A A 2 Vis) > 6 




(Is, -Is) 


2(3d - 15) 




(6) 


dim A n (A 3 V04) > 6 


"*+ 


(I3.-I3) 


2(3d + di - 


-6) 


(1,4) 


ADA 3 V02 and dim A n (A 2 V 02 A V35) > 4 


A ci,+ 


(0,7) 


dim a n (A 3 v 02 e (A 2 v oa a v 35 )) > 7 


A c 2 ,+ 


(1,0 4 , -1) 


2(do - 3) 




(4) 


dimAn ([« ] A A 2 V14) > 4 


x^, + 


(4, 1 2 , -2 3 ) 


2(6d + 3di 


-12) 


(1,3) 


A D [«o] A A 2 V12 and dim A n ([t) ] A Vi 2 A V 35 ) > 3 


xl 




(0,5) 


dimAn ([«„] A (A 2 Via) © ([«o] A Via A V35)) > 5 




(2 3 ,-l 2 ,-4) 


2(6d + 3rfi 


-12) 


(1,3) 


A 3 A 3 V 02 and dim A n (A 2 V 02 A V34) > 3 


£ 1,+ 








(0,5) 


dim A n (A 3 V 02 e (A 2 V 02 A V34)) > 5 


£ 2,+ 


(l2,0 2 ,-l 2 ) 


2(2d + di - 


-4) 


(2,1) 


ADA 2 Vol A V 23 and 

dim A n (A 2 V01 A V45 © V i A A 2 V 23 ) > 1 




(la.Oj, -1 2 ) 


2(2d + di - 


-4) 


(1,3) 


dim A n (A 2 V01 A V23) > 1 and 

dim A n (A 2 V01 A V 23 © A 2 V01 A V45 © V i A A 2 V 23 ) > 4 


x^ 










dim A n (A 2 V01 A V23) > 1 and 




(2, 1,03,-1, -2) 


2(3d + 2di 


+ d 2 - 7) 


(1,1,3) 


dimA n (A 2 V01 A V 23 © {v A»i A i>4,uo A u 2 A u 3 )) > 2 and 





dim A n (A 3 V 03 © [v ] A V13 A [« 4 ] © [v Aui A « 6 ]) > 5 



the lattice of 1-PS of T (thus we include the trivial homomorphism) - the structure of free finitely 
generated group is given by pointwise multiplication in T. Let X(T)r := X(T) ®z M. 

Notation 2.3.1. Let C C AT(T) R be a Weyl chamber for the action of the Weyl group N G (T)/T. 

Thus C is a closed convex cone in A"(T)r. Let's be explicit in the case G = SL(V). Choose a 
basis F = {vq, . . . , v$} of V. We have an associated maximal torus and corresponding X(T); 

T = {diag(to, ■ • • , t 5 ) | t ■ ■ • t 5 = 1}, X(T) = {A(t) - diag(f"°, . . . ,f s ) | r + . . . + r 5 = 0}. 

The choice of C corresponds to an ordering of the r^'s. Our choice will be the standard one: 

C = {(r ,...,r 5 )eR 6 |r + ... + r 5 =0, r > r x > . . . > r 5 }. (2.3.1) 

Next let T — > GL(U P ) be the composition of the inclusion T < G, Homomorphism (|2.1.1[) and the 
projection GL(U°) x . . . x GL(U r ) -> GL(U P ). The T-module U p decomposes as a weight spaces 

where the action on U x is given by \ and M p is a (finite) set of characters of T. For xi ^ X2 G 
let 

■Ws := {A G X(T) | xi ° A = X2 o A}. (2.3.3) 
Then J Xl . X2 is a subgroup of X(T) and rk J Xl . X2 = (ikX(T) — 1). Thus 

^ X1)X2 := J X1)X2 ®KCX(T) K (2.3.4) 

is a codimension-1 vector subspace: we name it an ordering hyperplane for Homomorphism (|2.1.1D . 
Let ^ v e X(T) R : then 

[«[:= | z > 0} (2.3.5) 

is the half-line generated by w. 
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Definition 2.3.2. Let C be as in Notation 12.3.11 A half-line [v[c C is an ordering ray for 
Homomorphism (|2.1.ip if the subspace (v) is the intersection of a collection of ordering hyperplanes 
for Homomorphism (|2.1.1j) . (We let < p < r be arbitrary.) A 1-PS A: C x — > T contained in C is 
an ordering 1-PS for Homomorphism (12.1.11) if it generates an ordering ray. 

The Cone Decomposition Algorithm states that if certain (weak) conditions hold then a point 
of Gr(C/°) x ... x Gi(U r ) is non-stable (unstable) if and only if it is projectively equivalent to a 
point which is destabilized (desemistabilized) by an ordering 1-PS. Since the set of ordering rays is 
finite the algorithm allows us (in theory) to list all the non-stable (unstable) points. First we define 
a subdivision of C into chambers as follows. An open ordering- chamber is a connected component 
of 

C \ (J H XUX2- 

The closure (in C) of an open chamber is a closed ordering- chamber. Let m = (mo, . . . , m r ) E N!j_ +1 
correspond to a choice of very ample line-bundle on Gr(no, U°) x . . . x Gr(n r , U r ) - see Subsection 

mn 

Lemma 2.3.3. Let (A , . . . , A r ) 6 Gr(n , U°) x . . . x Gr(n r , U r ). Let Ck C C be a closed ordering- 
chamber. There exists a linear function ifk'. A(T)r — > M such that 

l j l m ((A ,...,A r ),X) = ip k (X) (2.3.6) 

for all X € Ck- 

Proof. Let < p < r. We may give an ordering M p = {xi, ■ ■ ■ , Xu] such that the following holds. 
For 1 < j < u let Xj ° Kt) = t ejW - Then 

if A € C k and i > j then e^A) > ej(X). (2.3.7) 

In fact the ordering-chambers have been defined so that (12.3.71) holds. Let AeCt: then U p is a C x 
module via the homomorphism A: C x — > T. We have the decomposition into sub- representations 
of C x : 

UP = U® axi © . . . © £/®„ ax " 
where U Xj corresponds to the character t ej ( x \ For 1 < j < u let 

Lj := U Xl © ... © U Xj . 



Let d'j := dim(yl n L'j/A n Lj-_ x ). We claim that 

M (A p ,A) = ^4 e i( A )" ( 2 - 3 - 8 ) 

In fact if A is in the open ordering chamber whose closure is Ck then d'j = d x (A p ) and hence (|2.3.8|) 
holds by (|2.1.9|) . One easily checks that (|2.3.8|) holds as well for A in the boundary of Ck- The 
function from the set of 1-PS's in Ck to Z which assigns ej(X) to A is the restriction of a linear 
function on X(T)^. Thus the lemma follows from Equation (|2.1.4[) . □ 

Before proving the key result we introduce some notation. Suppose first that G = Tq x G\ where 
To is a torus and G\ is a semisimple group. Then T = Tq x T\ where T\ is a maximal torus of G±. 
Thus we may define 

P = {H Xl!X2 \xi,X2ef }. (2.3.9) 

In general G is isogenous to a product of a torus To and a semisimple group and the same definition 
makes sense. 

Proposition 2.3.4. Keep notation and assumptions as above, in particular choose a maximal torus 
T < G and a cone C as in Notation 12.3.11 Suppose that the following hold: 
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(1) Each face of C spans an ordering-hyperplane. 



(2) Let P be as in f|2.3.9|) .' then the intersection DhepH is equal to Z x N(T±) where dimZ < 1. 

Let (Aq, . . . , A r ) £ Gr(no, U ) x . . . x Gr(n r , t/ r ). TViera (Aq, . . . ,A r ) is non-stable (unstable) if and 
only if its G-orbit contains (A'q, . . . , A' r ) which is destabilized (desemistabilized) by an ordering 1-PS 
ofG. 

Proof. Suppose that (A , . . . ,A r ) is non-stable (unstable): we must prove that its orbit contains 
an element which is destabilized (desemistablized) by an ordering 1 PS. By the Hilbert-Mumford 
criterion there exists a 1-PS A of G such that 

fi m ((A ,...,A r ),X Q ) >0 (n m ((A Q ,...,A r ),\ Q ) >0). (2.3.10) 

Since T is a maximal torus there exists g\ £ G such that gi o A o g^ 1 : C x — > T. By our choice 
of cone C (see Notation 12.3.11) there exists gi £ G such that A' := ,92 ° Si A o g^ 1 o g^ 1 £ C. 
Let a := g 2 o 51 (A , . . . , A r ): by (|2.3.10l) we have ^ m (a, A') > (respectively ^ m (a, A') > 0). Let's 
prove that there exists an ordering 1-PS A such that /z m (a, A) > (respectively /i m (a, A) > 0). 
There exists a closed ordering cone Ck such that A' £ Ck- Since Ck is a closed convex cone (with 
vertex 0) we may write Ck — L x K where L C X(T)r is a vector subspace and K is a pointed 
cone with vertex (i.e. it contains no lines). Thus K is the convex envelope of its extremal rays 
(see for example Prop. 1.35 of [5]); by Item (1) each extremal ray is spanned by an ordering 1-PS 
and hence K is the convex envelope of [Ai[, . . . , [A c [ where Ai, . . . , A c are ordering 1-PS's. On the 
other hand all vector-subspaces of C are contained in to; thus L C to- It follows that dimL < 1. 
In fact suppose that dimL > 2. By Item (2) there exists / £ X(T)g such that ker/ is an ordering 
hyperplane and / takes strictly positive and strictly negative valuse on L; that implies that Ck is 
not an ordering cone, contradiction. We have proved that dimL < 1. Thus L = {0} or L = (Xq) 
where Ao is an ordering 1-PS. Since A' £ Ck we have 

c 

^ A' = z(±A ) + ^ZiA*, x > 0, Zi > 0. (2.3.11) 

i=i 

Now let ipk £ X(T)|j be the linear function associated to a as in Lemma 12.3.31 By hypothesis 
*Pk(X') > (respectively <pk(X') > 0) and hence (|2.3.1ip gives that there exists one of ±A , Ai, . . . , A c , 
say A such that ifik(X) > (respectively tpk(X) > 0). Then A is an ordering ray and /i m (a, A) > 
(respectively /i m (a, A) > 0) by Lemma [273731 □ 



2.4 The stable locus 

Theorem 2.4.1. The non-stable locus LG(/\ 3 V) \ LG(/\ 3 V) st is the union of the standard non- 
stable strata i.e. those listed in Table ([1]). More precisely 

3 3 

LG(/\ V) \ LG(/\ V) st = M* A U B^ v U U B^ 2 UBJ, U B^ U M} 2 U B£ v U B* £V U U B> 2 U X^ 3 . 

Proof. We will apply the Cone Decomposition Algorithm of Subsection l2.3l to the action of SL(V) 
on LG(A 3 V) C Gr(10, A 3 V). We choose a basis F = {v , . . . , v 5 } of V and we let T < SL(V) 
be the maximal torus of elements diagonal in the basis F. We make the standard choice of cone 
C C X(T)k - see (|2.3.ip . First we list all ordering hyperplanes. Let 

3 = \{i,j,k} \ = \{l,m,n}\, < k, I, m, n < 5 (2.4.1) 

and $;'^ fe „ : X(T) R -> K be the linear function 

^]fm,n( r o, r ii ■ --,r 5 ) := + r,- + r fc - n - r m - r n . (2.4.2) 

It is clear that H C X(T)r is an ordering hyperplane if and only if there exist z, j, k,l,m,n as 
above with {i,j,k} ^ {Z,m, n} such that H = ker($;'^ fc n ). The faces of C span the hyperplanes 
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Table 3: "Essential" functions $|^(x) with {i,j, k} n {I, m, n} = 0. 



0,4,5 




^0,3,5 


$ 0,3,4 
1,2,5 


$ 0,2,5 
1,3,4 


— Xl + X 3 + 2x 4 + 15 


— xi — 2x 2 - X3 + xs 


-Xl + X3 + X 5 


Xl — 13 + X 5 


11 +13 - X 5 



ker(r a — r^) for < a < 6 < 5; since r a — r& = ^t'l'u we get that the hypotheses of Proposition 



b,j,k 



12.3.41 are satisfied. Thus A G LG(/\ 3 7) is not stable if and only if there exist A' G SL(V)A and 
an ordering 1-PS A of SL(V) such that fi(A',X) > 0. Next let us list all ordering 1-PS's of SL(V) 
i.e. those r G C which span the zero-set of four linearly independent functions among the ^}'^ n 's. 
It is convenient to work with the coordinates (x\, . . . ,£5) given by 



i = l, 



..5 



(2.4.3) 



In the coordinates xi,,..,xs the cone C is the set of vectors with non-negative coordinates. Follow- 



ing is the column of the linear functions ro, 
Oi, ■ ■ -,x 5 ): 



, 7"5 (restricted to X(T)-g) in terms of the coordinates 



fr \ 


/ 


5/6 


2/3 


1/2 


1/3 


1/6 \ 


ri 


-1/6 


2/3 


1/2 


1/3 


1/6 


T2 




-1/6 


-1/3 


1/2 


1/3 


1/6 


1"3 




-1/6 


-1/3 


-1/2 


1/3 


1/6 


r4 




-1/6 


-1/3 


-1/2 


-2/3 


1/6 


W 


V 


-1/6 


-1/3 


-1/2 


-2/3 


-5/6 / 



X2 
X3 

w 



(2.4.4) 



i) are equal to the new coordinate functions Xi. We will 



in the new coordinates. 



First notice that whenever 3>]'^ „ is 



By definition the linear functions (r 
rewrite the linear functions 3>]'^ n 
a linear combination of a collection of the Xj's with coefficients of the same sign then it may be 
disregarded because its zero set is the zero set of a collection of the coordinate functions xi, . . . ,£5. 
If \{i,j,k}n{l,m,n}\ = 2 then § i ' j < k 

we disregard it. Next let's consider the <t l m 
get the following functions 



l m n is a sum of x,'s with coefficients of the same sign and hence 
n 's such that \{i,j,k} D {l,m,n}\ — 1: up to ±1 we 



(£1—353), [xi-Xi), (xi-xq), (x 2 -Xi), (X2-X5), (x 3 -x 5 ), (X1+X2-X4,), (xi+x 2 -x 5 ), (x 2 +x 3 -x 5 ), 
(xi -x 3 - £4), (xi - Xi - x 5 ), (x 2 - Xi- £ 5 ), (xi + £ 2 - £4 - x 5 ). (2.4.5) 

then 3>;'4,„( r ) = 2(r* + r, +r k ). The functions 



Lastly assume that {i, j, k} D {L m, n} 



$8^W = x l + 2x ? 

",2,3,5/ 



3x3 + 2.X4 + x 5l $° '45 (x) = + 2.x 2 + x 3 + 2xi + X5, 



®o,i,l{ x ) = ~( X 1 + 2x 2 + £3 + £5), $oj2,3( X ) = -(^l + ^3 + 2x 4 + x 5 ), ^^(x) =X 1 +X 3 +X 5 

have all non-zero coefficients of the same sign and hence we may disregard them. Table §3§ lists the 
remaining such functions (with k} l~l {l,m,n} — 0) modulo ±1. It follows that in order to list 
all ordering 1-PS's we must find all non-zero solutions (x\, . . . ,£5) G C of 4 linearly independent 
linear functions among the union of the set of coordinate functions, the set given by (|2.4.5p and that 
given by Table ((3]) . In practice we consider the 5 x 23-matrix M whose columns are the coordinates 
of the linear functions listed above i.e. 



0,2,4/ 




-1 
-1 



-1 -1 -1 -1 



and we proceed as follows. For each 5x4 minor Mj of M we compute (actually we ask a computer 
to compute) the vector in R 5 whose coordinates are the determinants with alternating signs of 4 x 4 
minors of Mj and discard all those vectors whose coordinates do not have the same sign. The 
remaining vectors are the x-coordinates of ordering 1-PS's (with many repetitions). Multiplying 
each such vector by the matrix appearing in (|2.4.4p one gets the weights of all ordering 1-PS's. The 
outcome of the computations is as follows. First the 1-PS's appearing in Table ^ are among the 
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ordering 1-PS's. For example the first three 1-PS's of Table © correspond in the x-coordinates 
to the extremal rays of C generated by (1,0,0,0,0), (0,0,0,0,1) and (0,0,1,0,0) respectively. 
Tables ©, (J5J) and © list all the ordering 1-PS's up to rescaling and duality (ordering 1-PS's 
come in dual pairs (r , . . . , r 5 ) and (— r 5 , . . . , —r Q j). Tables ©, © and © give also the strictly- 
positive weight isotypical addends of /\ 3 A for each ordering 1-PS in the list; abc denotes v a Avi, Av c 
and an isotypical addend is determined via its monomial basis. Next one needs to examine, for 
each ordering 1-PS A, the set of A G LG(/\ 3 V) such that fi(A, A) > 0. One finishes the proof 
of Theorem 12.4.11 by checking that each such A belongs to one of the standard non-stable strata 
i.e. those listed in Table ©: details are in Tables ©, ©, © and ([TP]). One should read the tables 
as follows. The first column of each row gives the weights of an ordering 1 PS A, the second column 
contains an explicit expression for /z(d, A) (to get it use Tables ©, © and ©), the third column 
contains a collection of subsets of V\ (to be precise a condition on d determining such a subset) 
whose union is all of 

p|°:={dGP A |/i(d,A)>0}, 

the last column gives for each such subset of a stratum (or union of strata) containing all 
A G LG(/\ V) such that d x (A) belongs to the subset. We notice that since Table © is invariant 
under duality it suffices to examine one ordering 1-PS in each dual pair. Following are a few remarks 
on how to check that the last step of the proof has been carried out correctly. One first needs to 
make sure that every d G belongs to one of the sets defined by the conditions on the third 
column: that is time-consuming but completely straightforward. Secondly one needs to verify that 
each subset of d G listed in Tables ([7]), © and © is contained in the stratum (or union of 
strata) on the same row and on the last column: that is completely routine except in the two cases 
below. 



A(i) = (i 7 , t 4 , t, t, t~ 5 , t~ 8 ), d G V\ such that (d + di) > 1 and d 2 > 2 We remark that the order- 
ing 1-PS appears in Table ©. Suppose that d x (A) = (d 0} di, . . .) is as above (notice that d 2 = 2 
by Table ©). Then A contains 

0^a = !) AaiiAii)2, /3 = Vo A w[ A w' 2 + vi A v 2 A V3, Wi, w 2 , w[, w' 2 G U2, ^3)' 

We distinguish two cases according to whether w[ Aw' 2 is a multiple of wi A W2 or not. If the former 
holds then A contains v\ A v 2 A V3 and since (wi,w 2 ) C (vi,v 2 ,V3) it follows that A G B>3v ^ ^ ne 
latter holds then we may complete wi, w 2 to a basis {wi, 1^2,^3} of (ui, v 2 ,vs) in such a way that 

j3 = vq A W\ A W3 + wi A w 2 A W3 = W\ A W3 A (vq — w 2 ). 

Since 

dim(supp a D supp /3) = dim((wo, ^1,^2) n (u>i, W3, (vq — w 2 ))) = 2 
we get that A G 1^ . 



\(t) = (t 10 , t 7 , t, t' 2 ^- 5 ^- 11 ), d = (0, 0, 1, 1, 3, 0) We remark that the ordering 1-PS appears in 
Table ©. Let F :— {v , vi,v 2 ,Z3, Z4, v 5 } be a basis of V. Let r be the set of weights of A in decreasing 
order and d be as above. Let A' be the 1-PS corresponding to Xjv 3 according to Table © and r' 
its set of weights in decreasing order. Let d' = (1, 1, 2) be the A'-type defining Xjv 3 . Let ieE^ d : 
we will exhibit a basis F' of V (depending on A) such that 

3 

Ael£ jd , := {AehG{/\V) I d x '(A) y (1,1,2)}. (2.4.6) 

Since AeE^ d there exist a, (3, 7, S G A such that 

a =vq A v\ A Ui, 

/3 =v A (vi A u 2 + v 2 A z 3 ), 

7 =w A (vi A LU3 + v 2 A (az 3 + z 4 )), 

5 =v A (v\ A L04 + bv 2 A z 3 + v\ A v 5 ), 
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where 

Wl,0;2,W3,W4 S (V2,Z 3 ,Za), u>i ^ 0. 

There exists (xo,yo) ^ (0,0) such that 



e (w 2 ,a;o^3 + 2/o(a^3 + z 4 )). 

Let W3 := xo^3 + 2/0(023 + 24). Notice that V2,V3 are linearly independent and they belong to 
(v2, 23, 24); thus there exists i>4 G (23,24) such that {w2,f3,W4} is a basis of (i>2, 23,24). We let 
F' := {v ,Vi,v 2 ,Va,V4,v 5 }. Let's prove that holds. Let d' x ,(A) = (d' (A),d' 1 (A),d' 2 (A)). 

First d' (A) > 1 because a ^ 0. Next 

A 3 (.t /3 + yo7) ="oA («i A (x w 2 + 2/0^3) + «2 A v 3 ), (a; w 2 + y Q uj 3 ) € (v 2 ,v 3 , w 4 ). 

It follows that di(A) > 1. Lastly let Lq C Li C . . . C Lq — /\ 3 be the filtration defined by the 
isotypical addends of /\ A' in decreasing order, see (12.1.71) . Then /3, 7, <5 £ L2 and the image of 
(/3,7,<5) in L2/L1 has dimension 2, thus d' 2 (^) — 2- This finishes the proof that (|2.4.6I) holds. □ 

Theorem 12.4. II provides an algorithm that decides whether a given A £ LG(A V) is stable or 
not: see Remark 13.3.51 for details. 
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Tabic 4: Ordering 1-PS's up to duality, I 



1-PS A 


strictly positive isotypical summands of f\ 3 A 


( i n, i\ 


[wo] AA 2 Vu 
t 












(12, O2, — I2) 


[fo] aA 2 v 12 

t 6 


bo] A V12 A V35 
t 3 










\ L 2 : ^3 1 * ) 


A 2 V01 A V24 
t 2 


Vol A A 2 V24 
t 










^J-Ji ±3) 


A 3 V02 

t 3 


A 2 v 02 a v 35 
t 












A 3 V03 

t 3 












f2 1 Do —1 —21 


A 2 vbi a V23 

t 3 


014, 023 
t 2 


015, 024, 034, 123 
t 








(2 lo -In —91 

J-2] J-2i 


012 

t 4 


[t>o] A V12 A V34 
t 2 


[v ] A V12 A [v s ] ffi A 2 V12 A V 34 
t 








f2 To —1 —31 


012 

t 4 


[v ] A V12 A [d 3 ] 
t 3 


[t) ] A V12 A [t> 4 ] © [t>i A t> 2 A D 3 ] 
t 2 


034, 124 






f3 — In 

V 5 2 , -L2 , ^ 


012 

t 5 


[v ] A V12 A V34 
t 3 


[v ] a (Vi 2 a [d 5 ] e A 2 V34) © A 2 V12 a v 3 4 
t 








(3. I2, 0, -2, -3) 


012 

t 5 


[t>o] A V12 A [d 3 ] 
t 4 


[t) ] A V12 A [v 4 ] ffi [vi A t> 2 A D 3 ] 
t 2 


[t)o] A V12 A [d 5 ] © [d A d 3 A d 4 ] 
t 






(3,2, 1, -1, -2, -3) 


012 

t 6 


013 

t 4 


014, 023 
t 3 


015, 024, 123 
t 2 


025, 124 
t 




(3,2, 1,0, -2, -4) 


012 

t 6 


013 

t 5 


023 
t 4 


014, 123 
t 3 


024 
t 2 


015, 034, 124 
t 


(3,2, 1,0, -1, -5) 


012 

t 6 


013 

t 5 


014, 023 
t 4 


024, 123 
t 3 


034, 124 
t 2 


134 
t 



Tabic 5: Ordering 1-PS's up to duality, II 



1-PS A 


strictly positive isotypical summands of f\ 3 A 


(A In — 2^1 


[v ] A A 2 V12 
t 6 


[vo] A V12 A V35 
t 3 










C4 1<* —2 —51 


[V ] A A 2 Vl3 

t 6 


[v ] A V13 A [vi] S) [vi A V2 A U3] 
t 3 










(a o i n — 3 —41 

\ 3 3 3 ^3 ^3 / 


012 
t 7 


013 

t 6 


023 

t 5 


014, 123 
t 3 


015, 024 
t 2 


025, 034 
t 


(4, 3, 1, 0, —3, —5) 


012 
t 8 


013 
t 7 


023 

t 5 


014, 123 
t 4 


015, 024 
t 2 


034, 124 
t 


V^2 3 ""-3 ^2 3 "J J 


012 

t 9 


A 2 V01 a v 34 
t s 


[do A vi A v 5 ] © V01 A [v 2 ] A V34 
t 3 








/•4„ i„ _9 —Si 


A 2 vbi a v 23 

t 9 


[v A vi A Vi] © V01 A A 2 V23 
t 6 


Vol A V23 A [V4] 

t 3 








(5 — "Ul 


[v ] A A" Vl5 

t 3 












(5 2o — Id —71 


012 

t 9 


013, 014, 023, 024 
t 6 


034, 123, 124 
t 3 








s 1 —1 —3 —51 


012 

t 9 


013 
t 7 


014, 023 
t 6 


015, 024, 123 
t 3 


025, 034, 124 
t 




(52, — 13, —7) 


A 2 Vbi a v 24 

t 9 


[v A V! A v 5 ] © V01 A A 2 V 24 
t 3 










(5 2 ,2, -1, -4, -7) 


012 
t 12 


013 

t 9 


014, 023, 123 
t 6 


015, 024, 124 
t 3 






(7,4, 1, -2 2 ,-8) 


012 
t 12 


013, 014 
t 9 


023, 024 
t 6 


015, 034, 123, 124 
t 3 






(7,4, l 2 ,-5, -8) 


012, 013 
t 12 


023 
t 9 


014, 123 
t e 


015, 024, 034 
t 3 







Table 6: Ordering 1-PS's up to duality, III 



1-PS A 


strictly positive isotypical summands of f\ 3 A 


(7 A 1 n _9 — 1 l 1 ) 


012, 013 
t 12 


014, 023 
t 9 


024, 034, 123 
t 6 


124, 134 
t 3 








012 

t 15 


013, 023 
t 9 


014, 024, 123 
t 6 


015, 025, 124 
t 3 








012, 013 
t 15 


014, 023, 123 
t 9 


015, 024, 034, 124, 134 
t 3 








(8. 5. 2. —1. —4. —10) 


012 

t 15 


013 
t 12 


014, 023 
t 9 


024, 123 
t 6 


015, 034, 124 
t 3 




/in 7 1 —? — ^ —11 s ! 


012 
t 18 


013 
t 15 


014 
t 12 


023 
t 9 


015, 024, 123 
t 6 


034, 124 
t 3 


(10, 7, 4, — 2, —8, —11) 


012 
t 21 


013 
t 15 


023 
t 12 


014, 123 
t 9 


015, 024 
t 6 


025, 124 
t 3 


(11, 5, 2, —1, —4, —13) 


012 
t 18 


013 
t 15 


014, 023 
t 12 


024 
t 9 


034, 123 
t 6 


015, 124 
t 3 


Cll 5„ —1 _7 —13 s ) 


012 
t 21 


013, 023 
t 15 


014, 024, 123 
t 9 


015, 025, 034, 124 
t 3 






fii ft o _i _7 _i 


012 
t 21 


013 
t 18 


014, 023 
t 12 


123 
t 9 


015, 024 
t 6 


034, 124 
t 3 


(11, 8, 5, -4, -7, -13) 


012 

t 24 


013 
t 15 


014, 023 
t 12 


024, 123 
t 9 


015, 124 
t 6 


025 
t 3 


(13, 7, 1 2 , -5, -17) 


012, 013 
t 21 


014, 023 
t 15 


024, 034, 123 
t 9 


015, 124, 134 
t 3 






(17,11,5,-1,-13,-19) 


012 


013 
t 27 


023 
t 21 


014, 123 
t 16 


015, 024 
t 9 


025, 034, 124 
t 3 


(19, 13,7,-5,-11,-23) 


012 

t 39 


013 
t 27 


014, 023 
t 21 


024, 123 
t 16 


015, 124 
t 9 


025, 034 
t 3 



Tabic 7: Flag conditions defined by ordering 1-PS's, I 



l-PS A 


„(d, A) 


subsets covering 


C 


(1, 4 , -1) 


2(d - 3) 


d > 3 


B*, 






d = 2 


»>, 


(1 2 , 2 , -1 2 ) 


2(2d + d-i - 4) 


do = 1 and di > 2 


">2 






di = 4 


B >, 


(1 2 . °3. ~ 2 ) 


2(2d -f di — 6) 


d > 2 




do 4- d! > 5 




C 1 3' — 1 3) 


^(_OClQ -|- d^ — 


do — 1 and d^ 3 




d 1 > 6 


B c 2 


(I4, -2 2 ) 


6(d - 2) 


d > 2 


■>! 






d = 2 




(2, 1, 2 , -1, -2) 


2(3d + 2di + d 2 - 7) 


^0+^1 > 3 or dQ + d! + d 2 > 5 


B*, 






d = (1, 1, 2) 


X X-3 






do = 1 and d^ + d 2 > 3 


B C, 


(2, 1 2 , -1 2 , -2) 


2(4d + 2d! + d 2 - 8) 


do 4- d! > 3 


»T> 






d + d x + d 2 > 6 


»l 2 






^0 + d l > 2 


»>! 


(2, 1 2 ,0, -1, -3) 


2(4d + 3d! + 2d 2 + d 3 - 9) 


d + d l + d 2 > 4 or d + cli + d 2 + ^ > 5 


n i> 






dQ = 1 and d^ + d 2 > 2 


1 






dQ = 1 and d^ -4- d 2 ^ 4 


bS 
l i 


(3, 1 2 , -1 2 , -3) 


2(5d + 3di + d 2 - 11) 


dQ + d^ > 3 


BJ, 






d + di + d 2 > 7 


B^ 






dQ + d ^ ^2 


■>! 


(3, 1 2 ,0, -2, -3) 


2(5d + 4d, + 2d 2 + d 3 - 11) 


dQ = 1 and d]^ 4* ^2 ^ 3 


"Si 






d + d l + d 2 + d 3 > 5 


B{, 






d + d! > 2 


»>! 






dQ -+- d^ > 1 and d 2 + dg > 3 


">2 


(3, 2, 1, -1, -2, -3) 


2(6d + 4di + 3d 2 + 2d 3 + d 4 - 12) 


dQ = 1 and d^ + d 2 -j- dg + d^ > 3 


B Sl 






d + di + d 2 > 3 


B i> 






E? =0 > 5 or £j =Q d . > 6 


it 

£ 2 






d + d 1 > 2 








do + di > 1 and d 2 + d 3 > 3 


"5=2 


(3, 2, 1, 0, -1, -5) 


2(6d + 5dx + 4d 2 + 3d 3 + 2d 4 + d s - 15) 


do = 1 and dj + d 2 + d 3 > 2 








do + d-i + d 2 > 3 


■i> 






^0 + ^1 + d 2 + rf 3 + d 4 + d 5 ^ 5 


B > 


(4, 1 2 , -2 3 ) 


2(6d + 3d! - 12) 


do = 1 and d^ > 2 


£ 1 


di > 4 


It 
£ 2 


(4, 1 3 , -2, -5) 


2(6d + 3di - IS) 


d > 2 


Bt- 
^1 




d + di > 4 
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Table 8: Flag conditions defined by ordering 1-PS's, II 



l-PS A 


K(d, A) 




subsets covering "Pj"^ 




C 








d + d x + d 2 > 2 




»>i 








d(j + d^ > 1 and d 2 + dg > 2 




">2 


(4,2,1,0,-3, -4) 


2(7dg + 6di -+- 5d 2 3d 3 + 2d 4 -f- dr 


- 15) 


dQ = 1 and d^ + d2 + d3 > 2 




»Sl 








dQ = 1 and d^ + d2 + dg + d4 > 3 




»Ci 








d + d l + d 2 + d 3 + d 4 > 5 




B £ 2 V 








d + d l + d 2 + d 3 + d 4 + d 5 > 6 




B^ 








d + d]^ + d 2 > 2 




»>i 


(4,3,1,0,-3, -5) 




- 17) 


d + d l ^ 1 an< * ^2 + d 3 ^ 2 




m h 


2(8d + 71!! + 5d 2 + 4d 3 + 2d 4 + d 5 


dQ = 1 and d^ + d 2 + dg + d 4 > 3 




»Ci 








E| =0 d, > 5 or Ef =0 d, > 6 












dQ + d^ > 2 




»>1 


(4 2 , 1, -2 2 , -5) 


e(3d a + 2d! + d 2 - 6) 




dQ = 1 and d^ -{- d<2 5* 3 




B Ci 








dQ + d^ + ^2 ^ 5 




£ 2 








d > 2 




B* 

1 


(4 2 , 1 2 , -2, -S) 


6(3d + 2d 1 + d 2 - 8) 




dQ > 1 and d^ > 2 




•^2 








do + di + d 2 > 5 




n'.v 

-A v 


(5, -1 5 ) 


2(3d - 15) 




d > 5 












dQ 4- di > 3 




B{, 


(5, 2 2 , -1 2 , -7) 


6(3d + 2d! + d 2 - 7) 




dQ = 1 and d^ >2 or d^+d 2 > 3 




B*V 
E l 








do + d-i + d 2 > 5 




1* V / 








dQ + di > 2 












dQ + d^ > 1 and d 2 + d 3 > 3 






(5, 3, 1, -1, -3, -5) 


2(9d + 7dj + 5d 2 + 3d 3 + d 4 - 19) 




dQ + d^ 4- d 2 > 3 or dQ 4- di + d 2 + d 3 > 5 


b£. 








dQ = 1 and di 4- d 2 4- d 3 4- d 4 > 4 




c l 








d + d l + d 2 + d 3 + d 4 > 7 




B* A 


( 5 2> -1-3. - 7 ) 


6(3d 4- dx - 8) 




d > 2 




»>1 




dQ 4- dj_ > 6 












dQ 4- dj_ > 2 




»>i 


(5 2 , 2, -1, -4, -7) 


6(4d + 3tii + 2d 2 + d 3 - 8) 




do + di > 1 and d 2 > 2 




">2 






dQ + di + d 2 + d 3 > 5 












dQ = 1 and d i + d 2 > 2 or di + d 2 


+ d 3 > 3 


B*V 
£ 1 








d + di > 2 






(7, 4, 1, -2 2 , -8) 


6(4d + 3dj + 2d 2 + d 3 - 9) 




dQ di + d 2 > 3 




BJ, 




dQ + di + d 2 + d 3 > 6 




»iv 








do = 1 and di 4- d 2 4- d 3 > 4 




»Ci 








dQ 4- di > 2 or dQ + di > 1 and d 2 


> 2 


B K 


(7, 4, 1 2 , -5, -8) 


6(4d + 3dj + 2d 2 + d 3 - 9) 




d + di + d 2 > 4 




»S 2 V 




do + di + d 2 + d 3 > 6 












do = 1 and d i + d 2 > 2 or di + d 2 


+ d 3 > 4 
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Tabic 9: Flag conditions defined by ordering 1-PS's, III 



1-PS A 






M(d, A) 




subsets covering ^j^^ 


c 












d > 2 


»>! 


(7, 4, 1 2 , 


-2 


-11) 


6(4d + 3d! + 2d 2 + d 3 - 11) 




d Q + d l > 3 or d + d l + d 2 > 4 


B*, 












d + d l + d 2 + d 3 > 5 














dQ -(- d i > 2 


»K 


(7, 4 2 , - 


2, - 


5, -8) 


6(4d + 3d! + 2d 2 + d 3 - 11) 




d > 1 and d]^ + d 2 > 2 or d 2 > d 3 > 3 


B| Ul* v 
1 












d + d l + d 2 > 4 or + di + ^2 + ^ > 6 


£ 2 












d > 2 


B >! 


(7 2 , 12. 


-5, 


-11) 


6(5d + 3di + d 2 - 12) 




dQ > 1 and d;L > 2 


"^2 












dQ -|- di -|- d 2 ^ 6 


% v 












d Q + d l > 2 or d + di + d 2 > 3 


■^1 












d + di + d 2 + d 3 > 4 




(8, 5, 2, - 


-1, 


-4, -10) 


6(5d + 4di + 3d 2 + 2d 3 + d 4 - 11) 




d + d l + d 2 + d 3 + d 4 > 6 


•*, V 






dQ = 1 and d^ + d 2 + dg > 2 


£ 1 












£xq — _L ana ai -|- & 2 -J- (*q ~r~ "4 ^ 


Bg i 












a — 1, 1, 1, 


X Af 3 












d + d l + d 2 > 2 


■>! 












dQ -(- a i ^ ± ana a>) -+- a/j -f- 0-4 J 




(10, 7, 1, 


-2, 


-5, -11) 


6(6d + 5di + 4d 2 + 3d 3 + 2d 4 + d 5 


- 13) 


a i "1 + "2 i d 3 — d 






d + di + d 2 + d 3 + d 4 + d 5 > 6 


B A V 












dQ = 1 and d;L + d2 + rf 3 + d 4 + ^5 ^ 4 














d = (0, 0, 1, 1, 3, 0) 














d + di + d 2 > 2 


•^1 












dQ -(- d]^ > 1 and d 2 + dg > 2 


^2 


(10, 7, 4, 


-2, 


-8, -11) 


6(7d + 5di + 4d 2 + 3d 3 + 2d 4 + d 5 


- 14) 


Ef =0 d; > 5 or Ef = o d i S 6 


«*v 

c 2 












do = 1 and d]^ + d 2 + ^3 4" d4 + dg > 3 


c l 












dQ + di > 2 


Bt- 












"0 + "1 + "2 + "3 ^ ii 


B i> 


(11, 5, 2, 


-1, 


-4, -13) 


6(6d + 5di + 4d 2 + 3d 3 + 2d 4 + d 5 


- 14) 


Ei=0 > 5 or Ef =0 d t > 6 














d = 1 and £f-i <ij > 3 or d i > 4 














d = (0,1,1,0,2,1) 


X ^3 












d + d, > 2 


»>! 












d + di + d 2 > 4 


■Lv 

2 


(11, 5 2 , - 




-7, -13) 


6(7d + 5di + 3d 2 + d 3 - 15) 






-1, 




d + di + d 2 + d 3 > 7 


"A 












dQ = 1 and d-t + d 2 > 2 


£ 1 












d + di > 2 or d + di + d 2 > 3 


Bt- 
^1 












dQ + d^ > 1 and d 2 + d 3 > 2 or d 2 + d 3 -f- d 4 > 3 


Bt- 
^2 


(11,8,2, 


-1, 


-7, -13) 


6(7d + 6di + 4d 2 + 3d 3 + 2d 4 + d 5 


- 15) 


dQ — 1 and di 4- d 2 4- d<j 4- d 4 4- dg > 4 


Cl 












d + d, + d 2 + d 3 + d 4 > 5 


B T> 












d + d 1 + d 2 + d 3 + d 4 + d 5 > 6 
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Table 10: Flag conditions defined by ordering 1-PS's, IV 



l-PS A 




„(d, A) 




subsets covering 'P^'^ 


c 










d + d l > 2 or d + d l + d 2 > 3 


B h 


(11, 8, 5, -4, - 


-7, -13) 


6(8d + 5di + 4d 2 + 3d 3 + 2d 4 + d 5 


- 16) 


d,Q = 1 and d^ + d 2 + ££3 > 2 












dQ = 1 and d^ + d 2 + ^3 + ^4 + dg > 3 


»e, 










e*0 + d l + d 2 + d 3 > 4 or d + d l + d 2 + d 3 + d 4 > 5 


c 2 










dQ = 2 or dQ -f- d^ > 3 


Bt- 
^1 


(13, 7, 1 2 , -5, 


-17) 


6(7d + 5di + 3d 2 + d 3 - 18) 




d + d! + d 2 > 4 


■i 










d + d l + d 2 + d 3 > 6 


»> 










d + d l + d 2 ^ 2 


»>! 


(17, 11, 5, -1, 


-13, -19) 


6(llti + 9di + 7d 2 + 5d 3 + 3d 4 + d 


5 - 23) 


dg 4- di > 1 and d 2 + £(3 > 2 


»>2 








dQ = 1 and d^ + d 2 + d3 + > 3 


"Si 










Ej =0 d; > 5 or £? =0 d 4 > 7 


■iv 

c 2 










d + d l > 2 or d + d! + d 2 > 3 


»>! 


(19, 13, 7, -5, 


-11, -23) 


6(13d + 9di + 7d 2 + 5d 3 + 3d 4 + d 


5 - 27) 


dQ = 1 and d± + d 2 + d 3 > 2 


B £V 


d = 1 and E| = i e*i > 3 or E{=1 d i > 4 


B C! 










Ef =0 d i > 4 °' E| =0 > 5 


B* v 
c 2 
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3 Plane sextics and stability 



In the present section we will check that if A G LG(/\ 3 V) is not stable then there exists W G Qa 
such that Cw,A (see (|0.0.9I) ^ is either P(W) or a sextic curve in the indeterminacy locus of the period 
map (|0.0.10[) : in other words we will prove Theorem 10.0.31 In the first subsection we will equip 
the set Cw.A with the structure of a subscheme of P(W) and we will prove a simple result (Claim 
I3.1.4j) that will be very useful in Section [5] when we will describe Cw,A for properly semistable 
A's with orbit closed in LG(A 3 V) ss . Subsection GO] contains the proof that if A G 1LG(J\ 3 V) ss 
belongs to a standard non-stable strata which is not one of M-p, Bg 15 Bg 2 or X_/v" 3 then there exists 
W G Qa such that Cw,A is either P(W / ) or a sextic curve in the indeterminacy locus of the period 
map (|0.0.10|) . Subsection 13. 3l deals with the remaining standard non-stable strata: for those strata 
we will need to develop more machinery in order to describe Cw,A- For the reader's convenience 
we recall that a curve C has a simple singularity at p G C if the following hold: 

(i) p is a planar singularity i.e. dim0 p C < 2. 

(ii) C is reduced in a neighborhood of p. 

(iii) multp(C) < 3 and if equality holds the blow-up of C at p does not have a point of multiplicity 
3 lying over p. 

Remark 3.0.2. Let C C P 2 be a curve. Then C has simple singularities if and only if the double 
cover S — > P 2 branched over C is a normal surface with DuVal singularities; in particular if C is 
a sextic then the minimal desingularization of S is a K3 surface with A-D-E curves lying over the 
singularities of S. 



3.1 Plane sextics 

Let W G Gr(3,F). Let 

3 3 

£w-={/\W)^/f\W (3.1.1) 

where /\ 3 W 1 - is the orthogonal of /\ 3 W with respect to (, )v- The symplectic form (, )y induces 
a symplectic form on £w that we will denote by (,)w- Let [w] G P(W / ); since F w is a Lagrangian 
subspace of /\ 3 V containing /\ 3 W we have the lagrangian 

3 

G w := F w / f\ W G LG(S W ). (3.1.2) 
Thus we have a Lagrangian sub- vector-bundle G of £w ® Cp(vy) defined by 

3 

G:=F® O nw) / f\ W <g> O r(w) . (3.1.3) 

We will associate to B G hG(£w) a subscheme Cb C P(VF) by mimicking the definition of EPW- 
sextic given in Section [TJ Composing the inclusion G c — > £w (g> Op(w) an d the quotient map 
£w ® Cp(W) - >• (£w/B) (g> Op(vi/) we get a map of vector-bundles 

G (£w/B) ® Cp(w^). (3.1.4) 

We let C* B = F(deti/ B ); thus suppC* B = {M G P(VK) G w flB ^ {0}}. A straightforward 
computation gives that 

detG^ O p( vk)(-6). (3.1.5) 

Thus Cb is a sextic curve unless it is equal to P(W^). Next suppose that (W,A) G E. Since 
/\ 3 W C A C (/\ 3 W) 1 - we have the lagrangian 

3 

B := {A/ f\W) G LG(£ W ). (3.1.6) 
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Definition 3.1.1. Suppose that (W,A) € E. We let CV,a := C B where £ is given by (I3.1.6|) . 

Notice that (|0.0.9p holds by definition. Let B G LG(£vk) and vb be given by (|3.1.4I) : we will 
write out the first terms in the Taylor expansion of det vb in a neighborhood of [vq] G P(W). Let 
Wo C W be complementary to [vo]. We have an isomorphism 

Wo F(W)\F(W ) (31J) 

w h4 [«o + w] 

onto a neighborhood of [uq]; thus G Wo is identified with [vo]. We have 

C B nW = V(g Q + gi + --- + g 6 ), gi G S* Wq (3.1.8) 

where the g^s are well-determined up to a common non-zero multiplicative factor. We will describe 
explicitly the gi's for i < dim(_B n G Vo ). Given w G W we define the Pliicker quadratic form ifj^ on 
G Vo as follows. Let a G G Vo be represented by a G F„ . Thus a — vo A f3 where /3 E /\ 2 V is defined 
modulo (A 2 W + [v ] A V): we let 

<tjj*j (a) := vol(u A u) A /3 A /3). (3.1.9) 

Proposition 3.1.2. Keep notation and hypotheses as above. Let K := B n and fc := dim if. 

Then 

(1) gi = /or i < k, and 

(2) there exists /ieC smc/i £/ia£ 

=Mdet(C°y. «« e Wo. (3.1.10) 

Proof. Let £?i := i? and i?2 G hG(£w) be transversal both to B\ and G„ . Then £vk — B\ ® Bi 
and we have an isomorphism B2 = B± such that (,)w is identified with the standard symplectic 
form on B\ © B\. There exists an open W G Wo containing such that G Vf> + w is transversal to 
Bi for all w G W and hence G Vo+w is the graph of a map q(u>) : B\ — > B 2 = B± . Since G Vo+w is 
Lagrangian the map q(w) is symmetric; we let q(w) be the associated quadratic form. The map 
W — > S 2 £^ mapping iu to <?(w) is regular and there exists p G iJ°(0£y) such that 

3(10) =p det q(w), weW. (3.1.11) 

We have kerq(0) = B\ n G„ ; by Proposition IA.lT2l we get that detg G m§ where mo C 0yv,o 
is the maximal ideal; thus Item (1) follows from (|3.1.1ip . Let's prove Item (2). Let (detg)r G 
(m£/m£ +1 ) S ¥ W V be the class of det q; by (I3.1.UI) we have 

grfw) = p(0)(det q) ¥ M, u> G Vq. (3.1.12) 
We have kerc^O) = K; by Proposition [A! 1.21 there exists 9 G C* such that 



(det q)j(w) = 9 det 



w G Wq. (3.1.13) 



4=0 

Thus in order to finish the proof of Item (2) it suffices to show that 

d(q(tw)\ w ) 



dt 



= VCho we W . (3.1.14) 



Let Bi G LG(/\ 3 V) be such that Bi/ f\ 3 W = B. L . Let 5 e f be represented by a G F Vo ; thus 
we also have a G -Bi. Assume that G VV where W is as above; there exists r(tw)(a) G #2 
well-defined modulo /\ 3 W such that (a + r(tw)(a)) G F Vo+tw . Thus 

(a + r(iu>)(a)) = (v + tw) A ((tw). (3.1.15) 
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By definition of q(tw) we have 

q(tw)(a) = vol(a A r(tw){a)). (3.1.16) 
Now multiply (|3.1.15|) on the left by a; since a 6 i^,, we have vq A a = and hence 

q(tw)(a) = t ■ vol(a A it; A C(M) (3.1.17) 
for u> G Wo- Differentiating with respect to t and setting t = we get that 



(q)=vo1(«AwA((0)). weW . (3.1.18) 



We may write a — vq A (3 because a E F„ . Setting t = in (|3.1.15p we get that «o A C(0) = «o A fi. 
Thus (j3.1.18j) reads 



dt 



(a) = vol(« Aw A/3 A /3) = C( 5 )> w e W . (3.1.19) 

This proves (|3.1.14p . □ 

Corollary 3.1.3. Let (W, A) E E and [v ] £ P(W). Then either C W . A = ¥(W) or 

mult[„ ] C W ,A > dim(A n F Vo ) - 1. 

Proof. Let B be given by (|3.1.6[) . We apply Proposition 13.1.21 it suffices to notice that k = 
(dim^n^J-l). □ 

Our last result will be useful when we will describe Cw,A for properly semistable A with closed 
orbit in LG(A 3 V) ss - we will use it repeatedly in Section [5j Choose a direct-sum decomposition 
V = W © U ; thus dim U — 3 and we have an identification 

2 2 

S w =£^ ;=f\W® U®W © f\U. (3.1.20) 

Notice that £yy is the direct-sum of a vector-space and its dual (after the choice of volume-forms 
on W and on U) and hence it is equipped with a symplectic form (defined up to scalar). Under 
Isomorphism (|3.1.20p the symplectic form on £^ is identified, up to a scalar, with the symplectic 
form on Sw- We have the embedding 



M h>. GZ:={ae£" \wAa = 0} 



u.-r^ru t nl (3-1.21) 



and the pull-back map 

*: |O lg( ^)(1)| |Op (w0 (6)|. (3.1.22) 

Let (W,A) e E: thus ^ = A 3 W © £ where B € Then A 9 -B corresponds (via wedge- 

multiplication) to a hyperplane Hb S |Clg(£ c/ )(l)l an< l 

C W , A = <*>{H B ). (3.1.23) 

(Notice that Gw,A = P(W) if and only if Hb in the indeterminacy locus of <&.) Of course <& is 
the projectivization of the map $ of global sections induced by (|3. 1 .21(1 . We will write out <fr as 
a GL(W) x GL(£/)-equivariant map. Write G% = G' w © G£ where G^ = G^ n (A 2 W © f/) and 
G^ = G^ n (W © A 2 We have embeddings 

¥(W) ^ Gr(6, A 2 W © C/) P(W) Gr(3, 1U © A 2 t 7 ) 

M ^ GL M ^ G", 
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They define GL(W) x GL(/7)-equivariant surjections 

A 6 (A ! ff v ®(/ v )=if°(0 G[(6jA 2 w8[J) (l))^H°(0 F(w) (3))®((lctH/)- 3 ®((lct (7)- 2 =S 3 W v «.(dotW)" 3 «.(dct tTT 2 . 

(3.1.24) 

and 

A 3 (W v ®A 2 ^ V )=ff^O Gr( 3 iW0A 2 [J) (l))^H o (O P(W )(3))®(dotC/)- 2 =S 3 H' v ®(dot(7)- 2 . (3.1.25) 

It follows from the definitions that $ is identified with the composition of the following GL(W) x 
GL (£/)-equivariant maps 

A 9 £&^A 9 (£ u )tv®(d c tw) 9 ®(d c tuf^ 

^>(S 3 W v <g>(dct W)" 3 (gi(dct {7)- 2 )®(S 3 W v ®(dot [7)- 2 )®(dot W) 9 ®(dct C/) 9 ^S 6 W v ®(dct W) 6 ®(dot C/) 5 . (3.1.26) 

(We get the first surjection by writing the exterior power of a direct-sum as direct-sum of ten- 
sors products of exterior powers, the second surjection follows from (|3.1.24[) and (|3.1.25j) . the last 
surjection is defined by multiplication of polynomials.) We have 

9 

C W ,A = V(*(w<,)), 0^oj o e/\B. (3.1.27) 

Claim 3.1.4. Let (W,A) G £ and ui G /\ 10 ^4. Suppose that there exist a direct-sum decomposition 
V = W ®U and g = (g w ,9u) € {GL(W) x GL{U)) n SL(V) such that guj = u). Let g w := 
(det g w )~ 1/3 gw - thus g w G SL(W). Write C WlA = V(P) w/iere PeS 6 W v ; Men j^P = P. 

Proof. The statement is equivalent to g w {P) = {detgw)~ 2 P- Write A = /\ 3 W © B where S G 
LG(£^r). Then = a A w where a e /\ 3 and wo G f\ 9 B- We have go/o = (det gw)~ lw o 
because go; = w. The claim follows from (|3.1.27[) and the GL(W) x GL([/)-equivariance of $ - 
see (|3.1.26p . □ 

3.2 Non-stable strata and plane sextics, I 

In the present subsection we will prove the following result. 

Proposition 3.2.1. Let A G LG(A V) and suppose that it belongs to 

B A U B^v u B Cl U B C2 U l e v U l £ v UB fl UBj 2 . (3.2.1) 

TTien i/iere exists W G 6^ swc/i i/iai Cw,A is not a curve with simple singularities, more precisely 
either Cw,A = P(W) or else Cw,A is a sextic curve and 

(1) there exists [vq] G Cw,a such that mult[„ ] Cw,a > 4 if A G B_4, 

Cw,a is singular along a line (and hence non-reduced) if A G (Bc 2 U B^v U Bj^ UBjr 2 ), 

(3) Cw,A is singular along a conic (and hence non-reduced) if A £ B^v, 

(4) Cw,A is singular along a cubic (and hence equal to a double cubic)) if A G (B^v UBcJ. 

The proof will be given at the end of the subsection. First we will identify the bad points of 
Cw,A for (W, A) G S. Let [v n ] G P(W) and Wq C W be a subspace complementary to [v ]. We 
choose Vb G Gr(5, V) such that 

V = M © Vb, V n W = W . (3.2.2) 

We have an isomorphism 

A 2 vb/A 2 VK ^> G V0 



vill view it as 

Let V(ipl°) c P(A 2 Vol A 2 Wq) be the zero-locus of VC- Proposition [3X2] suggests that in order 



Let tp^ 1 be as in (|3.1.9[> : we will view it as a quadratic form on /\ 2 Vq/ /\ 2 Wo via Isomorphism (|3.2.3p . 
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to determine the local form of C\y,A at [vq] we should examine the intersection of the Vfy^ ) for 
w £ W - Let 

2 22 
M:P(/\Vb) -*P(/\F //\Wo) (3.2.4) 

be projection with center /\ 2 Wq. Let 

Gr(2, Vo)w ■= M(Gr(2, Vb)). (3.2.5) 

(The right-hand side is to be interpreted as the closure of jtz(Gr(2, Vb) \ {A 2 Wo})<) Let /x be the 
restriction of fx to Gr(2, Vb). The rational map 

Gr(2, Vo) — > Gr(2,V )w a (3.2.6) 
is birational because Gr(2, Vb) is cut out by quadrics. We have 

dimGr(2,FoVo = 6, degGr(2, V )w a = 4. (3.2.7) 
Claim 3.2.2. Keep notation as above. Then 

p| V(C°)=Gr(2,VbV (3-2-8) 

and i/ie scheme-theoretic intersection on the left is reduced. 

Proof. For vq, v £ V let be the Pliicker quadratic form on F Vo defined as follows. Let a G F Vo ; 
then a = Vo A/3 for some f3 £ f\ 2 V. We set 

<^°(a) :=vol(u Aw A/3 A/3). (3.2.9) 

(The above equation gives a well-defined quadratic form on F Vo because /3 is determined up to 
addition by an element of F Vo .) Let 

Ay°: A 2 V F va 
P i-> w A/3 

Now let [u ] £ P(W) be as above; we will identify A 2 Vb and F Vo via t|3.2.10|> . If w e W then 
^(0:^°) C V(F V0 ) = P(A 2 Vb) is a Pliicker quadric containing Gr(2, V ) and singular at A 2 W . The 
quadric V(V'2 5 ) is the projection of V(</>^°) and hence it contains Griy (2, Vb). Thus the left-hand 
side of (|3.2.8[) contains the right-hand side of (13.2. 81) . Since V(ip%?) is an irreducible quadric for 
every w £ Wq the left-hand side of (|3.2.8p is of pure dimension 6, Cohen-Macaulay and of degree 
4; thus the claim follows from (|3.2.7[) . □ 

Next we will identify the points [w] £ P(W) such that Cw,A is not as nice as possible - see Propo- 
sition 13.2.61 First we give a few definitions. Given a subspace W C V we let 

2 

S w := {f\ W) A V. (3.2.11) 

Now suppose that W £ Gr(3, V); then S w £ h<G(/\ 3 V) and P(S W ) C P(A 3 V) is the projective 
space tangent to Gr(3, V) at W. 

Definition 3.2.3. Let (W, A) £ S. We let B(W, A) C P(W) be the set of [w] such that 

(1) there exists W £ (Q A \ {W}) with [w] £ W, or 

(2) dim(Ar\F w r\S w ) > 2. 

Remark 3.2.4. As is easily checked B(W, A) is a closed subset of P(W). 
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Let 

2 

Pv a -- Fvo ^ f\V» (3-2-12) 
be the inverse of (|3.2.10j) . Now let [vq] G P(W / ) be as above and let 

K:=p2(ADF V0 ). (3.2.13) 

Then K D f\ 2 Wo and hence 

2 2 2 

F(K/ f\ Wo) C P(/\ Vo/ f\ Wo). (3.2.14) 
Claim 3.2.5. Keep notation as above. Then [vq] G B(W,A) if and only if 

2 

P{K/ /\W )nGr{2,V )w„ (3.2.15) 
(The intersection above makes sense by \3.2.1J$ .) 
Proof. Let's prove that [vo] G S(VF, A) if and only if 

(a) F(K) n Gr(2, Vo) is not equal to the singleton {A 2 W }, or 

(b) F(K) n 6 A 2 Wo Gr(2, Vq) is not equal to the singleton {A 2 W }. 

(Here 0^2 Wq Gi(2, Vq) C F(A 2 Vq) is the projective tangent space to Gr(2, Vq) at A 2 Wo.) In fact 
(a) holds if and only if Item (1) of Definition 13.2.31 holds with w = vq. On the other hand (b) 
holds if and only if Item (2) of Definition 13.2.31 holds (with w = vq) because 

6 A 2 Wo Gr(2,Vo)=P(^(F t)0 RSV). (3.2.16) 

This proves that [vq] G B(W, A) if and only if one of Items (a), (b) above holds. Since Gr(2, Vb)w 
is obtained by projecting Gr(2, Vo) from A 2 Wo the claim follows. □ 

Proposition 3.2.6. Let (W, A) G S and [v ] G P(W). Then [v ] £ B(W,A) if and only if one of 
the following holds: 

(1) dim(F„ n A) = 1 i.e. [v ] £ C W , A by miM . 

(2) dmi(F Va n A) = 2 and Cw,A is a smooth curve at [vq], 

(3) dim(F Vo l~l A) — 3 and Cw.A is a curve with an ordinary node at [vq]. 

Proof Suppose that [vq] £ B(W, A) - we will prove that one of Items (1), (2), (3) holds. First let's 
show that 

dim(F„ n A) < 3. (3.2.17) 

Let K := Py o (F Vo n A). Assume that (|3.2.17p does not hold, i.e. that dimP(Jf) > 3. Since 
dimGr(2, Vo) = 6 we get that 

(a) dim(P(if) n Gr(2, V )) > 0, or 

(J3) dimP(i ; ir) = 3 and the intersection F(K) n Gr(2, Vo) is zero-dimensional. 

If (a) holds then F(K) n Gr(2, V ) is not equal to the singleton A 2 W and hence [v ] G B(W, A), 
contradiction. Now suppose that (j3) holds. Suppose first that F(K) is transverse to Gr(2, Vo) 
at A 2 ^o; then P ( K ) n Gr(2, V ) is not equal to the singleton /\ 2 W because degGr(2,Vo) = 5 
and hence [vq] G B(W,A), contradiction. If F(K) is not transverse to Gr(2,Vb) at /\ 2 Wo then 
[vq] G B(W, A) by Claim 13.2.51 - again we get a contradiction. This proves that (|3. 2.17ft holds. 
If dim(F„ D A) = 1 there is nothing to prove. If dim(F Vo n A) = 2 then by Claim 13.2.51 we get 
that F(K/ f\ 2 W ) is a point not contained in Gr(2,Vb)w - % Proposition 13.1.21 and (|3.2.8|) we 
get that Cw,A is a smooth curve at [vq]. Lastly suppose that dim(F„ n ^4) = 3. By Claim 13.2.51 
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we get that W(K/ f\ 2 Wo) is a line that does not intersect Gr(2,Vo)v^ - By Proposition [371.21 
and (|3.2.8p we get that Cw.A is a curve with a node at [vq\. This proves that if [vo] $ B(W, A) then 
one of Items (1), (2), (3) holds. One verifies easily that the converse holds; we leave details to the 
reader. □ 

Corollary 3.2.7. Let (W, A) G E(V). Then C W}A = P(W) if and only ifB(W,A) = P(W). If 
C W}A ¥{W) then B{W,A) C singCV,A- 

Proof. If B(W,A) = P(W) then dim(A n F w ) > 2 for all [w] G P(W) and hence C w ,a = P(W) 
by dOTO]). If C W;A = P(W) then B(W,A) = P(W) by Proposition |3 i 2 i 6J The second statement 
follows at once from Corollary 13.1.31 and Proposition [372.61 □ 

Given W G Gr(3, V) we let 

3 2 

T w := Sw/ /\W^ /\W® (V/W) ^Rom(W,V/W). (3.2.18) 

(Recall (|3. 2.111) .) Of course the second isomorphism is not canonical, it depends (up to multiplica- 
tion by a scalar) on the choice of a volume form on W. 

Claim 3.2.8. Let (W,A) G £ and suppose that C W . A # P(W). Lei [to] G P(W). J/ t/iere exisfs 
ae(4fl Sw) such that 

(1) the equivalence class a G T\y is non-zero and 

(2) a(w) = (we view a as an element of Hom(W, V/W) thanks to (|3.2.18p ) 
then [w] G singCv^A- 

Proof. We have a(w) = if and only if a G Sw H thus Item (2) of Definition 13.2.31 holds and 
the claim follows from Corollary 13.2.71 □ 

Proof of Proposition 13.2.11 We may assume throughout that Cw,A ^ P(W). First we will 
consider 

A G (B^v UB C2 UBgv UBjrJ. (3.2.19) 
By Section 2.3 of j^D] we know the following: 

(1) If A G B^Tj is generic then 9,4 is a line. 

(2) If A G Bgv is generic then 9 a is a rational normal cubic and the ruled 3-fold swept out by 
¥(W) for W G ®a lies in a hyperplane of P(V). 

(3) If A G B^v is generic then 9 a is a projectively normal quintic elliptic curve and the ruled 
3-fold swept out by P(W) for W G 9 a lies in a hyperplane of ¥(V). 

(4) If A G Bc 2 is generic then 9 a is a projectively normal sextic elliptic curve and there exists a 
plane ¥(U) C ¥(V) intersecting along a line each plane P(T4 7 ) for W G 9a- 

Suppose that (1) holds and let W G Q A - Let W G (9a \ {W}); then ¥(W n W) is a line. 
By Corollary 13.2.71 CW 4 is singular along P(W D W'). Now suppose that one of Items (2), (3) 
or (4) holds. Let If g6a and 

C:= |J P(wnW). 
we(0A\{w}) 

If A G B^v is generic then C is a cubic curve, this is easily checked. We claim that if A G (Bc 2 UBgv ) 
is generic then C is a line. The fact is that in both cases there exists U G Gr(3, V) such that 
dim(W H U) = 2 for all W' G 9a and hence C = F(W U). Existence of such a U for A generic 
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in Mc 2 was stated in Item (4) above. Let's prove that such a U exists for A generic in Bgv. Write 
V = S L where L is a complex vector-space of dimension 3. We have embeddings 

P(L) A Gr(3,S 2 L) P(L V ) A Gr(3,S 2 L) (3 2 20) 



] i ^ {l ■ I \l G L} [f ] i-> {q | f G kerq}. 



The maps k and h have the following geometric interpretation. Let Vi C P(S 2 L) be the subset of 
tensors of rank 1 (modulo scalars) i.e. the degree-4 Veronese surface: then 

imfe = {T^sjVi | [il] G Vi}, imh = {(C) \ C C Vi a conic } (3.2.21) 

i.e. im k is the set of projective tangent spaces to points of V\ and im h is the set of planes spanned 
by conies on Vi. Let C be the Plucker(ample) line-bundle on Gr(3, S 2 L); one checks easily that 

fc*£ = P(L) (3), h*£ = P{LV) (3) (3.2.22) 

and that H°(k*), H°(h*) are surjective. Let R := P(ker/) where [/] G P(L V ). Then k(R) C 
Gr(3,S 2 L) is a rational normal cubic curve. Since the union of projective planes parametrized by 
k(R) is contained in the hyperplane 

{MeP(S 2 L)|(^/ 2 ) = 0} 

it is actually projectively equivalent to &a, see Proposition 2.12 of [20] . Let 

U' := {[cp] G P(S 2 i) | / G ker(^} 

Then dim([/' n W') = 2 for all W' G k(R); since fc(i?) is projectively equivalent to a it follows 
that there exists U G Gr(3, V) such that dim(W n J7) = 2 for all W G 9a as claimed. Now let's 
consider 

A6(l^Ul Cl U%vUB ft ). (3.2.23) 

We may assume that A is generic in B^ for X — A, . . . , Ti where F is a basis of V given by (|2.2.1[) . 
Consider first 1^. By Table (HJ) we have 

2 

dim(An [vq] A f\V 15 ) > 5. (3.2.24) 

We have a natural embedding Gr(2, V15) P([«o] A/\ 2 V15) with image of codimension 3; by (|3.2.24[) 
it follows that there exists G 9a containing vo (actually a family of dimension at least 1). 
By Corollary 13.1.31 and (|3.2.24l) we get that mult[„ ] Cw,A > 4. Now consider one of B^ or B^ v . 
Then 0^ contains W := V m . Let A := A/ /\ 3 W and T w be as in (|3. 2.181) . We notice that the 
inequality which enters into the definition of B^ or B^ v gives that 



{[w] G P(W^) 3 ^ a G (T w C A) s.t. a(w) = 0} (3.2.25) 

has dimension at least 1, in fact it contains a cubic curve in the case of B£ and it contains a conic 
in the case of M F £V . This settles the case of A G (BJ^ U B^ v ). Lastly we consider Bjr 2 . By the first 
inequality defining B^- 2 we get that there exists ^ u G V23 such that W := {vo,vi,u) G Qa- We 
claim that (I3.2.25P has dimension at least 1. Let v G V23 be such that {u,v} is a basis of V23. Let 



a G 



(/\ Vbi A V 23 © /\ V^oi A V 45 8 V01 A /\ F 23 ). 



Then a(i>o), C [w] where z7 G V/W is the class of u; in particular a has non-trivial kernel. By 

the second inequality defining Bjr 2 we get that (|3.2.25|) has dimension at least 1, in fact it contains 
a line. This concludes the proof. □ 
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3.3 Non-stable strata and plane sextics, II 

In the present subsection we will prove the following result. 

Proposition 3.3.1. Let A e LG(A V) and suppose that it belongs to 

BdUB^UB^UX^. (3.3.1) 

Then there exists W G Oa such that Cw,A is not a curve with simple singularities; more precisely 
the following hold: 

(1) If A £ Mt> or A G Bfj then either Cw,A — P( W) or else Cw,A has a point of multiplicity at 
least 4. 

(2) If A is generic in Bg 2 or in Xjv" 3 then Cw,A has consecutive triple points. 

We will prove Proposition 13.3.11 at the end of the subsection: first we will go through some 
preliminaries. We start out by giving a "classical" description of Cw,A in a neighborhood of [vq] for 
(W,A) G S and [v ] G P(W). For this we will suppose that there exists V G Gr(5, V) such that 

3 

vo^Vo, f\V (f\A. (3.3.2) 

By p. 0.131) the second requirement (transversality) is equivalent to Y§ v /a) ^ ¥(V V ). Let D be the 
direct-sum decomposition 

V = [v Q ] © V . (3.3.3) 

Under the above hypothesis there is a "classical" description of Ya in a neighborhood of [vo] as 
the discriminant hypersurface of a linear system of quadrics - see Section 1.7 of 20 - that goes as 
follows. We have a quadratic form qA = <?2(0) £ S 2 (/\ 2 Vb) v characterized as follows: 

q A {a)=~i ^ (v Aa-"f)eA. (3.3.4) 

Here qA ■ f\ 2 Vo — > f\ 2 Vq is the symmetric map associated to qA and we make the identification 

^ ^ (3.3.5) 

7 h4 a h4 vol(uo A a A 7) . 

For v G V let Let g„ e S 2 (/\ 2 Vb) v be the Pliicker quadratic form defined by 

g„(Qi) := vol(«o A v A a A a). (3.3.6) 

Notice that (via the obvious identification) q v — <f>y o where ifiy is defined by (|3.2.9[) . Lastly we 
make the identification 

Vo ^ W\m) (3 .3. 7) 
v 1 ^ [uq+«J. 

(Thus € Vq corresponds to [vq]-) By [20] we have the following local description of Ya: 

*a n Vo = F(det(<M + q v )). (3.3.8) 

Now suppose that v € W and let Wo := W" (~l Vb; there is a similar description of Cw,A H (P(W) \ 
P(Wo)) which goes as follows. First notice that the restriction of (|3.3.7[) to Wo may be identified 
with (|3X7| . Next notice that A Wo is in the kernel of qA and also in the kernel of q w for w G Wo . 
Let 

2 2 

Qa,Q w eS 2 (f\Vo/ f\W ) v , we Wo (3.3.9) 
be the induced quadratic forms. Below is our "classical" description of Cw,A near [vq]- 
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Claim 3.3.2. Keep hypotheses and notation as above - in particular assume that (|3.3.2[) holds. 
Then 

C WtA n (P(W) \ P(Wo)) = V(det(q A + qj) (3.3.10) 

where w € Wq - see (|3.1.7p . 
Proof. We have an isomorphism 

ker(q A + q w ) -AA- An F Vo+w g 

a h-> («o + w) A a 

The set-theoretic equality of the two sides of (|3.3.10p follows at once from (|0.0.9[) and (|3. 3.111) . In 
order to prove scheme-theoretic equality one may describe Cw,A H (P(W) \P(Wo)) as the degeneracy 
locus of a family of symmetric maps parametrized by Wq as follows. Let U C V be complementary 
to W. We have a natural identification 

2 2 

{f\W)hU®W h{f\U)-^£ w . (3.3.12) 
Given the above identification we have a direct-sum decomposition into Lagrangian subspaces 

2 2 2 

£w = Quo] A Wo At/© M A (/\ CT)) © ((A Wo) A 17 © W A (/\ CT)). (3.3.13) 

(The first and second summand are the intersections of the left-hand side of (|3.3.12[) and F Vo and 
/\ 3 Vq respectively.) Given the above decomposition the scheme Cw.a H (P(W) \P(Wo)) is described 
as the degeneracy locus of a family of quadratic forms. One identifies the family of quadratic forms 
with {(q A +q w )}w£W an d the claim follows. □ 

Remark 3.3.3. Let Gr(2,V )w C P(A 2 V / A 2 W ) be the projection of Gr(2,V ) from f\ 2 W - 
see (|3~2"3)1 . Let 

2 2 

^ ,A := V(g A ) n Gr(2, V ) Wo C P(/\ 7 / A Wb). (3.3.14) 

As if varies in Wo the quadrics V(q A + q w ) vary in an open affine neighborhood of V(q A ) in 
\Xz Wo ,a(2)| - see Claim [3.2.21 Thus the singularity of Cw,A at [^o] is determined by Zw ,a- 

Proof of Proposition l3.37ll First we will prove the statement of the proposition for A G BpUB^ . 
We may suppose that Cw,a ^ P(W). We may assume that there is a basis F = {vq, . . . , vs} of V 
such that A is generic in B^, or in B| and hence one of the following holds: 

(1) dimA (~l ([vq] A f\ 2 V14) = 3 and Q A is a smooth conic parametrizing planes containing [vq], 
see Section 2.3 of |20) . 

(2) A D [v a ] A A 2 Via and dim A n ([wo] A VL a A y 35 ) = 2. 

If (1) holds let W be an arbitrary element of Q A , if (2) holds let W := Vo2- We will prove that 
CV,yi has multiplicity at least 4 at [vq]. Notice that in both cases 

dirndl n F Vo > 3. (3.3.15) 

Since A is generic in Bp or in B^ we may assume that (|3.3.15[) is an equality. Thus mult[„ ] Cw,A > 2 
by Corollary 13 . 1 . 3l that is not good enough. We will apply Claim [3. 3. 21 First we must make sure 
that there exists Vq G Gr(5, V) for which (|3.3.2[) holds. As is easily checked V15 will do for A generic 
in B^, or in B^ . Next we notice that the line P(kerg j4 ) is contained in Gr(2,Vb)w (notice that 
Wo = V12 if Item (2) holds). In fact if (1) holds the projection fj,: Gr(2, Vb) Gr(2, Vb)w maps 
the conic p^ Q (Q A ) to P(kerq A ). If (2) holds the plane V(p^ o (AnF Vo )) is tangent to Gr(2, V ) at V 12 
and hence is mapped by \i to Gr(2, Vo)w ; on the other hand the image by /1 is exactly P(kcr q A ). 
Since the line P(kerg A ) is contained in Gr(2, Vo)w every q w (for w G Wo) vanishes on P(kerq A ) 
by Claim [372721 by Corollary [37T73] and Proposition lA.1.2l we get that multr^i Cw,A > 4. Next 
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we suppose that A £ Bg 2 . Thus we may assume that A is generic in Bg 2 where F = {vo, . . . , v$} is a 
basis of V. By Proposition 2.20 of [3D] we know that &a is a rational normal cubic curve and that 
all planes parametrized by Qa contain [vq]; as W we choose an arbitrary element of Qa- We will 
prove that Cw,A has consecutive triple points at [vo]; for the reader's convenience we notice that 
this holds if and only if there exists a basis {x, y} of Wq such that 



C W ,A nW = V(y 3 + c 22 x 2 y 2 + c 13 xy 3 + c m y 4 + c 41 x 4 y + c 32 x 3 y 2 + . . .) 



(3.3.16) 



More precisely: the tangent cone to Cw,A at [vq] is V(y 3 ) and the coefficients of x 4 ,x 3 y,x 5 (in the 
generator of the ideal of Cw,A H Wo) are zero. First we notice that Q3.3.2I) holds with Vq := V15 (if 
A is generic in B^ 2 ) and hence we may apply Claim [3.3.21 By genericity of A in B^ 2 the inequality 
in the definition of W>£ is an equality; thus dim(ker g^) = 3. Moreover P(kerg A ) n Gr(2, Vo)w„ 
is a (smooth) conic C, namely the projection of py(@A) from Wo- Let K := kcrq A . By Claim 
13.2.21 the intersection with V(K) of the quadrics V(q w ) (for w £ Wq) equals C . Thus there 
exists ^ Wi £ Wq such that q. 



0. We complete {w{\ to a basis {wi,w 2 } of Wq] thus 
V(q W2 ) (~1 P(K) = C and hence q W2 \x is a non-degenerate quadratic form. In a suitable basis of 
A 2 V /A 2 W we have 



9a + ^ + M„ 



y 








mi,4 


™l,9 





y 







7772,9 








y 


"13,4 


7773,9 


m 4 ,i 


m 4i2 


"14,3 


1 + 7714,4 


7774,9 



(3.3.17) 



\m 9 ,l 777 9i 2 777 9i3 777. 9 , 4 ■•• 1+ 7779,9/ 

where each mj,j € C[x, y]i is homogeneous of degree 1. A straightforward computation gives that 
det(<^4 + xq Wi + yq W2 ) = y 3 + c 22 x 2 y 2 + c 13 xy 3 + c Q4 y 4 + c 41 x 4 y + c 32 x 3 y 2 + ... 



and hence Cw,A has consecutive triple points at [vo] - see (|3.3.16[) . It remains to prove the statement 
of Proposition 13.3.11 regarding Xjv 3 . We may assume that A is generic in X^ 3 where F = 
{vq, v%, . . . , 1)5} is a basis of V. By genericity all the dimension inequalities defining X^ are in fact 
equalities, in particular 

dim(AnF Vo ) = 3. 



(3.3.18) 



Moreover A contains 



(3.3.19) 



(3.3.20) 



Vq A V\ A (av 2 + bv 3 ) 

v A (vi A (ct; 2 + dv 3 ) + v\ A v 4 + v 2 A v 3 ) 
vo A {evi A 7J4 + fv 2 A v 3 + gv\ A v§ + hv 2 A 774 + lv 3 A v 4 ) 
Vo A (e'vi At>4 + f'v 2 A v 3 + g'v\ A V5 + h'v 2 A 774 + l'v 3 A V4) + V\ A v 2 A v 3 . 

(We have rescaled some of the Vi's.) By genericity we also have 

/ (ad -be). 

Define v' 2 ,v' 4 £ Vi5 by 

v 2 = v' 2 — a~ 1 bv 3 , 

774 — — cv' 2 + (a be — d)v 3 + v\. 

Thus {vo, vi, v' 2 , i>3, w 4 , W5} is a new basis of V. Replacing 772 and 774 by the above expressions we 
get that A contains 

77o A V\ A v' 2 

vo A (v\ A v\ + v' 2 A v 3 ) 
Vq A (vi A u + uj) 
vo A (v\ A x + t) + v\ A v' 2 A v 3 



(3.3.21) 
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Table 11: Matrix of q w \ K 
- j 







2 vo\(vq A w A Wi A w\ A w' 2 A u) 



where w,r S /\ 2 (v' 2 , v 3 , v' 4 ) and hence are decomposable. By genericity of A we have v' 2 £ suppw; 
thus after a suitable rescaling of vq A (v\ A u + uS) we may assume that 

w = (s^3 + v' 4 ) A (v 3 + tv' 2 ) 

where s, t € C. Let 

wi := Ui, w 2 ■= v' 2 — svi, w[ :— sv 3 + v' 4 , w' 2 :— v 3 + tv' 2 . 

By genericity of A the span {w±, w 2l w[, w' 2 ) does not contain u; it follows that {i>o, Wi, w 2 , w'i, w' 2 , u} 
is yet another basis of V. Rewriting the elements of p.3.21j) in terms of the last basis we get that 
A contains 

Vq A i«i A w 2 

v A (wi Aw[ + w 2 A w 2 ) (3 3 22) 

Vq A (wi A u + w[ A w 2 ) 

Vq A (wi A C + + w l A W2 A u4 

where 

2 

ee/\<w 2 ,^,^) (3.3.23) 

(The last statement holds because r g /\ 2 (v' 2 , v 3 , v' A ).) Let W := (v ,wi,w 2 ); clearly W £ 9 a- We 
will prove that Cw,A has triple consecutive points at [vq\. First notice that there exists Vq £ Gr(5, V) 
such that (|3.3.2[) holds; in fact Vb := V15 will do (for generic A £ X^- ). Thus we may appply Claim 
13.3.21 Let W := W D V and {x,y} be the basis of 1V V dual to {wi, w 2 }. By (|3.3.18p we have 
dim(A nF Va ) = 3; thus Corollary 13.1.31 gives that 

C w . A nW = V{g 2 +g 3 + ... + g 6 ), 9d= ^ c iJ x% V' '• 

Let if := kerg A = p v ^(A D F v „) / f\ 2 (W ) . Then X = where 

a := (wi A w[ + w 2 A w' 2 ), /3 := (wi A u + w[ A ii> 2 ). (3.3.24) 

Let u> £ Wo; the matrix of q w \k with respect to the basis given by Q3.3.24p is given by Table (|lip . 
In particular q w \k is degenerate and hence g 2 = by (|3. 1.101) and Claim [3.2.21 Let's prove that 

g 3 = co 3 y 3 , c 03 + 0. (3.3.25) 

The restriction q Wl \i< is zero and hence g 3 {w\) = by Proposition IA.1.31 thus in order to 
prove (|3.3.25[) it suffices to show that 

g 3 (x ,yo) ^ if y ^ 0. (3.3.26) 

Let w = (xqWi + yow 2 ) with yo 7^ 0; thus ker^^l^-) = ({w\ A w[ + w 2 A w' 2 )). The hypotheses 
of Claim lA.2.1l are satisfied by :— q A and q :=q w ; it follows that g 3 (xo, Uo) = if and only if 

qA((x wi + y w 2 ) A (wi A w[ + w 2 A w 2 )) = 0. (3.3.27) 

Of course here we are tacitly identifying (/\ 2 Vb/ /\ 2 Wo) y with Ann(/\ 2 Wo) C /\ 3 Vb- In order to 
compute the left-hand side of (|3.3.27[) we notice that 

q A (wi A w 2 A w' 2 ) — —wi A C — £• 



39 



Table 12: Matrix of q y A restricted to q Wl (K) 





« W1 (=) 


~u 




f TO1 (-) 


vol(o A(» 1 AC+£)A»iA» 2 A w' a ) 


vol ("0 A 7 A 






vol(u A 7 A %i\ A m 2 A «»2) 


vol(i> A 7 A 


™1 A ™2 A 



In fact the above equation follows from (|3.3.4j) and (|3.3.22[) . Let 

2 

<7 A (wi A w 2 A wi) = 7 s A Vb/(wi A u>2, (wi A ii>2,«Ji A w[ + w 2 A w 2 ), (»i Au + wJ A w 2 ))- 
(Here 7 £ A 2 V .) Then - see (gXH - we have 

(f A 7 - Wi A W2 A w^) € A. 

We notice that we have 

v A 7 A wi A w 2 A w 2 = (3.3.28) 

In fact the above equality holds because A is a lagrangian subspace containing the element on the 
fourth line of p. 3.221) and because (13.3. 23[) holds. From the above equations we get that 

q\{{x wi + yow 2 ) A (u>i A w[ + w 2 A w' 2 )) — y vo\(v A 7 A w\ A w 2 A w' x ). 

Since A is generic 

uo A 7 A wi A W2 A uij 7^ (3.3.29) 

and hence we get that (|3.3.26|) holds. We have proved (|3.3.25[) . Next let's prove that = C40 = C50 
i.e. 

flr(xio 1) Q) = Q (mod (3.3.30) 

First we apply Proposition [A". 1.31 with := q A and q := q Wl - Let's show that q A \^ ^ is 

degenerate. By definition the map q A defines an isometry between q A oq Wi (K) equipped with the 
restriction of q A and q Wl (K) equipped with the restriction of q y A . We have 

Qa (SwiCa)) = Qa ( w i Aw 2 /\w' 2 ) = -W! AC-£, 
Qa {q Wi (P)) = Va (-^1 A1C2A = -7. 

From this it follows that the restriction of q A to q w (K) is given by Table (fL2")l . By (|3.3.23[) 
and (|3.3.28[) the entries vanish with the exception of the one on the second line and second column. 
Thus q A |= ^ is degenerate and hence g{xw\,Q) = (mod a; 5 ) by Proposition lA.lMil Next we 
will apply Proposition I A. 2. 31 in order to finish proving that (|3.3.30l) holds. By Table (TT21 we have 

ker(q A \q(K)) 3 q m (a) = Wi A w 2 A w' 2 = q A {-w x A C - £)• 

Thus v :— a satisfies (|A.2.5|) (one of the hypotheses of Proposition [Al2.3[) and we may set . 

e(q Wl ;a) = -( Wl AC + (3.3.31) 

By (|3.3.23j) wc get that q Wl (wi A C + £) = and hence (|3. 3.301) holds by Proposition IA.2.31 It 
remains to prove that C31 = 0. Let's prove that the hypotheses of Claim IA.2.51 are satisfied by 
q* := q A , r := 5 and s := 5 . Item (1) holds by Table (ITTj) . moreover the kernel of q w \k is 
spanned by a and hence v := a in the notation of Claim IA.2.51 Next consider Item (2): then 
9tui = w i Au>2 Ai«2 ! 9u, 2 (a) = — Wi Ai«2 Awi , since they are linearly independent the first condition 
of that item is satisfied. Table (flU)) gives the restriction of q A to (q Wl (a),q W2 (a)). The entry on 
the second line and second column is non-zero by (|3.3.29[) . the others are zero by (|3.3.23[) . thus the 
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Table 13: Matrix of q\ restricted to (q Wl (oi), q W2 (a)) 









9 ( 


n (-) 


f ra2 ("J 


f wl (-) 


vol(. 


, A 


»1 A C- 




vol(« A (»! A C + () A v, 1 A u> 2 A ti^) 


f W2 (-) 


vol(, 


'0 A (i 


»1 A C- 


^)A«1«"2« ™'i) 


vol(u A 1 A A l» 2 A to^) 



second condition of Item (2) is satisfied. Lastly we checked above that q^\^ ^ is degenerate - see 
Table (|12p - and hence Item (3) is satisfied. By Claim [A. 2. 51 we get that C31 = if and only if 

= q lUl (e(q Wl - 1 a)) = q Wl (wi A C + £)• 

(See p. 3.311) for the second equality.) The last term vanishes by (13.3. 23[) (as noticed above). □ 

We end the subsection by pointing out certain similarities between B^ , B^v and Bjf 2 ■ Let F be 
a basis of V and A € B^ U M F £ v U B^ 2 . Let W E Gr(3, V) be defined by requiring that 

3 f bo] a A 2 Via ifAeB^, 

/\iy=<^A 3 K)2 ifAeB^v, (3.3.32) 

[a n (A 2 Vbi a V23) ifei^ ; 

Define V as 

!,4n([i-o]Ay 12 A^) 
A n (A 2 V02 a V 3i ) 
A n (A 2 Vbi A \A 23 © A' Vbi A ^45 9 Vol A A 2 V23) 

The projection 

V := pw(V) C% = Hom(VK, V/W) (3.3.34) 

is 2-dimcnsional. Let Hom(W, V/W) r C Hom(M / , V/W) be the subset of maps of rank at most r. 
One easily checks that in each of the three cases appearing in (|3.3.33[) we have V C Hom(W, V/W) 2 - 
The following observation is easily proved - we leave details to the reader. 

Remark 3.3.4. Let A be generic in one of B^, M F £V or B^ 2 . Let W be as in (|3.3.32p . A := A/ /\ 3 W 
and V C (A n T w ) be given by (13.3. 34ft . Then dim V = 2 and 

(V \ {0}) C (Hom(W, V/W) 2 \ Hom(Ly, V/W) x ). (3.3.35) 

By Proposition lA. 3.11 V is equivalent modulo the natural GL(V/W)xGL(W)-&ction on Gr(2, Rom(W, V/W)) 
to one of the susbpaces V/, V c , V p defined by (|A.3.3[) - (IA.3.4[) - (IA.3.5I) . Then V is equivalent to 

< V c ifAel^v, (3.3.36) 
[v, ifAeB^. 

Conversely let A E LG(A 3 V) and W E 6^- Let A := A/ /\ 3 W. Suppose that there exists a 
2-dimcnsional subspace V C (A n T w ) such that (13.3. 35j) holds; then A E M £i U B* v U B^. More 
precisely A E M* £i if V is equivalent to V p , A € B£ v if V is equivalent to V c and A E BJr if V is 
equivalent to V;. 

Remark 3.3.5. Suppose that we wish to decide whether a given A E LG(A V) is stable or not. 
Theorem 12.4.11 provides the following algorithm: 

1. Compute dim 9^: if dim Qa > 2 then A is not stable, if dim Qa < 1 go to Step 2 . 



if A El 






if A El 




(3.3.33) 


if A El 
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2. If dim 0^4 = 1 determine the irreducible components of Qa and hence determine whether A 
belongs to one of the irreducible components of which appear in (|2.2.10l) : if it does then 
A is not stable, if it doesn't (or dim Qa < 1) go to Step 3. 

3. List all of the isolated elements W £ 6,4. If dim(v4 n Sw) > 4 for one such W then A is not 
stable, if dim(^4 n Sw) < 3 for all such W go to Step 4. 

4. If there exists an isolated W £ Qa such that dim(AnSV) = 3 and all a £ Tw are degenerate 
(as map W — > V/W) then A is not stable, if there exists no such W go to Step 5. 

5. If there exists an isolated W £ Qa such that dim(^4 n Sw) = 3 and A £ X^- for a certain flag 
with W = (vq,vi, av2 + bv^) then A is not stable, if there is no such W then A is stable. 
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4 An EPW zoo 



In the present section we will analyze certain special elements of LG(/\ 3 ]/). The first example, 
named Am, is the analogue of the double triangle in the moduli space of sextic curves and of the 
cubic V(xqXiX2 +X3X4X5) in the moduli space of cubic four-folds: it is semistable with closed orbit 
and the connected component of its stabilizer is a maximal torus in SL{V). It will occur frequently 
when analyzing the GIT boundary of 50?. After that we will give a closer look at A + and Ak , Ah , 
see <|2. 2.111) and (j3.2.20|) : we recall that L4+], [A k ], [A h ] 6 3 where 3 is as in Definition 10.0.41 
In particular we will give an explicit basis of A + : it will be needed in Section [5] We will also 
introduce a curve Iw containing [A + ] and contained in 3. 

4.1 Preliminaries 

We start by stating an important theorem of Luna |13j . Let G be a linearly reductive group and 
X an affine variety acted on by G. Let H < G be a linearly reductive subgroup and X C X be 
the closed subset of points fixed by H. Let Nq(H) < G be the normalizer of H; then Nq(H) acts 
on X H and we have a natural regular map 

X H //N G (H) := SpccT(X h ,Oxh) Ng{H) — > Specif, O r f =: X//G. (4.1.1) 

The following is Corollaire 1, p. 237 of [13]. 

Theorem 4.1.1 (Luna 13 J. Keep notation as above. Map (|4. 1 . 1[) is finite. If x 6 X H then Gx is 
closed if and only if Nq{H)x is closed. In particular if Nq{H) / H is finite then Gx is closed. 

Next suppose that X C P(f7) is a projective and that G is a linearly reductive group acting on 
X via a homomorphism G — > SL(U). Let X C U be the affine cone over X; applying Theorem 
l4.1.1l to the induced action of G on X one gets the following result. 

Corollary 4.1.2 (Luna). Keep notation and hypotheses as above. Let H < G be a linearly reductive 
subgroup. Let [u] £ ¥(X H ); then [u] is G-semistable if and only if [u] is Ng(H)- semistable, and 
in this case G[u] is closed in X ss if and only if Nq(H)[u] is closed in the set of Nq{H)- semistable 
points ofP(X H ). The inclusion P(X H ) ^ X induces a finite map P(X H )//N G (H) — > X//G. 

It will be convenient to use Shah's terminology for the semistable plane sextics with closed orbit: 
we recall it below. 

Theorem 4.1.3 (Shah [53]). Let C C P 2 be a sextic curve. Then C is PGL(3) -semistable with 
minimal orbit (i.e. orbit closed in \Op2(6)\ ss ) if and only if it belongs to one of the following classes: 

I C has simple singularities. 

II In suitable coordinates 

(1) C = V((X Q X 2 + a 1 Xl)(X X 2 + a 2 Xf)(X X 2 + a 3 X 2 )) where a 1 ,a 2 ,a 3 are distinct. 

(2) C = V(XqF(Xi, X 2 )) where F has has no multiple factors. 

(3) C = V((X a X 2 + Xf) 2 F(X ,X 1 ,X 2 )) and V(X a X 2 + Xf), V(F) intersect transversely. 

(4) C = V{F{X ,X l ,X 2 ) 2 ) where V{F{X ,X l ,X 2 ) is a smooth cubic curve. 

III In suitable coordinates 

(1) C = V({X X 2 + Xf) 2 (X X 2 + aXf)) where a ^ 1. 

(2) C = V{XlX\Xl). 

IV C = 31? where D is a smooth conic. 

Remark A.1A. The following will be useful in detecting sextic curves of Type II- 1, II-2, III- 1 , III-2 
or IV. Let P E C[X , X 1 ,X 2 ] 6 . Suppose that G < SL 3 (C) and gP = P for all g e G. 
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(1) Assume that (in the standard basis) G = {diag(i~ 2 , t, t) \ t G C x }. Then P = X%F(X 1 ,X 2 ). 

(2) Assume that (in the standard basis) G = {diag(i, | t G C x }. Then 

P = {hX X 2 + a 1 Xl)(b 2 X X 2 + a 2 X^)(b 3 X X 2 + a 3 Xf). (4.1.2) 

(3) Assume that G is the maximal torus diagonal in the standard basis. Then P = cX^X\X 2 . 

Remark 4.1.5. The period map (|0.0.10[) is regular at C if and only if C is semistable and the unique 
scmistable sextic with closed orbit PGL(3)-equivalent to C is not of Type IV. Equivalcntly: C is in 
the indeterminacy of (|0.0.10[) if and only if 

(1) there exists p G C such that C has consecutive triple points at p and moreover letting C 
be the strict transform of C in the blow-up of P 2 at p, the tangent cone to C at its unique 
singular point lying over p is a triple line, or 

(2) there exists p G C such that mult p C > 4 and if equality holds the tangent cone to C at p 
equals 3/?i + l 2 (h, h are lines through p). 



4.2 Maximal torus 

Let 



N 



1111100000 
1100011100 
1010010011 
0101001011 
0010101110 
0001110101 



(4.2.1) 



The rows of N will be indexed by < i < 5, the columns will be indexed by 1 < j < 10, 
i.e. N = (riij) where < i < 5 and 1 < j < 10. Let F = {vq, . . . ,v^} be a basis of V. For 
j = 1, . . . , 10 let ctj, f3j € /\ 3 V be the decomposable vectors given by the wedge-product of the Uj's 
such that mj = 1 and = respectively (notice that on each column of N there are 3 entries 
equal to 1 and 3 equal to 0) in the order dictated by the ordering of the indices: 

«i = v A V\ A v 2 , /3i = v 3 A t> 4 A V5, a 2 — v A V\ A v 3 , , (3 W = v A V\ A w 4 . 

Let A f ITI C f\ 3 V be the subspace spanned by the a,-'s. Let 1 < jo < 10. By inspecting the matrix 
TV we see that /3j is not a multiple of any of the ctj 's, that it is perpendicular to each ctj with j jo 
and that otj A f3j ^0. It follows that A V IU is (, )v -isotropic and that dimA^j = 10 i.e. A V IU G 
LG(/\ 3 V). Let 0/w£ /\ 10 A F jjj and T < GL(V) be the maximal torus of automorphism which 
are diagonal in the basis F: then 

g{ui) = (det gfu Vg G T. (4.2.2) 

The above holds because the sum of the entries on each row of N is equal to 5. The following result 
will be useful in deciding whether a given is in the PGL(V A )-orbit of Am. 

Claim 4.2.1. Let T be a maximal torus of SL(V). Suppose that A G LG(/\ 3 V) is fixed by T and 
that T acts trivially on f\ 10 A. Then the orbit PGL(V)A contains Am. 

Proof. Suppose that T is diagonalized in the basis {vo, . . . , W5}. Since A is left invariant by T it has 
a basis B consisting of 10 monomials Vi A Vj A Vk (here 0<i<j<k<5). Let T be the family of 
"tripletons"of {0, 1, ... , 5} i.e. subsets of cardinality 3. We let <r: T — > T be the involution defined 
by cr(7) := I c := ({0, 1, . . . , 5} \ I). If a G {0, 1, . . . , 5} and S C T we let S a := {/ G S \ a G /}. 
By associating to Vi A Vj A the set {i,j,k} G T we get an identification between the family of 
monomials and T. With this identification B corresponds to a subset S C T with the following 
properties: 

(1) T=S]J<7(S), and 
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(2) S a has cardinality 5 for each a G {0, 1, . . . , 5}. 
We claim the following: 

If a, b G {0, 1, ... , 5} are distinct then \S a n S b \ = 2. (4.2.3) 
In fact let a,6e {0, 1, ... , 5}: then \S a H S b \ = 5 — |5„ D (<S \ <Sb)| and hence we get that 

|5 n5 6 | = |(5\5 )n(5\5 6 )|, |5 n(5\5 fe )| = |(5\5 )n5 b |. (4.2.4) 
Now suppose that a ^ b. The map <r gives inclusions 

<j(S a nS b ) c (T\T a )n(T\%), a(S a n(S\S b )) c (T\T a )nT b . 

By (|4.2.4j) and Item (1) we get that 

2|S a nS b | = \a(S a nS b )\ + \(S\S a )n(S\S b )\ < \(T\T a )n(T\T b )\ = 4, 

2|5 a n(5\5 6 )| = |a(S a n(«S\«S 6 ))| + |(«S\«S a )n<S 6 | < \(T\T a )nT b \ =6. (4.2.5) 

Thus |«S a (~1 S b \ < 2 and |«S a PI (S \ S b )\ < 3; this proves (|4.2.3[) . Now associate to S a 6 x 10-matrix 
M whose columns are the characteristic functions of the sets in S. By (|4.2.3[) and a Sudoku- 
like argument we get that after performing a sequence of row and column permutations we may 
transform M into N; that proves the claim. □ 

Proposition 4.2.2. A^jj is semistable and its ~PGL(V)-orbit is closed in LG(/\ 3 V) ss , moreover 
Y A r = V{X a ■ Xx ■ X 2 ■ X 3 ■ X A ■ X 5 ) where {X , X 5 } is the basis of V v dual to F. 

Proof. Let LG(A 3 V) C A 10 (A 3 ^) be the affine cone over LG(A 3 V). Let u be a generator of 
A 10 Ajjj; thus uj G LG(A 3 V). Let T < SL(V) be the maximal torus of automorphisms which are 
diagonal in the basis F. By (|4~!T2"|) we have uj G LG(/\ 3 V) H . The quotient N SL(V) (T)/T is the 
symmetric group ©6 and hence is finite. By Theorem 14. 1 . II the orbit SL(V)u> is closed; thus A is 
semistable by the Hilbert-Mumford criterion, moreover as is well-known closedness of SL(V)w in 
LG(A 3 V) implies that A is closed in LG(A 3 V) ss . Let Y a f u = V(P) where P G C[X , . . .,X 5 } 6 . 
Since A F jjj is semistable we get that P ^ by Corollary 12.2.61 Since T fixes P we get that 
P = cX ■ X 1 ■ X 2 ■ X 3 ■ X 4 ■ X 5 for some c ^ 0. □ 

By Proposition 1472.21 it makes sense to let 

3 := [Am] G Wl. (4.2.6) 

Our next goal is to prove that 

3 i 3- (4.2.7) 

By (|4.2.3[) the following holds: given row indices < s < t < 5 there exists exactly one set 
{s 1 , t'} c {0, . . . , 5} \ {s, t} of two indices such that 

v s A v t A v s , , v s A v t A v t > G A. (4.2.8) 

Thus we get the line 

L„, t := {v s A f t A (\ v s > + XiVf) \ [A ,Ai] G P 1 } C 6^. (4.2.9) 
Proposition 4.2.3. Keeping notation as above we have 

e ^„= (J L s ,t- (4.2.10) 

0<s<t<5 

Let W G Q a f and hence W = (v s ,vt, (Ao?v + XiVf)) for a unique choice of < s < t < 5, s' ,t' 
as in (|4T2~Tg|) and [A , Ai] G P 1 ; then 

C WtA f u = 2{v s ,v t ) + 2(v s ,(\ov s > + \iv t ,)) + 2(v t ,(Xov s ' +Ai«t0>. (4.2.11) 
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Proof. First we will prove that dimO A F^ = 1. By (|4.2.9[) we know that dimB^F^ > 1. Suppose 

that dim0 4 F > 2 and let be an irreducible component of 6if of dimension at least 2. 
a iii — 1 A iu 

Theorem 2.26 and Theorem 2.36 of [3U] give the classification of couples (A, 0) with A G LG(/\ 3 V) 
and an irreducible component of ©a such that dim0 > 2. That classification together with 
semistability of A^jj gives that 

A ni e (Xy UX W U PGL(V)A k (L) U PGL(V)A h (L) U PGL(V)A+(U)). (4.2.12) 

(Notation as in 20 .) If A V UI G (PGL(V)A k (L)l)PGL(V)A h (L)) then Y a f is a double discriminant 
cubic, if A^jj S (XwUPGL(y)A + (C/)) then Y a f contains a quadric hypersurface: in both cases we 
contradict Proposition [472.21 This proves that dimG^F^ = 1. Let T < SL(V) be the connected 
maximal torus of elements which are diagonal with respect to {vq, . . . ,v§\. By (|4.2.2j) T maps 
A^jj to itself and hence it maps each irreducible component of ®A f IU to itself. It follows that a 
O-dimensional irreducible component of 6 4 f ; must be of the form V{ A Vj A v k for 0<i<j<k<5 
and an irreducible 1-dimensional component of 0^f must be of the form (|4.2.9p for some choice 
of pairwise distinct s, t, s' , t'\ it follows that s', t' satisfy (|4.2.8[) . We have proved (14.2. 10p . Next we 
will prove the assertion about Cw,A for W S Q a f^. First suppose that W = (vi,Vj,Vk)- Then 

B(W,A) = (vi, Vj ) U {vi,v k ) U faM). (4.2.13) 

In fact it follows from (|4.2.10|) that the set of [w] € P(W) such that Item (1) of Definition 13.2.31 
holds is equal to the right-hand side of (14.2. 13p . moreover a straightforward analysis of the matrix 
N defining A F ia gives that the set of [w] e P(W) such that Item (2) of Definition 13.2.31 holds 
is again equal to the right-hand side of (|4.2.13j) . By Corollary 13.2.71 we get that (|4.2.11|) holds 
if W = (vi,Vj,Vk)- Lastly suppose that W = W\ := (v s ,Vt,(\oV s > + \iv t >)) where A ^ ^ Ai. 
Acting by the torus T we get an isomorphism 

C Wx , A r u ^C Wx/ ^ n (4.2.14) 

where A' = [X' , A'J is arbitrary with \' Q ^ ^ \[. It follows that C Wx a f i ^ ¥(W\). In fact if we 
had equality then we would have C Wy a f^ = P(Wy) whenever \' ^ ^ X[ and by continuity also 
for arbitrary [AqjA'J; since W[i,o] = ( v s,vt,v s i) that contradicts what we have proved above. This 
proves that C\y x ^ P(W / a)- Let T < T be the sub-torus of g such that g{v s i)/v s i — g(v t >)/v t >. If 
g G To then g(W\) = W\ for every A G P 1 . Thus we have a homomorphism p: Tq — > GL(W\). 
For g G Tq let 

p{g) :=p(g)(detgr 1/3 £SL(W x ). 

Write C Wx iA f = V(P) where P G S 3 W^: by Claim IBTPl we get that p{g)P = P for every 
g G To. Since {p(g) \ g G T } is a maximal torus of SL(W\) it follows that (14.2. lip holds for 
W = W X . □ 



4.3 SL(4) and SO(4) 

Choose an isomorphism 4>: f\ 2 U ^ V. Let A + (U) G LG(A 3 V) be defined as in (|2.2.12|t and 
similarly for A-(U): then SL({7) maps A + (U) to itself and it acts trivially on f\ 10 A + (U). Of 
course the orbits PGL(V) A+(U) and PGL(V) A_(U) are equal. 

Proposition 4.3.1. A + {U) is semistable and it has minimal PGL(y) -orbit. 

Proof. The subgroup SL(U) < SL(V) acts trivially on A 1 " A + (U) and the index of SL(U) in the 
normalizer N S L(y)(SL(U)) is 2; thus A+(U) is SX(F)-semistable by Corollary 14.1.21 □ 

Thus A + (U), A_(U) are semistable points with minimal orbit stabilized by SL(4). Later on we 
will need to have at our disposal explicit bases of A + (U) and A-(U): we define them as follows. 
Let {ito, ui, U3} be a basis of U and F = {v$, . . . , v§} be the basis of V given by 

vq — uq A ui, Vx = M A u 2 , v 2 — u A U3, V3 = ux A u 2 , v A = ux A u 3 , v 5 — u 2 A u 3 . (4.3.1) 
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labic 14 


: Bases of A + (U) and A_ 


(tyj. 




I 


a i 








(a 7 ,/3/)y 


(2,0,0,0) 


Vq A Vi A V 2 




W3 A «4 A V5 




1 


(0,2,0,0) 


Vo A W3 A W4 




«i A «2 A U5 




1 


(0,0,2,0) 


V\ A W3 A W5 




«o A v 2 A W4 




1 


(0,0,0,2) 


«2 A W4 A f5 




«o A V\ A W3 




1 


(1,1,0,0) 


«o A (vi A W4 — 


i> 2 A v 3 ) 


w 5 A (v 2 A W3 — 


vi A U4) 


2 


(1,0,1,0) 


-«i A (v A w 5 


+ v 2 A v 3 ) 


-«4 A (u A u 5 


+ v 2 A u 3 ) 


2 


(1,0,0,1) 


«2 A (-v A w 5 


+ vi A U4) 


w 3 A (vo Av 5 - 


vi A U4) 


2 


(0,1,1,0) 


-u 3 A (v A w 5 


+ «i A va) 


v 2 A (w A v 5 4 


i>i A Vi) 


2 


(0,1,0,1) 


w 4 A (-wo A v 5 


+ v 2 A u 3 ) 


«i A (-u A w 5 


+ v 2 A w 3 ) 


2 


(0,0,1,1) 


v$ A (vi AV4 + 


v 2 A u 3 ) 


—Wo A (vi A W4 


+ «2 A u 3 ) 


2 



(To be precise: vq = 4>(uq A ui) etc.) A straightforward computation gives that 

i + ([r/ u + ?7iMi + 772W2 + 773^3]) = E a/7?/ ]' MI^o^o + + ^2^2 + 6*3^3) = [y^ff/fl 1 ] 

where / = (io, i%, ii, i 3 ) runs through the set of multi-indices of length 2 and a/,/3/ are given by 
Table (O. 

Remark 4.3.2. Let T < GL(£7) be the maximal torus which is diagonalized in the basis {uq, . . . , u 3 }: 
thus T — {diag(£ , • ■ • , t 3 ) | t tit 2 t 3 ^ 0}. Then T acts on A + {U) and on A_(U) and is diagonalized 
in the basis {. . . , a/, . . .} (respectively in the basis {...,/?/,...}); moreover it acts on ai and /3j 
according to / or —I respectively: 

(to, • ■ • ,t 3 ) ai = t$$1%1$ai, (t , . • .,t 3 )Pi = to lo tr i *2 i3 *3 <8 j8/- 

By Remark 14.3.21 the product (a/,/3j)y vanishes if / 7^ J. The products (a/,/3/)y are listed 
in Table (|14D . Next we will define a family of lagrangians which are stabilized by SO (4) - as usual 
this means that if A is such a lagrangian then there exists SO(4) < SL(V) which acts trivially on 
/\ 10 A. The corresponding points in 0JI sweep out a curve. Let U be a complex vector-space of 
dimension 4 and choose an isomorphism 

2 

<p:V^f\U. (4.3.2) 

Let i + : F(U) -4 Gr(3, V) be as in (12.2.111) . 

Definition 4.3.3. Keeping notation as above let Xy V (J7) C LG(/\ 3 V) be the set of A e LG(A 3 V) 
such that ¥(A) contains i+{Z) where Z C P(£7) is a smooth quadric surface (our notation is 
somewhat imprecise: Xyy(f7) actually depends on Isomorphism (|4.3.2p ). Let 

X^ :=PGL(V)X* W (U). 

Notice that A + (U) e X* W (U). 
Proposition 4.3.4. Let A e X£y. Then A is semistable and it has minimal PGL(l^) -orbit. 
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Proof. We may assume that A £ X^y(ZJ) and that we have chosen Identification (|4.3.2j) . Then 
Z = V{q) where q £ S 2 U v is non-degenerate. Let A q £ S 2 U be the annihilator of q. Let 
g v £ S 2 f7 be the dual of q (see Section [AJ; thus we have the decomposition into irreducible 
O ((^-representations S 2 U = A q © [q v ]. We have an isomorphism 

F ^ (4.3.3) 

x:=[x ,xi] h-> A x := (A 9 ,a;o(7 v + xiq) 

We have an embedding SL(U) < SL(V); composing with the embedding SO(q) < SL(U) we get 
an embedding 

SO(q) < SL(V). (4.3.4) 

Since SO(q) acts trivially on /\ 9 A q , q v , q it acts trivially on /\ 10 A X for every x £ P 1 . The group 
NsL(v)(SO(q)) acts on Xyy(t7). By Corollary 14. 1 . 21 in order to prove the proposition it suffices to 
show that every A x is ATs^y)(50(q))-semistable with closed orbit. Choose 2-dimensional vector- 
spaces U' , U" and an isomorphism U = U' <g> U" such that Z is identified with the projectivization 
of the subset of decomposable elements of U' ® f". We have an isomorphism of GL{U') x GL(U")- 
representations 

2 2 2 2 

V = f\U = f\{U' <g> 17") S S 2 [/' ® /\ 17" © S 2 [/" <g> /\ [/' . 

s / s -* 

V" V" 

Composing the isogeny SL(U') x SL(U") — ► SO(q) and Embedding (14.3.41) we get the isogeny 
SL(U') x 5i(C/") — -> SOiT') x SOfV"). Thus it suffices to show that each A x is A^v^SO^') x 
SO(V"))-seiriistable with closed orbit. Let A: C x -> N SL{v) (SO(V') x SO(V")) be the 1-PS such 
that \(t)\ v > = tldv, X(t)\v" = t^Idv". The subgroup of N SLiv) (SO(V) x SO{V")) generated 
by SO(V) x SO(V") and im A is of finite index; since SO(V) x SO(V") acts trivially on A 10 A x for 
each x it follows that it suffices to prove that each A x is A-semistable with closed orbit. Identifying 
X^([/) with P 1 via ([073")) we get that A acts on P 1 and on O r x(l); let 

H°(O F i(l)) = L ®Li ) dimLi = l, X(t)\ Li =t a % a + o a = (4.3.5) 

be a diagonalization of the action of A. Of course {xo,xi} is a basis of H°(Opi (1)); we claim that 
one may assume that L\ — [x{\. In fact we have ^4[i,o] = A+(U) and if x ^ [1,0] then A x is 
not projectively equivalent to A + (U) because dim©^ = 3 if and only if x = [1,0] (this is an easy 
exercise); thus x% is an eigenvalue of X(t) for every t £ C x and hence we may assume that L\ — [xi]. 
On the other hand A + (U) is iSX(y)-semistable by Proposition [473.11 Since Ahm — A + (U) is 
SZ(F)-semistable and L\ — [x\\ we get that ax = and hence the A-action on P 1 is trivial; this 
proves that each j4 x is A-semistable with minimal orbit. □ 

By Proposition [473.41 it makes sense to let 

X w :={[A]e<m\AeX* w }, i) := [A+(U)]. (4.3.6) 

Thus X) £ Xw- 

Claim 4.3.5. Let A £ X£y and W £ 0,4. Then Cw,A is in the indeterminacy locus of Map ([0.0. 10[) . 
In particular Xyy £ 3- 

Proof. It suffices to show that if A £ X^ v (f) then Cw,A is in the indeterminacy locus of Map (|0.0.10[) 
for every W £ O^. By definition ¥(A) contains i+(Z) where Z C V(U) is a smooth quadric. Let T\ 
and J-2 be the two families of lines on Z. The conies i+(J-"i) and i+(J-2) span planes Ai, A2 £ P(V) 
respectively. Let W\,Wz £ Gr(3, V) be the subspaces such that P(Wj) = A*. Suppose that 
A = A+(U): as is easily checked B(W, A) = ¥(W) and hence C W ,A = P(W) by Corollary [372771 
Now suppose that A ^ A + (U): then W £ i+(Z) U {Wi,W 2 } (for generic A £ Xy V (J7) we have 
Qa = i+(Z)). Suppose that W £ i+(Z). Then there exists a dense set of [v] £ P(W) for which 
Item (1) of Definition [3H7J holds; thus B(W,A) = F(W). By Corollary HUTU we get that 
Cw,A — P(W). Lastly let i = 1,2: applying Proposition 13.1721 one gets that Cw it A = 3D where 
D £ Aj is the conic i_|_(.F,). □ 
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Below we will give a result for two special elements of X^ v ({7) - the result will be needed in the 
proof of Proposition 15.9.241 Let Z C P({7) be the smooth quadric of Definition 14.3.31 Let TZ 

be one of the two rulings of Z by lines. We view TZ as a smooth conic in P(/\ U) = P(V): it spans 
a plane P(VT / ) meeting the Plucker quadric hypersurface Gr(2, U) C P(V) in TZ. Let p£ Z: the 
unique line of TZ containing p belongs to ¥(i+(p)) and hence P(W) D P(z+(p)) ^ 0. It follows that 

/ V ^G((z + (Z))) ± . 

Here and in the following we think of Gr(3, A U) = lm i + as a subset of P(A 3 V) via the PPucker 
embedding. Byf (|2.2.13j) we know that fK'Wi A+(U). Thus 

3 

An '■= ((i+(Z))) + /\W (4.3.7) 

is an element of X^ V (J7). By definition we have W € O^. 
Claim 4.3.6. Keep notation as above. Then C-^f a = 37?.. 

Proof. Clearly TZ C supp C-^ Atl and hence it suffices to prove the following: if [v] G TZ then 

Cw, An nW o = v ( h3 + 9i+95+96), 0^heW V ^gS^Wq. (4.3.8) 

(Notation as in (|3.1.8[1 .) Let v = u Alt'. We claim that 

F t) n((i+(Z))) = {{i + (P( U ,u / )))). (4.3.9) 

It is clear that the left-hand side contains the right-hand side. If the containment is strict then 
dim(F v fl ((i+(Z)))) > 4 because the right-hand side of (14.3.91) has dimension 3: a fortiori we 
have dim(F v n A+(U)) > 4. By Proposition 2.3 of [20] we get that either Y A+[U) = P(V) or 
multr„i Yj± njs > 4: that contradicts (12.2. 13[) . This proves (|4.3.9|) . It follows that 

3 

F v DA n = ((i+(F(u, u'))))+ f\W. 

We get (|4.3.8p by applying Items (1) and (2) of Proposition l3.lT2l More precisely we may identify 
K of Proposition 13.1.21 with ({i + (¥(u,u'})}) and (14.3.81) holds because the intersection ofP(K) 
with Gr(2, Vo)yy (notation as in Claim |3.2.2[) is identified with TZ. □ 

The following result shows that we will get nothing "new" if the smooth quadric Z of Definition 
14.3.31 is replaced by a singular quadric. 

Proposition 4.3.7. Let Z C P(Z7) be either a plane or a quadric cone. Suppose that A G 
LG(A 3 V) ss and thatP(A) D (i+(Z)). Then A is PGL(V)- equivalent to A+(U). 

Proof. Suppose first that Z is the plane P(CAj) where Uq C U is a subspace of codimension 1. Let 
u 3 e(U\ U Q ). Let fi be the 1-PS of SL(U) defined by 

H(t)u = tu, lie U , n(t)u 3 = t~ 3 u 3 . (4.3.10) 

Let A = A 2 A* be the 1-PS of SL(V) corresponding to fi. There is a basis {ax, ■ ■ ■ , cxq, (otr + 
(3-?), . . . , (a w + /3io)} of A where on £ S 2 U for all i, {ai, . . . , a^} is a basis of S 2 Uq and /3j G 
(S 2 U v n (S 2 C/o)^) i-e. /3j = x 3 <f>j where x 3 G C/ v spans AnnJ7 and fa G C/ v . Let u := ai A . . . A 
«6 A (0:7 + /?7) A ... A (aio + Pio). A straightforward computation gives that 

lim \(t)uj = a% A... A a w . (4.3.11) 

t— >o 

This proves that A is PGL(V^)-equivalent to A+(U). Now suppose that Z is a quadric cone. Let 
£> v := {a;o, xi, X2, X3} be a basis of [7 V such that Z — V(xqX2 +x\). Let B := {1x0,^1,^2,^3} be 
the basis of U dual to B. Let /1 be the 1-PS of SL(U) defined by 

n(t)u — t~ 2 u , fi(t)ui — n{t)u 2 =u 2 , n(t)u 3 — t 3 u 3 . (4.3.12) 
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Let A = /\ 2 n be the 1-PS of SL(V) corresponding to pb. There is a basis {a%, . . . , ag, (aio + /3io)} of 
A where at G S 2 U for all i, {a\, . . . , ctg} is a basis of S 2 {/ fl (#0^2 + a; 2 )^ and /?i G ((^o^ + 2a))- 
Let ui :— ot\ A . . . A otg A (aio + /?io)- A straightforward computation gives that (|4. 3.111) holds in 
this case as well and hence A is PGL(V)-equivalent to A + (U). □ 

4.4 SL(3) 

Let fc and h be given by (I3.2.20|) . By p.2.221) and surjectivity of H°(k*) and we get that 

im(fc), im(h) span 9-dimensional subspaces of P(/\ 3 V). 

Definition 4.4.1. Let Afe(i), A^(L) C /\ 3 be the affine cones over im(&;), im(h) respectively. 

Any two planes in im(fc) are incident and similarly for im(/i): it follows that Ak(L), Ah(L) G 
LG(A 3 V). The PGL(F)-orbit of A k (L) (or of A h {L)) is independent of L: often we will de- 
note Ak(L),Ah(L) by Ak and Ah respectively. The two surjections H°(k) and H°(h) provide an 
isomorphism of GL(L)-modules 

3 

/\(S 2 L) * S 3 L g> det L © S 3 i v ® (det i) 3 , A fc (L) = S 3 L ® det L, A h {L) = S 3 L v ® (det L) 3 . 

(4.4.1) 

For i = 1, 2 let V, C P(S 2 L) be the closed subset of quadrics of rank at most i modulo scalars; thus 
Vi is a Veronese surface and V2 is a (discriminant) cubic hypersurface. In Section 1.5 of |20) we 
proved that 

Y Ak(L) =Y Ah{L) =2V 2 . (4.4.2) 

Proposition 4.4.2. A k and Ah are semistable with minimal PGL(V)-orbits. 

Proof. Let LG(A 3 V) C ^{fK'V) be the affine cone over LG(A 3 V"). Let A be one of A k (L), 
A h (L), and u be a generator of A 10 A; thus w G LG(A 3 V). Let H := im(SL(L) -4 SL(V)). Then 
w G 1JG(/\ 3 V) H . We have N SL (V)(H) = Aut(V 2 ): in fact the equality follow from (|4~Oj) . It 
follows that NsL(y){H)/H is trivial. By Theorem 14.1.11 the orbit SL(V)u! is closed; thus A is 
semistable by the Hilbert-Mumford criterion, moreover as is well-known closedness of SL(V)u> in 
LG(A 3 V) implies that A is closed in LG(A 3 V) ss . □ 

By Proposition 1474.21 it makes sense to let 

f.= [A k ], ? v :=[A, i ]. (4.4.3) 

We claim that 

r^r v , flF v el (4.4.4) 

First we recall [20] that 

Q Ak (L) = im(fe), e Ah(i) = im(/i). (4.4.5) 

Let G 9^ (L) ; by (j4"X5)) there exists [Z ] G P(Z) such that W is given by (|3.2.20|) . Let [Z • Z ] G 
(P(W) \ {[Z§]}). Then [I ■ l ] G P(W) where W' := {Z • I' \ I' G L}. Since W' ^ W it follows that 
(P(WK) \ {[Zg]}) C B(W,i4): by Corollary 13X71 we get that 

C WA = J?(W) V W G 9 Afc • (4.4.6) 

Next let W G e At(L) ; by (l4"X5l) there exists / G L v such that W is given by (13.2. 20j) . Let D w := 
{[Z 2 ] I [I] G P(L), I(/ ) = 0}; thus D w G P(W). Let [Z 2 ] G D w : then [Z 2 ] G h([f]) for every [/] G 
P(Ann(/)). It follows that the (smooth) conic Dw is contained in Cw.A- Applying Proposition 
IA.1.21 we get that 

C W , A =3D W VW£Q Ah . (4.4.7) 

Equations (gX5| and (|4"XT|) show that G 3 and that the orbits PGL(V r )A fe , PGL(t/)A ft are 
distinct: since the orbits are minimal it follows that 3 ^ j v . We have proved (I4.4.4[) . 
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Table 15: Dimension of irreducible components of dart. 



23.4 










®* 






1 


2 


3 


2 


2 


1 


5 


3 



5 The GIT-boundary 

Let 971 st C 3rt be the (open) subset parametrizing PGL(V r )-orbits of stable points; the GIT-boundary 
of 9JI is <99rt := (9rt \ art st ). Let B^,B^v, . . . ,X^ 3 be as in ([5X5)1 : we let X be the corresponding 
subscript. Let 23* := B*//PGL(y) if X ^ Af 3 and £jv 3 := X^// PGL(V). The first main result 
of the present section is the following. 

Theorem 5.0.3. XTie irreducible irredundant decomposition of dart is the following: 

dm = <B A U23 Cl UQ3z. U«8 £l U 95 £ v U 23^ U 23^ U X^- (5.0.1) 
XTie dimensions of the irreducible components are given by Table Q15p . 

The other main result of the section is an explicit description of <99rt n 3. We will show that 

dart n 3 = x v ux z (5.0.2) 

where Xy is an irreducible closed set of dimension 3 and Xz is an irreducible closed set of dimension 
1 not contained in Xy. The first set is defined in Subsection 15.91 the second set is defined 
in Subsection 15.111 they are contained in Q3jf 2 and X^/ 3 repectively. The intersection of any 
other component of dDJt with 3 is one of {t}}, {y}, {y v } or Xyy (we should add that y,y v G Xz and 

Xw C Xy). 

5.1 Strategy of proof and preliminaries 

Decomposition (|5.0.1[) . By Theorem 12.4.11 we have the equality 

dart = 23.4 U 23.4V U 23 Cl U 23 c . 2 U 23 c U 23 £l U 23 £2 U 23 £ v U 23 £ v U 23^ U 23^ 2 U X^ 3 . (5.1.1) 

By applying the results of Subsection 12.21 we will get equalities among some of the above sets. 
Let F = {v , . . . , w 5 } be a basis of V. Given a subscript X as above we let B^ be the corresponding 
Schubert varieties appearing in Table ([T]) (if X = A/3 the Schubert variety is denoted X^). Let 

X x : C x — ► SL(V) (5.1.2) 

be the standard ordering 1-PS which is diagonal in the basis F and whose weights appear on the first 
column of the (wide) row of Table ([1} that contains (or Xjv" 3 )■ Let U ea , . . . , U ei , . . . , U es be the 
isotypical summands of /\ 3 X x as in f|2.2.3[) . with weights in decreasing order: e > e% > . . . > e s . 
We have a A*-type 

d* = (do,di,...,d[( a _i)/2])< (5.1.3) 

which appears in the third column of the (wide) row of Table ^ that contains B^. (or Xjv 3 ) . Let 
S^, C LG(/\ 3 V) be the set of A which are A*-split of type d*. By Claim 12.1.41 every point of 
23* is represented by a point of §^ and similarly every point of Xj^ 3 is represented by a point of 
§^ 3 . Clearly S F X C LG(A V) 

is a closed subset of a product of factors each of which is either a 
Grassmannian or a symplectic Grassmannian. More precisely 

§* C Gr(d ,U eo ) x Gr(di,t/ ei ) x...xLG(U ) x Gr(di, U e[(s+2)/2] ) x ... x Gr(d s ,C/ e8 ). (5.1.4) 

is the set of (Aq,Ai, . . . ,A S ) such that for all i we have A s -i = Af- (recall that the symplectic 
form on /\ 3 V defines a perfect pairing between U ei and U e ^_ i ). Of course the corresponding 
4eS^C LG(A 3 V) is given by 

A = A Q + Ai + ... + A S . (5.1.5) 



51 



Table 16: Parameter spaces for split non-stable lagrangians and the corresponding groups. 



X 


S * 






A 


Or (5, [v ] 8 A 2 Vis) 


St(V 15 ) 


Cl 


Gr(3, A 2 V 02 8 V 35 ) 


SL(V- 02 ) X SL(V 35 ) 


XT 


Gr(3, [«„] 8 A 2 v- 14 ) X LG([»oJ 8 v 14 8 [« s ] e A 3 Vi 4 ) 


C* X Si(V i4 ) 


£1 


Gr(2, [„ ] s via 8 v 35 ) x lc([« ] 8 A 2 V35 e A 2 Vi 2 ® v 35 ) 


C x X SL(V 12 ) X St(V 35 ) 


F v 


Gr(2, A 2 v 02 ® v 34 ) x LG(A 2 v 02 ® [« B ] e v 02 8 A 2 V34) 


C x X SL{V 02 ) X SL(V 34 ) 


^1 


LG(V 01 ® V 23 8 V45) 


SL(V 01 ) X SZ,(V 23 ) X SL(V 45 ) 


^2 


P(A 2 v 01 8 V23) x Gr(2, A 2 v- 01 8 v- 45 e Vbi 8 A 2 v 23 ) x lS(v oi 8 v 23 8 V45) 


C x X SL(V 01 ) X S1(V 23 ) X S£(V 45 ) 


JV 3 


P([« A B1 ] ® V 23 ) X P([» A«l A 04] e [» ] ® A 2 V 2 3)x 
xGr(2, [„!] 8 A 2 V- 23 9 [t>0 A "4l ® V- 23 9 bo A «i A o 5 ])X 
xlG([« A „ 5 ] 8 V 23 ffi [»! A » 5 ] 8 V 23 ) 


(CX) 3 X Si(V 23 ) 



Notice that £/o = {0} (i.e. the central factor in (|5.1.4[) is missing) unless X S {T>, £4, £ 2 V , J-'j, A/3}. 
Next we notice that among some of the S^'s there exist equalities up to projectivities. Let F' be 
the basis of V obtained by reading the vectors in F in reverse order: F' := {i>5, U4, V3, V2, Wi, vq}- As 
is easily checked we have 

S F A = S%, §^=S^, S^=S^v, S£v=s£ (5.1.6) 

and hence 58.4 = *8^v, Q3 Cl = *Bc 2 , ®5i = ^.y and «8 £ v = <8 £2 . Thus ([BUT]) follows from (j5XTj) 
and the above equalities. Since each E> x is irreducible we also get that each set in the right-hand 
side of (|5.0.1[) is irreducible. 

Dimension of each boundary stratum. We will explain how to get the dimensions of Table (|15p . Let 
X E {A, Ci, V, £1, £1 , Ti, J-2, A3} i.e. one of the subscripts appearing in (|5.0. 1[) : Table (fl6|) lists S x 
and a group Gx for each such X . We define a homomorphism 

Px'- Gx — > Csh(y)(\x) (5.1.7) 

as follows. The group Gx is defined as a direct product of factors and hence it suffices to define a 
homomorphism from each factor to Csuv)(^x)- Each factor of Gx is either SL(Vij) where Vij is 
one of the isotypical summands of Xx or else a torus. The restriction of px to an SX(Vij)-factor is 
the obvious one. The restriction of px to a torus factor is as follows. Let X = V; for s e C x we let 

pv(s) = (s 2 Id[„ ],s _1 Idv/ 14 ,s 2 Id[, U5 ]). (5.1.8) 

Let X = £i,£i; for s E C x we let 

PfiiOO = (sId [l)o] ,s _2 Idy 12 ,sId 1 / 35 ), p £ v(s) = (sldy 02 ,s _2 ldv 34! sld[„ 5] ). (5.1.9) 

Let X = J" 2 ; for s 6 C x we let 

Af 2 (s) = (sldy 01 ,s _2 ldva 3 ,sldy 45 ). (5.1.10) 

Let Af = A/3; for (s , si, s 2 ) e (C x ) 3 we let 

PM 3 (so,si,s 2 ) = (s Id[ Uo ], Sild [0l ], (sq 1 S2 1 )Idv 33 , s 2 Id [t , 4] , s Id[„ 5 ]). (5.1.11) 

We have completed the definition of (|5.1.7p . Composing homomorphism C*sl(v)(Ay) Aut(S^) 
with px we get an action of Gx on E> x . The G^-action is naturally linearized by the embedding of 
S% in LG(A 3 V). 

Claim 5.1.1. Let A £ S x . Then A is SL(V)-semistable if and only if it is G x-semistable, moreover 
SL(V)A is closed in LG(/\ 3 V) ss if and only if GxA is closed in S f x 6S . Lastly the inclusion S x ^ 
LG(/\ 3 V) induces a finite surjective map E> x / /Gx -» *&x for X ^ A3 and a finite surjective 
map S^- 3 / / GV 3 -» Xa^ 3 for X — J\f 3 . 
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Proof. Let A be a 1-PS which is diagonal in the basis F and whose set of weights appears in the first 
column of Table (TTJ): by Remark [27TT31 the fixed locus P(LG(/\ 3 V) x ) is the disjoint union of the 
§^ such that Xx — A. As is easily checked the centralizer CgL(y)(A) has finite index in A<sL(y)(A). 
By Corollary 14.1.21 we get that inclusion induces a finite surjective map 

S*//Csl(V)(A*)-»®* (5.1.12) 

for every X and that if A G S x then SL(V)A is closed in LG(A 3 V) ss if and only if C SUV) {X X )A is 
closed in S f x ss . We claim that for our purposes the action of Gx is equivalent to that of Gsl(v) (Xx)- 
Suppose first that X =/= J-±. Then the restriction to Gx of the quotient map 

Csl(v){Xx) — > C SL (v)(Xx)/Xx 

is surjective with finite kernel; since Xx acts trivially on S f x ss we get the claim (for X ^ F\). On 
the other hand if X = T\ the subgroup 

H Tl := {(aldy 01 ,/31dy 23 , 7 ldy 45 ) I «/3 7 = 1} (5.1.13) 

of CgL(y) (A^ ) acts trivially on Sjr : since the restriction to G^ of the quotient map 

CsL(V)(Ajr 1 ) ► C^(y){^x)/Hj: x 

is surjective with finite kernel the claim follows for X = T\ as well. □ 

Granting the results that we will prove in the present section the dimensions appearing in 
Table (fT5")) are obtained as follows. We will prove that for each X as above the generic point of E> x 
is G;t-stable. By Claim [5.1.11 we get that 

dim 03 x = dim(S F / /G x ) = dimS^ - dimG*. (5.1.14) 

The dimensions of f$ x and dimG^r are easily computed from Table (|16p : plugging the dimensions 
in (|5.1.14|) we get Table ((15)1. 

No inclusion relations. Granting the results that we will prove in the present section we will show 
that ([5.0. ip is the irreducible irredundant decomposition of ddJl i.e. no set appearing in the right- 
hand side of ([5.0. ip is contained in another set on the right-hand side of ([5.0. ip . Let X belong to 
the set 

{A,d,V,£ L ,£^}. (5.1.15) 

In the subsection devoted to 03* we will prove that if A G S> x is G*-stable the connected component 
of Id in Stab(.A) < SL(V) is equal to im Xx- Now suppose that 

03 x C Q3y (or 23* C X^ 3 ) for X in the set of (15.1.1511 . (5.1.16) 

We will reach a contradiction. Let A G 8> x be G*-stable. Then the orbit PGL(V)A is closed 
in LG(A 3 V) ss by Claim 15.1.11 By (|5.1.16|) it follows that there exists A' G PGL(V)A which 
belongs to Sy. Since Xy acts trivially on /\ 10 A' the connected component of Id in Stab(A') < 
SL(V^) contains imXy: by the quoted result we get that the subgroups imA;f,imA;y < SL(V) are 
conjugated. Looking at Table ((T]) we get at once that {A*, 3^} — {^l^^i^} hence ^Ss 1 = ^S^v. 
That is absurd because by Proposition [572. II and Proposition [576, 11 we have 

23 £l n 3 = {y} ? {y v } = «8 £ v n 3. (5.1.17) 

This proves that ([5.1. 16p does not hold. Now consider the remaining X i.e. X G {J-'i, Fv, .A/jj}. Since 
Q3jr 2 has dimension strictly bigger than any other set on the right-hand side of (j5.0.ip we do not 
need to take it into consideration. Since dim X^/ 3 = 3 we might have £jv 3 = or Xj\f 3 C 03 jr 2 . 
The former implies that 03d C Xj\f 3 and we have proved that this is impossible. On the other hand 
£/V 3 C 03jf 2 cannot hold because by Proposition [579.261 and Proposition [5711.221 we have 

03_p 2 n 3 = -Ey, X_\f 3 n 3 — (Xyy U Xz) 
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and Xz <£ 3£y It remains to show that 5$^ is not contained in any other set on the right-hand side 
of (|5.0.ip . We will prove - see Proposition [577. II - the following result: If A G Sjr is Gj^-stable 
the connected component of Id in Stab(^4) < SL(V) is equal to Hjr x . Now suppose that 03^ c Q3;y 
where y ^ T\ or 03^ C Xj^ a . Let A G be -stable. Then the orbit PGL(V).A is closed 
in LG(A 3 V") ss by Claim [57T7I] It follows that there exists A' G PGL(V)A which belongs to S y . 
Thus /\ 10 A' is left invariant by im Xy and hence /\ 10 A is left invariant by a subgroup G < SL(V) 
conjugated to im Xy. Going through Table ([1]) we see that we must have y = T% (so that Xy = Ajf x ). 
However if G < Hjr t is a subgroup conjugated to im Xj^ 2 = im Xjr t then the reduced G-type of A is 
(2, 0) and not (1, 2) as it would be if we had A' G §^ 2 . 

Comments. For each X we will give a list of flag conditions which are equivalent to A £ S x being 
G^-stable. In some cases namely X G {A, C\ , 8\ , 8 1 , T\ } we will show that the flag conditions have a 
nice translation into a simple geometric condition, usually of the type "a certain curve of arithmetic 
genus 1 associated to A is non-singular"- this it to be expected because the Baily-Borcl boundary 
components of Type II are parametrized by the upper half-space Hi modulo an arithemtic group. 
We will not list all the closed orbits of properly G^-semistable points except for X G {A, C\, J-\}\ 
the analysis could be carried out but is beyond what we wish to do - we beleive that it is more 
interesting to determine dDJl D 3 in order to understand the period map p : DJl — » V) BB . 

Notation. Let X G {.4, C\, T>, 8\ 1 8±, J-\, J-2, A3}. The action of Gx on S x is of the kind discussed 
in Subsection 12.11 Let A: C x — > Gx be a 1-PS of Gx and A G S x - below we will make a few 
comments on the numerical function fJ.(A, A). We may write 

3 

f\X={a , ai ,...,a s ), a t : C x — ► GL{U ei ). (5.1.18) 
Abusing notation we will set 

fjt(Ai,\) :=n(Ai,ai). (5.1.19) 

Definition 5.1.2. Keeping notation and hypotheses as above let I+(X) G {0, . . . , s} be the set of 
i such that 

ima, G SL(U ei ). (5.1.20) 

Let/_(A) :={0,..., S }\/+(A). 

Claim 5.1.3. Keep notation and hypotheses as above. Suppose that i G i+(A). Then 

fi(A i ,X) = f x(A s _ i ,X). (5.1.21) 

Proof. A straightforward computation similar to that which proves Claim 12.1.71 □ 
Claim [571731 and (j2~TT4|) give that 

fi(A, A) = MAi,X)+ M^,A). (5.1.22) 

I+(\)3i<s/2 iel-(X) 

5.2 <B Cl 

Let A G S£ ; by definition 

32 2 
A = /\Vo 2 ®A'®A", A' G Gr(3,/\Vo2 A V35), A" = (A 1 ) 1 - n (V02 A /\ V35). (5.2.1) 

Thus A', A" are the summands of A which were named Ai,A 2 in Subsection 15.11 We choose 
a volume-form on V02 in order to have an identification /\ 2 V02 A V35 Hom(Vo2, V35). Let 
A' G Gr(3, A 2 V 02 A V35). We let 

E A , := {[a] G P(A') | rka < 2} 

with its obvious scheme structure; thus £^4/ is either all of P(A') or a cubic curve. Below is the 
main result of the present subsection. 
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Proposition 5.2.1. The following hold: 

(1) A £ is Gd -stable if and only if Ea> is a smooth curve. 

(2) The generic A £ is Gc x -stable. 

(3) If A £ §g is Gd-stable the connected component of Id in Stab(A) < SL(V) is equal to imAd- 

(4) ® Cl nJ = {t>}. 

The proof of Proposition [572. H is given in Subsubsection 15.2.51 

5.2.1 First results 

Let t) £ ffl be denned by (jPT5)) . We claim that 

tje«8 Cl . (5.2.2) 

By definition it suffices to show that A + £ Mc t ■ Let U be a complex vector-space of dimension 
4 and choose an isomorphism V = f\ 2 U. Let W £ ®a+(U)- The affine cone over the projective 
tangent space to Qa + (u) at W is contained in A + (U) fl SV- It follows that dim(^4 + (C7) n SV) > 4 
(equality holds because otherwise -A+(i7) is unstable by Table (J2J)): thus ^4+ £ Bc x . Next we notice 
that there are subschemes of P(Vo2) and P(V 3 5) which are related to Ea>- First A' defines a map 
ip A' ■ A' (g) Op(y 02 )(— 1) — > V35 ® Op(y 02 ) °f locally-free sheaves. Similarly taking the transpose of 
elements of A' we get a map tpA' ■ A' (g> 0p(y 3 v)(— 1) — > V02 <8 0p(v O 2)- Let 

LV 02 := div(det tfA'), Ev v . '■= div(det^/). 

Thus £V 02 is either all of P(Vo2) or a cubic curve and similarly for Eyv. If Ea> is smooth then it 
is isomorphic to Ey 02 and to Eyv . By Corollary 13.2.71 we have the following: 

Cy 02ij4 is either P(F 02 ) or 2E V[)2 (5.2.3) 

Claim 5.2.2. Lei A £ . Lei A' be as in (|5.2.ip and suppose that Ea> is a smooth curve. Then 
A is Gc x -stable. In particular the generic A £ is Gq x -stable. 

Proof. Recall that Gc x = SL(Vq2) x SL(V^). Consider the SL(Vq2) x SL(V3s)-equivariant rational 
map 

Gr(3,A 2 K) 2 AV- 35 ) |Pf(v m )(3)| x |Pp ( v 8 v)(3)| 

A' -> (%,Lyv) 

Since is a smooth curve so are £V 02 and Lvyv . Thus / is regular at Ea> and it maps to a stable 
point for the SL(Vo2) x S , L(V3 5 )-action linearized on £i§£ 2 where £1, £2 are the ample generators 
of Pic(|O P (v 0a )(3)|) and Pic(|0 P (yv 5 )(3)|) respectively. It follows that E A > is SL(V 02 ) x SL(V 35 )- 
stable, say by Proposition 1.18, p. 44 of 17 applied to the complement of the indeterminacy locus 
of /. It is clear that for A generic Ea> is a smooth curve and hence A is G^-stable. □ 

5.2.2 Properly semistable points of 

Let A be a 1-PS of G Cl ; since G Cl is identified with SL(V 02 ) X SL{V 35 ) it follows that 7_(A) = 0, 
see Definition 15.1.21 Let e' > . . . > e'- be the weights of the action of C x on /\ 2 V02 A V35 defined 
by A. Let A £ S F Ci : by (15.1. 22[) and ([2~T9| we have 

»(A,X) = 2/i'(A',A) = 2^VK- (5.2.4) 

i=0 

Let T' < SL(Vq2) and T" < SL(V3s) be the maximal tori which are diagonalized in the bases 
{ vq , vi , V2 } and { V3 , t>4 , V5 } respectively. (We recall that Ad is diagonal in the basis F = {vo , ■ • • , ^5 } •) 
Let T* < T X T" be the torus 

T* := {(.g, h) eT' x T" \ g( Vl ) = < i < 2, = sT^-, 3 < j < 5} (5.2.5) 
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Let Gi-(3,A 2 ^ 02 A ^35) C A 10 (A 3 ^) be the affine cone over Gr(3,A 2 K,2 A V 35 ) embedded in 
P(A 10 (A 3 V)) by Pliicker. We will examine P(Gr(3, A 2 V02 A V 35 ) T * ) C Gr(3, A 2 V 02 A V 35 ) i.e. the 
subset of A' such that T* acts trivially on f\ 3 A' . An explicit parametrization of such A' is as 
follows. Given p = (pi,P2,P3) G P 1 x P 1 x P 1 with p t — [m, 6»] we let 

A' p := (aiv /\V2/\v 3 + biViAv 2 /\V4 : ,a2ViAv2/\v 5 +b2VoAviAv 3: a3VoAviAv4 : + b 3 vo/\V2/\v 5 ) (5.2.6) 

Let 

2 

:= {A' p I p G P 1 x P 1 x P 1 } C Gr(3, f\ V Q2 A V 35 ). (5.2.7) 
A straightforward computation gives that M£ C P(Gr(3, A 2 K)2 A V 3 5) T *) and moreover 
2 

P(Gr(3, /\ V02 A V 35 ) T < ) = Mgj ]]_{(v n Av\ A v 6 , v A v 2 A v 4 , Vl Av 2 A v 3 )} 
Given p G P 1 x P 1 x P 1 as above we let A' 1 := (A' p )^ n (V02 A A 2 V35). Explicitly 

-Ap — {^0 ,^1 At?3AV5,1 ? 2AV3Al?4,(6il!i Al?4 — aiDoAl?3)Al?5,(62'^ ; oA^3+a2V2 A^5)A^4,(^3l ? 2At;5— a3l?i Al'4)Al'3) (5.2.8) 

We have a natural embedding 

M ^ ^ ^ (5 2 9) 

A' p ^ A p :=(/\ 3 Vo2®A< p ®A' p -) 1 ' ' ' 

The product T' x T" is of finite index in the normalizer of T* in SL(Vo2) x SL(V 3 5); by Corollary 
14.1.21 we get that Embedding (|5.2.9p induces a finite map 

— >• ^J/SL(Vo2 x 5i(t/ 35 )- (5.2.10) 

Let 17 G T' be given by = s^Wi for < i < 2; then 

g([ai, 61], [a 2 , 6 2 ], [a 3 , h)) = [s^ai, Sq [sq 1 0a, s 2 " 1 6 2 ], [s^ 1 ^, Si 1 &s]) (5.2.11) 

where ([01, 61], [02, fr 2 ], [03, 63]) are as in (15.2.61) . It follows that the quotient M£ / /T 1 is given by 

M F r — ► U F r I IT = P 1 ,„ „ „. 

1 1 (5 2 12) 

([ai,6i], [a 2 ,& 2 ], [03,63]) !-> [aia2a 3 ,&i&2&3] 

Let G be as in (15.2. 61) and let {/, /i} be the basis of A' p given by the elements on the 
right-hand side of (|5.2.6[) : then 

E A > = V(det(a;/ + y.g + zh)) = V((a ia2 a 3 + b 1 b 2 b 3 )xyz). (5.2.13) 

For future reference we record the following: 

E v 02 = («0)Wi) + («0t«2) + if (aia 2 a 3 + &1&263) 7^ 0. (5.2.14) 

Claim 5.2.3. J/p = ([1,0], [1,0], [1,0]) or p = ([0,1], [0,1], [0,1]) then A p G PGL(V A )A /// . 

Proof. A straighforward computation gives a monomial basis of A p . Let w be a generator of A 10 ^p- 
Let T < SL(V) be the maximal torus diagonalized in the basis F. One checks that guj = lu for 
every g G T and hence the result follows from Claim 14.2.11 □ 

Proposition 5.2.4. Let A G S£ be semistable. Let A' be as in (|5.2.1[) and suppose that Ea> is not 
a smooth curve. Then A is not Gc x -stable (i.e. properly semistable) and there exists p G P 1 x P 1 x P 1 
such that A p is PGL(T^)- equivalent to A. 



56 



Proof. Suppose first that A' contains a non-zero decomposable element (and hence Ea> is not a 
smooth curve). Then there exist a subspace U C Vq 2 of dimension 2 and ^ zq g V35 such that 
f\ 2 U A [zq] C A'. Choose direct-sum decompositions 

V02 = [«o] © C/, ^35 = M © ^- (5.2.15) 

Let A be the 1-PS of G Cl defined by 

\{t)u = t~ 2 u , X(t)\u = tldu, \{t)z = t 2 z 0l X(t)\ z = t~ 1 Idz 

The isotypical summands of the action of A on /\ 2 V02 A V35 are the following: 

A 2 t/A[z ] ([ Mo ]A[/A[z ]©A 2 f/AZ) [u ]A[/AZ 
t 4 t t- 2 

The A-type of A' is (1, d[, d' 2 ) with + d! 2 = 2. Thus A) = 6 - 3d' 2 . By ([572^)) we get that A' 
is not Gci -stable and that d' 2 = 2 (because by hypothesis ^4 is semistable). Moreover Claim [2.1.41 
gives that A is Gc 1 -equivalent to 

32 2 2 

A - f\ V 02 8 (/\ C/ A [20] ®H)®(/\UA [zo] © ff) x n (y 02 A /\ V35), # 6 Gr(2, [u ] A U A Z). 

The intersection Gr(3, [uo] ®U © Z) n P([«o] A C/ A Z) is a quadric hypersurface: it follows that the 
intersection P(i2") n Gr(3, [u ] © J7 © Z) is one of the following: 

(1) a set with exactly two elements, 

(2) a set with exactly one element, 

(3) a line. 

Suppose that (1) holds: there exist bases {ui,u 2 }, {-21,22} of U and Z respectively such that 
H = (uq Au\ Az\,uq AU2 A z 2 ). A straightforward computation gives that A is A^jj for some basis 
F' of V - see Claim [4T27T1 By Claim [572731 we get that A is PGL(y)-equivalent to A p for p equal 
to ([1,0], [1,0], [1,0]) or ([0, 1], [0, 1], [0, 1]). If (2) or (3) above hold then A is in the closure of the 
set of A's for which Item (1) holds and hence it belongs to the orbit SL(V)A ¥ III by Proposition 
14.2.21 This settles the case of A' containing a non-zero decomposable element. Now assume that 
Ea> is not a smooth curve but it does not contain non-zero decomposable elements. Then there 
exists [a] € Ea> such that 

dim T {a] E A , =2, (5.2.18) 

In what follows we will identify f\ 2 V02 A V35 with Hom(Vt)2, V35). By hypothesis rka = 2; let 
[uq] = kera. Equation (|5.2.18|) is equivalent to /3(uo) € ima for all j3 G A'. Let Z := ima; by 
hypothesis dimZ = 2. Choose direct-sum decompositions as in (|5.2.15[) . Let A be the 1-PS of 
Gd defined by (|5.2.16|) and A^ 1 its inverse: A _1 (i) := A(i _1 ). Replacing each weight appearing 
in (|5.2.17p by its opposite we get the isotypical decomposition of the representation of A -1 on 
A 2 K>2 A V35. Notice that a G [uq] A U A Z and that A' is contained in the second term of the 
A _1 -weight filtration of f\ Vq 2 A V35. It follows that the A _1 -type of A' is (d' ,3 — d' ,0) where 
d'o > 1 and hence ^(^4',A _1 ) = 3rf — 3 > 0. By (|5.2.4p we get that A is not G^-stable and that 
its A _1 -type is (1,2,0) (because it is semistable by hypothesis). Moreover Claim [2.1.41 gives that 
if A is Gc x -equivalent to 

3 2 
A = f\ V 02 ®A' ® (A'q) 1 - DV 02 a/\ V 35 where A' is A _1 -spUt of type (1, 2, 0). 

Let a be a generator of A' n [u ] A U A Z and {/?o,7o} be a basis of A' Q n ([u ] A U A [z Q ] © A 2 U AZ); 
a straightforward computation gives that det(a;o;o + y/3o + w^/q) — x<p(y,w) where <f) G C[y,w] 2 . 
Suppose first that the zero-locus V(<fi) is either all of C 2 or the union of two distinct lines. Let 
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(5.2.16) 
(5.2.17) 



(yi,wi) and (2/2,^2) be linearly independent solutions of <fi(y,w) = 0. We let Si :— yifia + u>i7o for 
i = 1,2. We may choose bases {u\, 1*2}, {zi, 22} of t/ and Z respectively such that 

«o = uq AU2 A z\ + Uq Atti A Z2, Si — Ui AU2 AZ\ + auoAui Azq, S2 = U\ AU2 A Z2 + bug A U2 A zo. 

(5.2.19) 

It follows at once that there exists p G P 1 x P 1 x P 1 such that A p is 5'L( 1 (^)-equivalent to A. Lastly 
suppose that the zero-locus V(4>) is a single line (with multiplicity 2). Arguing as above we get a 
basis of A' given by 

Uq A U2 A Z\ + Uq A 1*1 A 22, U\ A U2 A Z\ + CIUq AU\AZq, Ui A U2 A Z2 + bug A U2 A Zq + CUq A til A Zq. 

Let g G GL(V) be defined by g(ui) = X>2-i, g{zo) = i>5, 5(21) = W3 and g{zi) = ^4. Consider the 
torus g~ 1 T i ,g where T± is defined by (15.2.51) ; applying it to A' we get as limit a subspace generated 
by ao, Si, 5% given by (|5.2. 19[) and hence we are done again. □ 

Corollary 5.2.5. If p = ([1, 1], [1, -1], [1, 1]) then A p G PGL(V)A + . 

Proof. By (|5 . 2 .2[) we know that A + G E%i ; moreover the proof of (|5.2.2|) shows that the "special" V02 
may be taken to be any element of Oa + - We claim that E A ' — ¥(A' + ); in fact one may easily 
give an isomorphism V 35 = V \ such that A' + C Hom(Vo2, V35) consists of the subspace of skew- 
symmetric maps. By Proposition 15.2.41 it follows that there exists po G P 1 x P 1 x P 1 such 
that A po G PGL(V)A + . Since E A > = W(A' + ) Equation (|5.2.13p gives that p is T'-equivalent to 
p = ([1, 1], [1,-1], [1, 1]). On the other hand by Proposition 14.3.41 and Corollary 14.1.21 the 
T'-orbit of A po is closed in P 1 x P 1 x P 1 ; it follows that ([1, 1], [1, -1], [1, 1]) G T'p . □ 

5.2.3 Semistable lagrangians A with dim 6^4 > 2 or Cw.a — P(W). 

We will prove results that will be used several times in order to describe Cw,A- 

Lemma 5.2.6. Let A G LG(A 3 V) ss and suppose that dim 0^4 > 2. Then A is PGh(V) -equivalent 
to an element of 

X£y U PGL(y)A fe U PGL(V)A h . (5.2.20) 
On the other hand if A belongs to (|5.2.20[) then dim 6,4 > 2. 

Proof. Suppose that A G LG(A 3 V) ss and that dim 8a > 2. By Theorem 2.26 and Theorem 2.36 
of [50] it follows that either A itself belongs to (|5. 2.201) or else there exist an isomorphism V = /\ 2 U 
and a singular quadric Z C P(U) such that ¥(A) D (i+(Z)). By Proposition [473.71 we get 
that A is PGL(y)-equivalent to an element of (|5.2.20|) . Now suppose that A belongs to (|5.2.20[) . 
If A G then 9^ contains i+(Z) where Z = P 1 x P 1 (notation as in Definition 14.3. 3|) . if 
A G (PGL(V)A k <JPGL(V)A h ) then 6 A contains k(P(L)) or h(P(L w )) i.e. a Veronese surfaces (of 
degree 9): in both cases we get that dim 8a > 2. □ 

Proposition 5.2.7. Let A G LG(/\ V) ss and suppose that there exists W G Qa such that Cw,A = 
P(W). Then A is PGL(V) -equivalent to an element ofX* w U PGL(V)A k . 

Proof. By Corollary 13.2.71 we have B(W,A) = P(W) i.e. one of the following holds: 

(a) For generic [w] G P(W) there exists W G (6a \ {W}) with [w] G W. 

(b) For all [w] G P(W) there exists 0/56 Tyy such that a(w) = 0. (Recall (|3.2.18p .l 

Suppose that (a) holds. It follows that dim Qa > 2. By Lemma 15.2.61 we get that A is PGL(V)- 
equivalent to an element of U PGL(V)A k U PGL(V r )A, l . On the other hand if W G ©A ft then 
Cw,A h 7^ P(Vt / ) (it is a triple conic) and hence A is not PGL(V r )-equivalent to Ah- Now suppose 
that (b) holds. We may suppose that (a) does not hold. Then necessarily dim(A n Sw) > 4. By 
Table ((TJ it follows that A is PGL(]/)-equivalent to an element A G such that E A > = P(V 2). 
By Proposition [572.41 it follows that Aq is -equivalent to an element A p G M£ such that 
E A ' p = P(V"o 2 ). Looking at (|5.2.13p we get that A p is G Cl -equivalent to A + : since PGL(V)A + C 
we are done. □ 
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Corollary 5.2.8. Let A 6 7LG(J\ 3 V) SS . Suppose that dimO^ < 1 and A has minimal PGL(V)- 
orbit. Let W <EG A : then C W ,A ^ F(W). 

Proof. Suppose that Cw,A = P(W). By Proposition I5.27H we get that A is PGL(F)-equivalent 
to an element A a e (X£y U PGL(V)A k ). By Proposition 14.3.41 and Proposition 14.4.21 A a 

has minimal PGL(V)-orbit: by our hypothesis PGL(V)A = PGL(V)Aq i.e. we may assume that 
Aq = A: that is a contradiction because by Lemma 15.2.61 we know that dim 0,4 > 2 for all 
Ae (X* w UPGL(V)A k ). □ 

5.2.4 Analysis of ®a and Cw,A 

Let A G and A" be as in ([5X1]) ; then 

Qa D {^02}Ue A ". (5.2.21) 

Now suppose that p £ P 1 x P 1 x P 1 : we will describe curves in Ga p which are not contained in the 
right-hand side of (|5.2.21j) . Let C p ^ C Gr(3, V) for i = 0, 1, 2 be the conies given by 

C P ,o := {(vq, (Xvi - b 3 fiv 5 ), (Xv 2 + a 3 fj,v 4 )) | [A, fi] e P 1 } 

C p ,i := {<«i, (Auo + a 2 /w 5 ), (Av 2 + b 2f iv 3 )) | [A, /x] G P 1 } (5.2.22) 

Cp, 2 := {(W2, (Xv + (A«i - 01^3)) I [A, //] G P 1 }. 

A straightforward computation (use (15.2.81) ) shows that C Pt i C Qa p for i = 0, 1, 2. 

Proposition 5.2.9. Let A G Sg &e semistable (and hence by Proposition [572.41 either Ea> is 
smooth or else there exist g G PGL(T^) and p G P 1 x P 1 x P 1 such that gA = A p ) with minimal 
orbit, not equal to that of Ajjj nor to that of A + . 

(1) If Ea> is a smooth curve then Qa" is a smooth curve and moreover (|5.2.21l) is an equality. 

(2) Suppose that gA = A p where g G PGL(V) and p G P 1 x P 1 x P 1 . Then 

g Q A = {V 02 } U 6a» U C Pi o U C p ,i U C P)2 . 

(3) dim 9a = 1. 
Proof. Let's show that 

£U'^P(^')- (5.2.23) 

In fact suppose that E A > = P(A'). By Proposition 15.2.41 there exist 3 G PGL(F) and p G P 1 x 
P 1 x P 1 such that gA = A p . By (|5.2.13|) we get that A' p is T'-equivalent to ([1, 1], [1, -1], [1, 1]). By 
hypothesis A p has minimal orbit: it follows that p G T"([l, 1], [1, — 1], [1, 1]) and by Corollary 15.2.51 
that contradicts the hypothesis that gA ^ gA + . We have proved (|5.2.23p . Let W G (Qa \ {^02})- 
Let ^ uj G A 3 W; then 

3 

u J = a + /3 + 1 , ae/\V 02 , p€A', JEA", f3 + 7 ^ 0. (5.2.24) 

Since V02 € ©A we know that dimVy D V02 > 0. Let £ G W D V02; multiplying both sides of 
the equality of (|5. 2.241) by £ we get that = £A/3 = £A7. It follows that if dim W n Vq 2 = 2 
then 7 = and /3 is non-zero decomposable. Thus [/3] G by (|5.2.23p it follows that Ea> is 

singular at [/?]. By Proposition [572 .41 it follows that the orbt PGL(V^)v4 intersects Mg and hence 
we might as well assume that A G M£ . In the proof of Proposition 15.2.41 we showed that if 
there exists [0\ G -EU' with /3 decomposable then the T'-orbit of A' contains A' p where p is either 
([1,0], [1,0], [1,0]) or ([0,1], [0,1], [0,1]); by Claim [5727J it follows that PGL(V)A contains A jn , 
that contradicts our hypothesis. This proves that if W 6 (Qa \ {^02}) then dim W fl V02 = 1- We 
claim that either W G Q A " or else W D V35 = {0}. In fact if W n V35 ^ {0} let ^ r) G W D V 35 ; 
then = 7yAo; = ?7A/3 = 77A7. Thus a = and /3 is decomposable (it is a multiple of £ A 77 where 
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7^ £ G T4 7 H V02), if P ^ we get a contradiction as above, if /3 = then W G @A"- Thus from 
now on we may assume that W H V35 = {0}. It follows that there exist a basis {^0,^11^2} of V02 
and linearly independent 771 , 772 G V35 such that 

W = (£ ,£i +»?i>6 +%}• 

Thus w := £0 A (£1 +771) A (£2 + 772) G A. Decomposing a; according to the direct-sum decomposition 
A" V = A'"' V02 A A' ^35 we get that 

(£0 A (£1 A 772 - £2 A 771) G A', £0 A 77! A 772 G A". 

In particular [£ A (£1 A 772 - £2 A 771 )] G Ea> ■ Since £ A 771 A 772 G ^4" we have A' C (£0 A 771 A 772 ) x ; it 
follows that [£o A (£1 A 772 — £2 A 771 )] is a singular point of i^/ (recall that is a curve by (|5.2.23|) ) . 
This proves Item (1). Next let A = A p . Let W G (8a \ {V02} \ 8 a" ) I the argument above shows 
that W G (C p , U C Pi i U C Pi2 )- This proves Item (2). Let's prove Item (3). By Items (1) and (2) it 
suffices to show that dim 8 a" = 1. We have 

2 2 

q a » = p(A") n (P(y 02 ) x p(/\ Vss)) c P(F 02 a /\ y 35 ) (5.2.25) 

and hence the expected dimension of a" is 1. Suppose that W G 8 a" and dimTvy©A" > L Let 
= ([£ ], {/) where £ G V 02 and U G Gr(2, V35). Since A' = [A") 1 - we get that for every a G A 1 
we have a(£o) C U (we view a as an element of Hom(Vo2, V35)). Since AimTy/Q A" > 1 we have 

2 2 

dim(A" n ([Co] A f\ V35 + ^02 A /\ C/)) > 3. (5.2.26) 

Let Z C V02 be a subspace complementary to [£o]- Then 

2 2 
(Ko] A /\ V35 + 14,2 A f\ C/) x = [f ] A Z A £7. 

By (|5.2.26p we get that O^aoG (A' n [ft] A Z AU) (recall that A' = (A")^). Then [a ] G #A' and 
i?A' is singular at [a ] because a(ft) C i7 for every a G A'. Moreover we get that [ft] A/\ 2 J7 = /\ 3 W 
i.e. is determined by ao- This proves that if EU' is a smooth curve then 8 a" is a smooth 
(irreducible) curve of genus 1 and that if A = A p is as in Item (2) then there are exactly 3 singular 
points of @A" (they are in one-to-one correspondence with the singular points of Ea> ) and hence 
dimO^" = 1. It follows that in both cases dim 8 a = 1. □ 

Corollary 5.2.10. Let A p be as in Item (2) of Proposition IB"72. 91 Then 

& A" ={( v 3 , xv l+U v 2 ,a.3VV4— b s xv 5 \[x,y]GV 1 )}U{(v i ,xvo+yV2,b 2 yV3+a2XV 5 \[x,y]£V 1 )}u{(v s ,xva+yv 1 ,a 1 yV3-b 1 xV4)\[x,y]eV 1 }. 

(5.2.27) 

Proof. A computation gives that 8 a" contains the three conies appearing in the right-hand side 
of (|5.2.27p . By Proposition 1572. 91 we know that 8,4" is a curve of degree 6: the corollary follows. 

□ 

Corollary 5.2.11. Let A G be semistable with minimal orbit. Suppose that PGL(V)A does not 
contain A + . Then one of the following holds: 

(1) Ea> is a smooth curve and Cv 02 ,A is a semistable sextic curve of Type II- J^. 

(2) Ea> is a triangle (the union of 3 non concurrent lines) and Cv 02 ,A is a semistable sextic curve 
of Type III-2. 

Proof. By Claim [5.1.11 we know that A is PGL(y)-semistable with minimal orbit. Suppose first 
that PGL(V)A contains A ln : then Item (2) holds by (14.2. lip and (|5.2.3|) . Next suppose that 
PGL(y)A does not contain Ajjj. By Proposition [572. 91 we have dim 8,4 = 1 and hence Cv 02 .A 7^ 
P(Vo2) by Corollary mm We have proved that C Vo2:A + P(V 02 ): by (jOTSj) we get that C Vo2tA = 
2£V 02 and that dim£V 02 = 1. Suppose that Ea' is a smooth curve: it follows that Ey 02 — Ea 1 and 
hence Item (1) holds. Now suppose that Ea> is not a smooth curve: by Proposition 15. 2741 we may 
assume that A = A p and hence Item (2) holds by (|5.2.13l) and (15.2. 14[) . □ 
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Proposition 5.2.12. Let A G S£ and suppose that Ea> is a smooth curve. Let W 6 &A" ■' then 
Cw,A is a semistable sextic curve of Type 11-2. 

Proof. By Claim [5.2.2l and Claim l5.1.1l we know that A is PGL(T^)-semistable with minimal orbit. 
By Proposition 15.2.91 we have dim ®a = 1 and hence we get that Cw,A ^ P( W) by Corollary 

1572781 Let {Co, 6, 6} be a basis of W with £ G V 02 and ^1,6 G V 35 . Let {JC ,Xi, X 2 } be 
the dual basis of W y ; then C W ,A = V(P) where ^ P G C[X , Xi, X 2 ] 6 - Let t G C x : then 
diag(i, i, t, t _1 , G SX(V) (the basis is F) acts trivially on /\ 10 A and moreover it sends W 

to itself. By Claim [3. 1.41 we get that diag(s 2 , s _1 , s^ 1 ) G SX(W) acts trivially on P: by Remark 
14.1.41 we get that P = XqF(Xi, X 2 ). It remains to prove that F has no multiple factors. Let 
Z C P(V r 3 5) be the image of the intersection map 

Q A » P(V 3 V 5 ) 
W P(WnF 35 ). 

By Proposition [572.91 we get that Z is a smooth cubic. Let L = W D V35 = V(Xo); then L E Z. 
We have a regular map /o: (Z \ {£■}) — > P(£) given by intersection with L: since Z is smooth it 
extends to a regular map / : Z — > P(L). Let [771] , . . . , [774] 6 L be the branch points of /. We claim 
that 

multfoj] Cvm > 3 (5.2.28) 

and hence the {X\, X2)-coordinates of [771], ... , [774] are zeroes of F; since degP = 4 it will follow 
that F has no multiple factors. First notice that if [77] G P(V 3 5) then dim(F v fl A) > 3: in fact 
cod(F n n V 02 A A 2 V35, V02 A A 2 ^35) = 3 and hence dim(F, ; n A") > 3 because dim A" = 6. Now 
let % = 1, ... ,4. If dim(F m D A) > 3 then (|5.2.28ft holds by Corollary 13.1.31 (in fact one can 
show that dim(F v R A) = 3 for all [77] G V35). Thus we may suppose that dim(F Vi n A) =3. We 
will apply Proposition [371.21 in order to compute the term g 2 of the Taylor expansion ([3.1.8ft of 
Cw,A near [77^]. Let K be as in Proposition [371.21 the projection Jl of (|3.2.4p realizes V(K) as a 
1-dimensional linear subspace of P(A 2 Vq/ f\ 2 Wq) which intersects Gr(2, Vq)w m one point with 
multiplicity 2. By (|3.1.10j) and <|3.2.8[> we get that g 2 = and hence (|5. 2.28ft holds. □ 

Proposition 5.2.13. Let A' p G be T' -semistable with minimal orbit. Suppose that A p ^ 

PGh(V)A + . Let W G @a p : then Cw.a is a semistable sextic curve of Type 111-2. 

Proof. If A p G PGL(V)Aiu then Cw,A is a semistable sextic curve of Type III-2 by Proposition 
14.2.31 Thus we may assume that A p £ PGL(V)A]]]. By Proposition [572.91 we know that 
dim Qa — 1 and by Theorem 14.1.11 A r is PGL(V / )-semistable with minimal orbit: it follows 
from Corollary HUH] that C W>A ^ P(W). Thus C WfA = V(P) where ^ P G S 6 W v . Looking 
at the explicit description of Cp^ and 0,4" provided by (|5. 2.22ft and Corollary 15.2.101 we get 
that there is a 2-dimensional torus T p < which sends W to itself. Applying Claim 13.1.41 one 
gets that P is fixed by a maximal torus in SL(W) and hence Cw,A is of Type III-2 by Remark 
14.1.41 □ 

5.2.5 Wrapping it up 

We will prove Proposition 15.2.11 Item (1) and Item (2) are gotten by putting together the 
statements of Claim [5.2.21 and Proposition [572.41 Let's prove Item (3). Since A is G^-stablc 
the stabilizer of A in Gc 1 is a finite group. Thus it suffices to show that if g G Stab(A) then g 
belongs to the centralizer Csl(v)(Aci) of Aci in SL(F). Ea' is a smooth curve because A is Gc x - 
stable. By Proposition [572.91 we get that 8,4 = {V02} U Oa", moreover Qa" is a smooth curve. 
It follows that V35 is the unique 3-dimensional vector subspace of V intersecting every W G Oa" 
in a subspace of dimension 2. From these facts we get that if g G Stab (.A) then g(V~o 2 ) = V02 and 
5(^35) = V35 i.e. g G CsL(y)(Ad)- We have proved Item (3). Lastly let's prove Item (4). First we 
notice that t) G <8 Cl by (|5.2.2ft and 1) G 3 by Claim [173751 thus {9} C Q3 Cl The proof that there 
are no other points in Q5d H 3 goes as follows. Let A G and suppose that the orbit PGL(V)A 
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is closed in LG(/\ 3 V) ss and not equal to that of A + : we must prove that if TV £ Qa then Cy/,A is 
a sextic curve which is not in the indeterminacy locus of the period map 

\O nw) (6)\ -+Bi B (5.2.29) 

for JC3-surfaces of degree 2. By Claim [5.2.21 and Proposition [572.41 either Ea> is smooth or else 
we may assume that A — A p where p G P 1 x P 1 x P 1 . By (|4.2.7[) we may assume from now on 
that SL(V)A ^ SL(V)A ln . Suppose that E A > is smooth: by Proposition 15.2.91 either W = V 02 
or W E £>A" ■ If W = V02 then Cw.A is a sextic curve of Type II-4 by Corollary 15.2.111 and 
if W £ &A" then Cw,A is a sextic curve of Type II-2 by Proposition 15.2.121 it follows that 
in both cases Cw,a is not in the indeterminacy locus of (|5.2.29[) . Suppose that A — A p (and 
A + PGL(V)A): ii W € Qa then Cw,a is a sextic curve which is not in the indeterminacy locus 
of (|5.2.29j) by Proposition [5JL13J 

5.3 

Let A E S A ; by definition 

2 3 

A = A' (& A", A' €Gi(5,[v ]A/\V 15 ), A" = (A') x n (/\V 15 ). (5.3.1) 

In other words A', A" are the summands denoted Aq, A\ in Subsection 15.11 Notice that <3a' and 
Qa" both have expected dimension 1. The following is the main result of the present subsection. 

Proposition 5.3.1. The following hold: 

(1) A £ S A is GA-stable if and only if Q A ' is a smooth curve. 

(2) The generic A E S A is GA-stable. 

(3) If A E is GA-stable the connected component of Id in Stab(A) < SL(V) is equal to imA^. 

(4) <B A n3 = ®. 

The proof of Proposition [573.11 will be given in Subsubsection 15.3.31 
5.3.1 The GIT analysis 

Let A be a 1-PS of Ga- By definition Ga is identified with SL(Vis): it follows that /-(A) = 0, 
see Definition 15.1.21 The 1-PS A defines an action of C x on [vq] A /\ 2 V15: let e' > . . . > e'j be 
the weig hts of the action. Now let A £ E> F A : by (|5.1.22|) and ([2~T79"j) we have 

M (A,A) = 2 M (A',A) = 2j2d' t (A')e' l - (5-3.2) 

i=0 

Next we notice that A^j E S F A , see (|4.2.ip . 

Proposition 5.3.2. Suppose that A E is semistable and that Qa' is not a smooth curve. Then 
A is not GA-stable and it is G a~ equivalent to A F IIT . 

Proof. Every irreducible component of Qa 1 has dimension at least 1: it follows that Qa 1 contains a 
point W whose tangent space has dimension greater than 1. Let W := W n V15 (thus dim W = 2) 
and choose a direct-sum decomposition V15 = W ® U. Let A be the 1-PS of Ga such that 

\(t)\ w = t s ld w , X(t)\ u = t- 2 Id u . (5.3.3) 

The A-type of A' is (1, d[(A'), 4 - d[(A')) and hence fx(A', A) = bd[{A') - 10. Since the tangent 
space to 0,4' at W has dimension greater than 1 we have d[(A') — dim(A' n W A U) > 2 and thus 
(j,(A', A) > 0. By ([57372|l and semistability of A it follows that fi(A' , A) = i.e. d[(A') = 2. By Claim 
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12.1. 41 we get that A is GU-equivalent to A a := supp(w ) = A' ®A' ' where A' G Gr(5, [v a ]A/\ 2 V 15 ) 
and Aq G Gr(5, /\ 3 ^15) are A-split of types (1,2,2) and (1,4,0) respectively. There exists a basis 
{ui, it2) v>3, Wi, W2] of V15 such that m G C/, tfj G W and ^4q fl /\ 2 U = {u\ A U2,u\ A U3). Let 
C^23 := (u2,u 3 ). We let A be the 1-PS of Ga defined by 

A (i)ui = i 2 wi, A (i)|t/ 23 = Id £/ 23 , A (i)|^ = t _1 Id^. 

The Ao-type of A' is (2, di(4), 0, d' 3 (A' ), 1) and 4(4) +4(4,) = 2; it follows that n(A' , A ) = 
di(4) - 4(4) + 2 > 0. By ([5X21) and semistability of ^ we get that 4 (A') = and d' 3 {A') = 2. 
By Claim [2. 1.41 we get that Aq is G^-equivalent to Aqo = A' 00 © 4'o where A' 00 is Ao-split of type 
(2, 0, 0, 2, 1). In particular we have dim(4 n (U 23 A W)) = 2. The Grassmannian Gr(2, U23 © W) 
is a quadric hypersurface in P(A 2 (£^23 © W)): it follows that the intersection R := P(4o n (C/23 A 
W)) n Gr(2, U23 © W) is one of the following: 

(1) a set with exactly two elements, 

(2) a set with exactly one element, 

(3) a line. 

Suppose that (1) holds: then there exist bases {u' 2 ,u' 3 }, {w^w'2} of U23 and W respectively such 
that R = {u' 2 A wi,w 3 A w' 2 }. Let F' := {u\, u' 2 , u' 3 , w[, w' 2 }; as is easily checked Aqo = A V ITI . 
Now suppose that (2) or (3) holds: such an Aoo is in the closure of the set of ^4oo's for which 
Item (1) holds, since they are in the orbit SL(V)A F IIT we get that A o itself belongs to that orbit 
by Proposition 14.2721 □ 

Proposition 5.3.3. Suppose that A G §^ and that Qa' is a smooth curve. Then A is G A-stable. 
Moreover the generic A G is G A-stable. 

Proof. Let Gr(5, /\ 2 V15) C Gr(5,/\ 2 T4s) be the open dense subset of B' such that 6[„ ]ab' i s a 
smooth curve. The j-invariant provides a regular £L(Vi5)-invariarit map j; Gr(5,/\ 2 V15) — > A 1 . 
Let p G (A 1 \j(A')) and D C Gr(5, A 2 V 15 ) be the closure of j^ip). Then D is £L(V 15 )-mvariant 
and does not contain A'; it follows that A' is S , L(Vi 5 )-semistable. Now suppose that A' is not 
stable. Then there exists a minimal orbit SL(Vi5)A' contained in SX(Vi5-A') n Gr(5, f\ 2 Vi5) ss 
and SL(V 15 )A' Q ^ SL(V 15 )A'. In particular dim SL{V 15 )A' Q < dim SL{V 15 ) A'; it follows that A' £ 
Gr(5,A V15) . % Proposition 15.3.21 we get that A' = A' IU and hence Q A ' is a curve whose 
singularities are nodes - in fact a cycle of 5 lines; by monodromy considerations that contradicts 
the hypothesis that A' Q is in the closure of SL(Vis)A' . □ 

The result below follows at once from Proposition 15.3.31 

Corollary 5.3.4. The generic A G S A is G A-stable. 

5.3.2 Analysis of 0,4 and Cw,A 
Let A G S F A : we have an embedding 

G A > A Gr(2,V 16 ) f5 34) 

W h-> wnv 15 

We will often identify 0^/ with its image via i. 
Proposition 5.3.5. Let A G S^. Then Q A > 

is a smooth curve if and only if Qa" is a smooth 
curve. If this is the case then Q A i = Qa" and Qa = &a> II ©A" ■ 

Proof. Suppose that Qa 1 is a smooth curve. Let's prove the following: 

if Wi G ©A' and W 2 G &A" then dim(W x n W 2 ) = 1. (5.3.5) 
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We know that dim(FFi (~l W2) > 1; the point is to show that we can not have strict inequality. 
Suppose that dim(Wi n W 2 ) = 2. Let U := Wi n V15; thus [7 = Wi n W 2 = Py^Wx) where 
Py i5 is given by (|3.2.12[) (with Vo replaced by F15). Choose bases {111,112}, {«i,u 2 ,u} of U and 
W2 respectively. Since A' = (A") we get that A' C (mi A 112 A u) . Since the projective tangent 
space to Gr(2, V15) at U is contained in ¥{{u\ A u 2 A u)- 1 ) it follows that the tangent space to 
t(©A') = ¥(py (A')) n Gr(2,Fi5) at U has dimension at least 2: that contradicts the hypothesis 
that @A' is a smooth curve. This proves f)5.3.5|) . Let's define a morphism 

ip: PuT 3 ©^ — > Q A „. (5.3.6) 

Let £ be the restriction to ®A' of the tautological rank-2 vector-bundle on Gr(2, V15). Let 

e:P(£)^P(V 15 ) (5.3.7) 

be the natural morphism and Rg := ime. We notice that e is injective: in fact if U\, U2 G p(©A') 
are distinct then Ux H U\ = {0} because Qa> does not contain lines. Clearly deg£ = —5. We claim 
that £ is stable. In fact £ v is globally generated and hence if it is not stable then £ = Li ©L 2 where 
degLi = 3 and degL 2 = 2; that contradicts injectivity of e. Let L G Pic~ 3 Qa 1 ', since £ is stable 
dimHom(L,£) = 1. Let r G Honi(L,£) be non-zero; then r does not vanish anywhere and hence 
e(imr) is a cubic curve (recall that e is injective) spanning a plane P(W) such that W (~1 U 7^ {0} 
for every [7 £ @ A >. Since 6,4' spans P(A') and A" = (A') 1 - it follows that W G & A »- We define the 
morphism ip of ([5. 3. 6p by setting y([L]) := W . The morphism ip is injective because e is injective. 
Using (|5.3.5[) one proves easily that p is surjective. Thus 0,4" has the expected dimension 1 and 
hence it is an irreducible curve of arithmetic genus 1: it follows that <p> is an isomorphism. We have 
proved that if Qa' is a smooth curve then Qa" is isomorphic to Qa', in particular it is a smooth 
curve. By duality it follows that if Qa" is a smooth curve then 6^/ = 0,4" , in particular it is a 
smooth curve. Now assume that Qa" is a smooth curve: we must prove that Qa = ©A' 1J ©A" • 
Suppose that a G A is non-zero decomposable and that supp(a) ^ (©a' IJ ©A")- Then there exist 
linearly independent ux, u 2 , v G V15 such that a = vq A u% A u 2 + u\ A u 2 A v. Thus vq A Ui A w 2 € A' 
and «i A «2 A h 6 A" and hence (vq, Ui,it 2 ) G ©A', (ui,u 2 Aw) 6 ©A'! that contradicts (15.3.51) . □ 

Proposition 5.3.6. £ei A G S^. Suppose that Qa> is a smooth curve. If W G 0^' or W G 0,4" 
i/ien Cw,A is a sextic curve of Type II-2 or respectively. 

Proof. By Proposition [573.51 we have dim 0,4 = 1. By Proposition [573.31 we know that A is 
G_4-stable and hence A is PGL(F)-semistable with closed orbit by Claim 15.1.11 Let W G Qa- 
since dim ©^ < 2 it follows from Corollary 15.2.81 that C W ,A ^ P(W). Let W G Qa>- Let 

{v ,ui,u 2 } be a basis of W where ui,w 2 G V15, and {X ,Xi,X 2 } be the dual basis of FF V . For 
t G C x let := diag(t 5 ,t -1 ,.. M t -1 ) G SL(V). Then g(t) acts trivially on A 10 - 4 and it; ma P s 
IF to itself. Applying Claim [37T741 we get that C W ,A = V(P) where P = X^F(Xx,X^) - and we 
know that F =/= 0. It remains to prove that F does not have multiple factors. Let's examine Cw,A 
in a neighborhood of [vq]. We identify U := W <~) V15 with an open affine neighborhood of [vq] in 
P(W) via (l3Tl~71) . We have C W a n £7 = V(# 4 ) where ff4 = ^/^o- Let z u,A C P(A 2 Vis/ A 2 
be the projection of i(©A') from A 2 ^ - notation as in Remark 13.3.31 By (|3. 1.101) the set of 
zeroes (up to scalars) of 34 is in one-to-one correspondence with the set of singular quadrics in 
P(py (A 1 )/ A U) containing Zu,A- Since Zu,A is a linearly normal quartic elliptic curve in the 
3-dimensional projective space ¥(py (A')/ f\ 2 U) there are exactly 4 singular quadrics containing 
it; thus F does not have multiple factors. Now let W G Qa»- If W G Qa> then dim IF' l~l W = 1 
by (|5.3.5p . As W varies in Qa 1 the intersection W D FF describes a curve C P(W) (recall that 
e is injective). One checks easily that Ew = e (P(£)) where L <—> £ is a sub-line-bundle of degree 
—3 (a sub-line-bundle of £ of degree less than —3 will give a non-planar curve in P(Fis)); it follows 
that Ew is a smooth cubic curve in P(VF). By Corollary 13.2.71 we get that Cw,A = 2Ew (recall 
that CV,A + P(VF)) and hence C W<A is of Type II-4. □ 
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5.3.3 Wrapping it up 



We will prove Proposition 15.3.11 Item (1) and Item (2) are gotten by putting together the 
statements of Proposition 15.3.21 Proposition [573 . 31 and Corollary 15.3.41 Let's prove Item (3). 
Since A is G^-stable the stabilizer of A in Ga is a finite group. Thus it suffices to show that 
if g g Stab(^4) then g belongs to the centralizer CgL(y)(A^) of in SL(T^). By Item (1) and 
G^-stability of A we know that 8^' is a smooth curve. By Proposition 15.3.51 we get that 
6,4 = Qa 1 U @a" and Oa" is a smooth elliptic curve of degree 5. It follows that [vq] is the unique 1- 
dimensional vector subspace of V contained in every W £ ®a> and V\§ is the unique 5-dimensional 
vector subspace of V containing every W € Qa" (and there is no 1-dimensional subspace of V 
contained in every W € Qa" and no proper subspace of V containing all W <E Qa )- From these 
facts we get that if g g Stab(A) then g([i>o]) = [vo] and g{V\s) = V15 i.e. g g C SL (y)(A > t). We 
have proved Item (3). Lastly we prove Item (4). Let A g §^ be G^-semistable with minimal orbit. 
Suppose that Qa' is a smooth curve: then [A] 3 by Proposition 1573.51 and Proposition [573.61 
Suppose that G^' is not a smooth curve: then A g PGL(V) Am by Proposition [573. 21 and hence 
[A] £3 by BX71) . 

5.4 <Bi, 

Below is the main result of the present subsection. 
Proposition 5.4.1. The following hold: 

(1) The generic A £ §p is Gt> -stable. 

(2) If A g §p is Gxi-stable the connected component of Id in Stab(A) < SL(V) is equal to imAx>. 

(3) n 3 = Iw, where Xyy is as in (|4.3.6[) . 

The proof of Proposition [574.11 will be given in Subsubsection 15.4.41 

5.4.1 Quadrics associated to A g SE, 

Let A g by definition A = A' © A" © A'" where 

A'eGr(3,[t. ]AA 2 Vu), A"£TLG([v ]AV li A[v 5 ]S)A 3 V li ), J 4'" = ( J 4')- L n(A 2 Vi 4 A[t> 5 ]). (5.4.1) 

In other words A', A", A'" are the summands named Aq,Ai,A2 in Subsection 15. ll We define 
closed subsets Qa>, Qa", Qa" 1 C P(Vi4) as follows: 

Qa> := {[£] € P(V U ) | dim(A' n F € ) > 0}, 
Q A » := {[£] G I dim(A" n F c ) > 0}, 

Qyi'« := {K]eP(Vi4)|dim(A"'nF 4 )>0}. 

Thus Q^/ is swept out by the lines ¥(W Pi V14) for W varying in Qa> and similarly for Qa'"- 
In particular each of Qa<, Qa>" is either a quadric or P(VU), moreover = Qa' because 

A'" = (A') ± . Similarly Q A » is either a quadric or P(V U ). Suppose that A" n A 3 Vi4 = {0}; a 
simpler description of Qa" goes as follows. We have an isomorphism f\ 3 V14 = ([vq] A V14 A [ws]) v 
given by wedge-product followed by vol and A" is the graph of a map qA" '■ [«o] A V14 A [W5] — > /\ V14 
which is symmetric because A" is lagrangian. As is easily checked Qa" — V(qa")- The intersection 
Ya n P(Vi4) is supported on Qa' U Qa" and it has multiplicity at least 2 along Q^/: it follows that 
either P(Vi4) C Ya or Ya H P(Vm) = 2(2^/ + Qa"- In the following subsubsection we will compare 
Gx)-(semi)stability of A with geometric properties of Qa 1 and Qa"'- for example we will show that 
if Qa' nQyi" is a smooth curve (the generic case) then A is G-p-stable. In the present subsubsection 
we will go through basic results about Qa" and the computation of Qa> for one explicit A' . 

Proposition 5.4.2. Let A" be as in (15.4. 1[) and [£ Q ] g Q/i". TTierc dim TV ] Qa" =3 fie. either 
Qa" is a quadric singular at [£q] or i£ is equal to ¥(Vi4,) ) if and only if one of the following holds: 
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(a) A" n F io n ([v ] A V 14 A [v 5 ]) ? {0}. 

(b) i"n^nA 3 v 14 ^{0}. 

Ott. the other hand suppose that 

3 

4"nF ?0 =^ A6Ai> 5 +a), 0^ae/\Vu. 
TTien i/ie embedded projective tangent space of Qa" at [£o] is 

T Ko] Q A » =P(suppa). 

Proof. In order to simplify notation we let S := ([vq] A Vu A [v 5 ] /\ 3 Vu). Let _B € LG(5) be 
transversal both to A" and i*£ . The symplectic form on S defines an isomorphism B = (A") v . 
Choose a subspace U C Vu complementary to [£o]- We have an isomorphism 

U ^ F(V u )\nU) 

onto a neighborhood of [£q]- There is an open Uq C U containing such that F^ 0+ ^ is transverse 
to B for all £ G J7 . Let £ e [7 : then F 4o+4 is the graph of a linear map ip(£) : A" ^ B = (A") v . 
Since i*£ +£ is lagrangian the map VKO is symmetric. Clearly we have 

Qa" nU Q = V(detip), ker?A(0) = A" n F ?0 . (5.4.2) 

Now suppose that dim(A" DF^ ) > 2. Then ip(0) has corank at least 2 and hence dim Tr^ i = 3. 
On the other hand one checks at once that Item (b) holds. Thus from now on we may suppose that 
dim(A"nF £o ) = 1. Let 

2 

A" n F (o = (£ A (a;t; A w 5 + a )), a G /\ V14. 
Given r G U Q = T [So] P(Vu) we have 

t 6 T Ko] Qa" A ( xv ° Av 5 + a )) = 0. 

(Here we view ^ as a quadratic form on A".) Equation (2.26) of [TS] (warning: the vq of [IB] is 
our £o0 gives that 

^-($,o/\(xv Av 5 + a )) = vo\(t At; A (xv Ava + a ) A (xv Av 5 + a )) = 2a; vol(rA£ At>o Av 5 Aa ). 

(Notice that «o is decomposable and hence ao A o?o = 0.) The proposition follows. □ 

In Subsubsection 15.4.31 we will need the following explicit computation. Let {770, 771, 772, 773} 
be a basis of Vu and {Tq, Ti, T2, T3} be the dual basis of V^ 4 . Let 

2 

A' = [«o] A (r?o A 771 + 772 A 7/3, 7/0 A 772 - 771 A 773, 770 A 773 + 771 A 772) G Gr(3, [u ] A /\ Vu). (5.4.3) 
A straightforward computation gives that 

Q A , = V(T 2 + if + Tl + Ti). (5.4.4) 

Notice that 

2 

A'" = (A') 1 " = N A (770 A 771 -772 A 773, 770 A 772 + 771 A 773, 770 A 773 -771 A 772) G Gr(3, [u ] a/\ Vu). (5.4.5) 
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5.4.2 The GIT analysis 

Let A be a 1-PS of G v . We claim that J_ (A) = 0, sec Definition HHH In fact G v = C x x SL(V U ) 
and hence it suffices to check that (|5.f .201) holds for A with image in the C x -factor: now look 
at (5X8]). The f-PS A defines actions of C x on [v ] A A 2 V u and ([v ] A V u A [v 5 ] ® /\ 3 V u ): we let 
e' > . . . > ej, -. and e ' > . . . > e",^ be the corresponding weights. Now let A G S v . By (|5. 1 .22|) 
and (|2 . 1 .9[) we have 

J(0) 

A) = 2 M (A', A) + M « A) = 2^T e'd}(A>) + £ e^(A"). (5.4.6) 

i=0 i=0 

Proposition 5.4.3. Let A G Sj,. TTien A is not G-p-stable if and only if one of the following holds: 
(1) dxm{A" n [v ] A Vu A [v 5 ]) > 2. 
(%) dim(A" n A 3 Vu) > 2. 

(3) There exists a basis {CojCij£2,C3} ofVu such that one of the following holds: 

(3a) A' 3 v A Co A & and A" D (v A £o A u s , Co A Ci A £ 2 )- 
(S&J A' D (u A Co A &,«o A Co A 6). 

("5cJ A' D (uoACoACi,^oA(CoAC3+CiA6)) and there existsO^ (av ACo Av 5 +6£o A£i AC2 ) G A". 

Proof. Let Ao : C x — >• Gp be the 1-PS of Gp mapping identically to the C x -factor and trivially to 
the S , L(Vi4)-factor. Wc let Aq 1 (t) := Ao(i _1 ) be the inverse. We notice that Ao acts trivially on 
[v Q ] A f\ 2 Vu and the weight-decomposition of the Ao-action on ([v ] A Vu A [vs]) © f\ 3 Vu is the 
following: 

3 

[v ] A Vu A [v 5 ] ®/\Vu- (5.4.7) 
v » ' ^-L— ' 

* 3 

Let 

B = {Co,Ci,6,C 3 } (5.4.8) 
be a basis of V14. Let Ai : C x — > SL(Vu) be defined by 

Ai(t)£o=*fo, Ai(t)£i=&, Ai(t)6 = e 2 , A ; ;/:G, ' L Cs- (5.4.9) 

We view Ai as a 1-PS of Gv- The weight-decomposition of the Ai-action on [vq] A f\ 2 Vu is the 
following: 

[vo A Co] A (Ci, C2) © (v A Co A £3, u o A Ci A C2) © [«t> A £3] A (Ci, C2) • (5.4.10) 

S v ' " v ' V v ' 

t 1 t-1 

The weight-decomposition of the Ai-action on ([vq] A Vu A [v$]) © A 3 ^14 i s t ne following: 

(do A ?o A« 5 ,So A 6 A£ 2 ) © (do A £ x A u 5) Do A £2 A « 5 , Co A £1 A f 3 , ?o A £ 2 A f 3 ) ffi (i>o A f 3 A o s , 6 A £ 2 A £3) ■ (5.4.11) 



A straightforward computation gives the following: 

(1') If A satisfies Item (1) then [i(A, A ) > 0. 

(2') If A satisfies Item (2) then fi(A, A^ 1 ) > 0. 
(3a') If A satisfies Item (3a) then d Xl (A') h (1,0,2) and d Xl (A") h (2,2,0) thus /it(AAi) > 0. 
(36') If A satisfies Item (3b) then d Xl (A') h (2, 0, 1) and d Xl (A") y (0, 2, 2) thus fi(A, Ai) > 0. 
(3c') If A satisfies Item (3c) then d Xl (A') h (1, 1, 1) and d Xl (A") h (1, 2, 1) thus (j,(A, A x ) > 0. 
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(The relation > is defined as in Definition 12. 2.11 ) This proves that if one of Items (l)-(3c) holds 
then A is not G-p-stable. We will prove the converse by applying the Cone Decomposition Algorithm 
of Subsection 12.31 We choose the maximal torus T < Gt> to be T = C x x {diag(to, tj., t2> ts) I 
to ■ . . . ■ ti = 1} where the matrices are diagonal with respect to the basis B. We let C C X(T)g be 
the standard cone. Thus 

X(T) R := {(n, r , . . . , r 3 ) £ R 5 | r +. . .+r 3 = 0}, C := {(n, r , . . . , r 3 ) G M 5 | r > n > . . . > r 3 }. 
Let 

x\ . — 7*2 i r.j , z = 1 , 2 , 3. 
In the new coordinates (n,Xi,X2,Xs) we have 

C := {{n,xi, . . . ,x 3 ) | xi > 0, x 2 > 0, x 3 > 0}. 

The linear functions ro, • • • , r 3 (restricted to X(T)r) are expressed as follows in terms of the coor- 
dinates xi,...,xa - . 

/rn\ / 3/4 1/2 1/4 \ , . 

x 2 (5.4.12) 

2:3/ 

A hyperplane H c A(T)r is an ordering hyperplane if and ony if it is the kernel of one of the 
following linear functions: 

x\, X2, X3, x\ — X3, X\ + X3 ± 12n, x\ — xz ± 12n, xi + 2^2 + ^3 ± 12n. (5.4.13) 

Thus the hypotheses of Proposition 12.3.41 are satisfied. An easy computation gives that the 
ordering rays in the (n, xi, X2, a;3)-coordinates are generated by the vectors 

(±1,0,0,0), (0,1,0,1), (0,1,0,0), (0,0,0,1), (0,0,1,0). 

Switching to (n, r , ri, r 2 , r 3 )-coordinates via (|5.4.12p we get the 1-PS's 

A^ 1 , Ai, (l.diagtt 3 ,*- 1 ,*- 1 ,*- 1 )), (l,diag(i,t,t,t- 3 )), (1, diag(t, t, t~\ r 1 )). 

A straightforward case-by-case analysis gives that if fi(A, A) > for one of the last three 1-PS's 
then one of Items (l)-(3c) holds. □ 

Corollary 5.4.4. Let A e and let A', A" be as in (|5XT|) . Suppose that A" n A 3 Vu = {0}. 

Then A is G-p-stable if and only if Qa 1 H Qa" is a smooth curve. In particular the generic A G Sj, 
is Gz> -stable. 

Proof. Let [£ ] G Qa-- then dim(A" n F io ) = 1 because A" n A 3 ^14 = {0}- Let 

3 

^"n-F<; = [v A Co Ai) 5 + 4 aef\V 14 . 

By Proposition [574.21 the projective tangent space to Qa» at [£o] is equal to P(suppa). Now 
assume that dim(^4" n [vq] A Vu A [U5]) > 2. Then on one hand A is not Gp-stable by Proposition 
15.4.31 on the other hand Qa" is either P(Vi4) or a quadric whose singular locus has dimension 
at least 1 and hence Qa 1 H Qa" is not a smooth curve. Thus from now on we may assume that 
dim(A"n[u ] AVuA[v 5 ]) < 1. Notice that since A"n/\ 3 V u = {0} we get that neither (1), (2) or (3a) 
of Proposition 15.4.31 holds. Next notice that (3b) of Proposition 15.4.31 holds if and only if 8,4' 
is not a smooth conic i.e. Qa' is either all of P(Vi4) or a quadric of rank at most 2: it follows that 
we may suppose that Qa 1 is a smooth quadric. With these hypotheses Qa> H Qa" is not transverse 
at [£o] if and only if there exists a basis {£0, £1, &2> £3} of V14 such that (3c) of Proposition [574.31 
holds. □ 

Proposition 5.4.5. Let A G Sp and suppose that A is Gv-semistable. Suppose in addition that 
one of Items (I), (2), (3a), (3b) of Proposition 15.4731 holds. Then A is PGL(V)- equivalent to 
Am. 



(><s 



Proof. Suppose that Item (1) or (2) holds. Taking limt_>o Aq(£)v1 (respectively lim t ^o A CO^) and 
applying Claim [2.1.41 we get that A is Gx>-equivalent to 

A = A'®B®C®A"', B e Gr(2, [v ] A V u A [v 5 ]), C = B ± D f\V 14 . 

It follows easily that Aq satisfies Item (3a) in the statement of Proposition 15.4.31 Thus we may 
assume from the start that one of Items (3a), (36) holds. Suppose that Item (3a) holds. As shown 
in the proof of Proposition l5.4.3l it follows that d Al (A') y (1, 0, 2) and d Xl (A") y (2, 2, 0). Taking 
linit-^o Xi(t)A we get that A is Gp-equivalent to a Ai-split Aq g S^, with 

A' = (v A Co A Ci, «o A a A 6, v A £ 2 A £ 3 >, K D (v A Co A v 5 , £ A £i A 

Let A 2 be the 1-PS of 5i(Vi 4 ) defined by 

A 2 (i)Ci = t&, A 2 (i)a = t&, A 2 (i)Co - t _1 £o, A 2 (i)6 = t _1 6. 

One checks easily that /x(Ao,A2) = and that Aqq = limj^o A 2 (i)^4o has a monomial basis. 
By Claim [4.2.11 we get that Aqo G PGL(V)A/// and hence Aoq is G-p-equivalent to an element of 
Mp by (|5.4.14l) . It follows by duality that if Item (36) holds then A is Gp-equivalent to an element 
ofMlp. □ 

Corollary 5.4.6. Let A G be semistable and suppose that A is not PGL(V)-equivalent to Ajjj. 
Then Qa' is a smooth quadric. 

Proof. Suppose that Qa> is not a smooth quadric: then Item (36) of Proposition 1574.31 holds and 
hence we get a contradiction by Proposition 1574.51 □ 

Remark 5.4.7. Let 

A ■= (v A£o A£i,ti AfoA£ 3 ,i;o A£ 2 A£ 3 ,u A£i Av 5 ,v A£ 2 Au 5 , f A£i Af 2 ,£iA£ 2 A£ 3 ,£ A£ 2 At> 6 , £ A£ 3 Au 5 , £1 A£ 3 Ai; 5 ). 

(5.4.14) 

Then A G §£>■ Applying Claim I4727T1 we get that the left-hand side belongs to PGL(V)A ln . Thus 
PGL{V)A ln n §£, is not empty 

Let B be the basis of Vu appearing in the proof of Proposition [574.31 - see (|5.4.8[) . Let Ai be 
the 1-PS of Gx> defined by (|5.4.9|) . Let be the affine cone over S^,; then Gx> acts on The 
fixed locus Sp) Al is the set of A which are mapped to themselves by A 3 Ai(i) and such that A 3 Ai(f) 
acts trivially on /\ 10 A. 

Definition 5.4.8. Let M| C P((§^,) Al ) be the set of A such that A 3 Ai(t) acts trivially on A 3 A', 
A 4 A", and A 3 A'" (as usual A', A", A'" are as in (15701 1. 

Remark 5.4.9. Let's adopt the notation introduced in the proof of Proposition 15.4.31 Suppose 
that A G S^; then A G M| if and only if A', A" are Ai-split of types d Al (A') = (1,1,1) and 
d Xl (A") = (1,2,1). Moreover M§, is an irreducible component of P((S^) Al ). 

Proposition 5.4.10. Suppose that A is properly G-p- semistable i.e. Gt> -semistable but not Gtj- 
stable. Then there exists Aq G M^, which is G-p- equivalent to A. 

Proof. By Proposition [574.31 one of Items (1), (2), (3a), (36) or (3c) of that proposition holds. 
We will adopt the notation introduced in the proof of Proposition [574.31 If Item (3c) holds then 
by Remark 15.4.91 there exists Aq G Mj, which is Gx>-equivalent to A. Now suppose that Item (1) 
or (2) holds. Taking lim t ^ Ao(i)A (respectively lim t ^ Aq 1 (t)A) and applying Claim [2.1.41 we 
get that A is G^-equivalent to 

A = A'®B®C®A"', fl e Gr(2, [vo] A Vu A [«b]), C = B x C\ [\V 14l . 

It follows easily that Aq satisfies Item (3a) in the statement of Proposition 15.4.31 Thus we may 
assume from the start that one of Items (3a), (36) holds. Suppose that Item (3a) holds. As shown 
in the proof of Proposition l5.4.3l it follows that d Al (A') y (1, 0, 2) and d Xl (A") y (2, 2, 0). Taking 
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limj-^o Ai (t)A and applying Claim [2.1.41 we get that A is Gx>-equivalent to a Ai-split G §p 
with 

A' = (v A Co A «o A & A 6, «b A & A &). A" D (u A Co A w 5 , <£o A & A 6). 
Let A 2 be the 1-PS of SL(V U ) defined by 

A 2 (t)fi = A 2 (t)£ 3 = tfc, A 2 (i)£ = t-^o, A 2 (t)e 2 - t- 1 ^. 

One checks easily that /i.(j4o,A 2 ) = and that Aoo = limt_>o A 2 (i) Ao has a monomial basis. 
By Claim [4.2.11 we get that Aoq G PGL(V)Ajj/ and hence Aoo is Gu-equivalent to an element of 
Mp by (|5. 4.141) . This proves that if Item (3a) holds then A is Gp-equivalent to an element of M^,. 
It follows by duality that if Item (36) holds then A is Gp-equivalent to an element of M^,. □ 

5.4.3 Analysis of 0,4 and Cw,A 

Proposition 5.4.11. Let A G §p be Gv-semistable and suppose that it is not PGL(V)-equivalent 
to Am. Let W G Qa- Then one of the following holds: 

(1) &\m(W n Via) = 1 and W = (770, t;o + V21V1 + w s) where 770,771,772 G V14. Moreover we may 
assume that one of the following holds: 

(la) vq A 770 A G A" and 771 = or ry 2 = 0. 

('ifej T[^ ]Qa' C Tr^iQ^// and A is not Gv-stable. 

(2) dim(iy n Via) = 2 and 

^aj W G (9a/U9^) or 

W — (vq + 772, V(h Vi) where 770 , , ?72 £ V14 are linearly independent. 
(2c) W = («5 + rj2,rio,rii) where T}o,T]i,r]2 G V14 are linearly independent. 

If either one of (2b), (2c) holds then A is not Gd -stable. 

(3) W c Via ■ 

Proof. First notice that Qa 1 is a smooth quadric by Corollary 15.4.61 Clearly dim(VF n V14) > 1. 
We proceed to a case- by-case analysis according to the dimension of W fl V14. 



dim(W / n V14) = 1 Then W is necessarily as in Item (1). It remains to show that we may assume 



that (la) or (lb) holds. We have 

A 3 ?7o A (v Q + 7? 2 ) A (771 + v 5 ) = -v A 770 A 771 - (t> A 770 A w 5 + 770 A 771 A i] 2 ) + ?/o A r\ 2 A U5. 
It follows that 

v Ar] A m e A', (vq A 770 A V5 + 770 A 771 A 772) E A" , 770 A 773 A u 5 G A'" . (5.4.15) 

If one (at least) among 770 A 771 , 770 A 7/ 2 vanishes then we may rename 771 , ?7 2 so that (la) holds. Thus 
we may assume that 770 A 771 ^ ^ 770 A ?7 2 . By (|5.4.15[) we get that the lines P(t7o, 771) and P(t7o, 77 2 ) 
are lines on the smooth quadric Qa> belonging to different rulings: it follows that T^Qa' = 
P((»7o,»7i,»72))- On the other hand P((t/o, m, V2)) C T[ Vo ]Q A " by (|5.4.15[) and Proposition 15.4.21 
This proves that Ti Vo ]Qa' C Ti Vo ]Qa"> moreover we get that Item (3c) of Proposition 15.4.31 
holds with £i = 77, for i = 0, 1, 2 and £3 such that Tr^iQ^/ = P((f7o, ryi, £3)): it follows that A is not 
Gx>-stable. Thus Item (lb) holds. 

dim(W n V14) = 2 Let {770, 771} be a basis of W H Vk- Let 7^ a G A 3 W: then ct = a' + a" + a'" 



where a' G A' etc. Multiplying a by 770 or 771 we get that 

ct = xvq A 770 A 771 + 770 A 771 A ?7 2 + 77770 A 771 A V5 , x,yeC, 772 G Vu- 
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Since Qa' is a smooth quadric it follows that one at least among x, y vanishes. On the other hand 
x, y do not both vanish because W <£. V14. If 170 A r\\ A r/ 2 = then W £ (0,4' U ©a"') i- e - Item(2a) 
holds. Assume that 770 A r\\ A 772 ^ 0: rescaling the t/^'s we get that W is as in Item (2b) if x ^ 0, as 
in Item (2c) if y 7^ 0. It remains to prove that if Item (2b) or (2c) holds then A is not Gp-stable. 
By symmetry it suffices to assume that (2b) holds. Thus vo A 770 A 771 £ A' and 770 A 771 A 772 £ A". 
In particular the smooth quadric Qa> contains the line L := P(?7o, 771 ) . Let P := P(?7o, 171, 772) ■ Since 
Qa' is a smooth quadric P n Qa 1 = L + L' where L' is line distinct from L. We may choose a basis 
of (770,771} and rename its elements 770,771 so that L D L' = [770]. Then Ty = P = P((?7o, 771, 772)); 
it follows that Item (3c) of Proposition [574.31 holds with ^ replaced by 7^ for i = 0,1,2 and a 
suitable £ 3 (up to a scalar £3 is determined by requiring that T^j = P = P((r]o, J?i, £3}))- Thus v4 
is not Gp-stable. 



dim(W n V u ) = 3 Then Item (3) holds. □ 



Corollary 5.4.12. Let A £ §£, be Gv -stable. Then <d A = ©A' U ©a»' U Za Tvj/iere Za is a finite 
set. Moreover each of ©a' , ©A'" * s a smooth conic. 

Proof. Each of 0a', ©a"' is a smooth conic by Corollary 15.4.61 Let W € Qa and suppose that 
W £ (Qa 1 U ©A'")- Then either Item (la) or Item (3) of Proposition [574.111 holds. Suppose 
that Item (la) holds. By Item (1) of Proposition [574.31 we get that [770] £ F(Vi4) is unique. 
If = rji = 772 there are no other choices involved and hence W is uniquely determined. Next 
suppose that one of 770 A 771 or 770 A 772 is non-zero (if they both vanish we may rename 771 , 772 so 
that = 7/i =772). Since Qa 1 — Qa>" is a smooth quadric (by Corollary 15.4.6]) we get that either 
7/2 = and (770,771) is the unique line of Qa' through [7/0] or else 771 = and (770,772) is the unique 
line of Qa'" through [770] . This shows that there is at most a finite set of choices for W such that 
Item (la) of Proposition [574.111 holds. By Item (2) of Proposition [574.31 there is at most one 
choice for W such that Item (3) of Proposition [574. Ill holds. □ 

Definition 5.4.13. Suppose that Item (3) of Proposition [574.111 holds. Let 

C'w ■= { W e P(W) I dim(A' n F v ) > 0}, := {[77] e P(W) I dim(A" n F n ) > 1}. 

Remark 5.4.14. Suppose that Item (3) of Proposition [574. Ill holds. Then 

C' w = P(W) n Q A > = P(W) n Q A „, = {[?/]£ P{W) I dim( J 4"' n F v ) > 0}. (5.4.16) 

(Recall that Qa' is a smooth quadric - see the proof of Proposition 15.4.1 10 It follows that either 
C w ,a = 2C{ V + or C WA = P(W). 

We continue to assume that Item (3) of Proposition [574.111 holds. Let W = (770,771,772). By 
hypothesis A is not PGL(V r )-equivalent to Ajjj: thus Proposition [574. 51 gives that 

3 

A" = (rjo A 771 A n 2 ,v A ij Q A v 5 +a ,v Q A 771 A v 5 + a 1: v A 7/ 2 A v 5 + a 2l ), a { £ f\ V14. (5.4.17) 
The condition that A" be lagrangian translates into 

rji A a,j = rjj A a, , < i,j < 2. (5.4.18) 



It follows that 



_i=0 

JF 



rji A oijXiXj = ^ . (5.4.19) 

0<i,j<2 



Lemma 5.4.15. Let A £ §p be Gjy-stable. Suppose that W £ Qa and that W C Vu- Then 
Cw,A = ^G' w + C'w and C' w is a smooth conic intersecting transversely C'^y . 



71 



Proof. First we claim that C W ,A ^ P(W). In fact A has minimal PGL(F)-orbit by Claim [57T7T1 
moreover it follows from Proposition 15.4. Ill that dimG^ = 1. Thus Cw.A ^ P(W) by Corollary 
15.2.81 By Remark 15.4.141 we get that Cw,A — %C' W + C(^. Suppose that C' w is a singular conic. 
Then Item (3c) of Proposition [574. 31 is satisfied with a = and W = (£,o , £,i , £,2} '■ by Proposition 
15.4.31 that contradicts the hypothesis that A is G-p-stable. This proves that C' w is a smooth conic. 
Now suppose that there is a point p G C' w (~1 such that T p C' w C T p C(^. We may choose a basis 
{770, 771 , 772 } of such that p = [r? ] and T^ P C' W — P(r/o, J71}. We let a , cti, 02 be as in (|5.4.17p . The 
explicit equation ()5.4.19D gives that 770 A = and allows us to compute T p C{^: it follows that 
770 A ai — 0. By (|5.4.18l) we get that 771 A a = 0; thus a Q = r)o A 7/1 A 77. Since T p C(y C T p Qa> 
and P(W) is not tangent to Qa' we may extend {770,771} to a basis {770,771,773,774} (notice that 772 
does not belong to the chosen basis)) so that t; A 7/0 A 773 G A' (i.e. P(?7o, 773) is a line of the ruling 
of Qa> corresponding to A') and Vq A (770 A 774 + 773 A 771 ) £ A'. Suppose first that 770 A 771 A 77 and 
770 A 771 A 772 are linearly dependent. Then v n A 770 A W5 G A" and hence A is not Gx>-stable by Item (3c) 
of Proposition 15.4.31 that is a contradiction. Next suppose that 770 A 771 A 7/ and 770 A 771 A 772 are 
linearly independent: then there exist i,j/(;C such that 2:770 A 771 A 77 + yr/o A 771 A 772 = —770 A 771 A 773 . 
It follows that (xvq A 770 A W5 + 770 A 771 A 773) G A" . Set £0 = VOi £1 — ?73, £2 = ?7i and £3 = 774; then A 
satisfies Item (3c) of Proposition [574.31 and hence A is not Gx>-stable, that is a contradiction. □ 

Lemma 5.4.16. Let AgS^ be G-p-stable. Suppose that W G Qa and that Item (1) of Proposi- 
tion [5747TT] holds. Then C\y,A is a semistable sextic of Type II- 1. 

Proof. By Proposition [574. Ill there exists ^ 770 G Vu such that W = (vq, 770, U5). Arguing as in 
the proof of Lemma [5747151 we get that C W>A ^ P(W): thus C W<A = V(P) where ^ P G S 6 W /V . 
Let Ap be the 1 PS of SL(V) defined in Subsection 15. ll i.e. \v(t) = diag(t, 1, l,l,l,t ) in the 
basis F. Then X v {t)W = W for all t G C x . Now apply Claim [37l74]to X v (t) and P: by Remark 
14.1.41 we get that P is given by (|4.1.2[) i.e. Cw,A is the "union" of 3 conies tangent at [vq] and [775] 
(because P^O). It remains to prove that the 3 conies are distinct. The proof is achieved by a brutal 
computation. By Corollary 15.4.61 we know that Qa' is a smooth quadric, moreover [770] ^ Qa 1 
because if [770] G Qa' then Item (3c) of Proposition 15.4.31 holds and hence A is not Gp-stable. 
Since [770] is outside the smooth quadric Qa' we may complete 770 to a basis {770,771,772,773} of V14 
such that A' is given by (|5.4.3[) . Then A' and A'" are transverse to (771, 772, 773}: thus there are linear 
maps f,g: f\ 2 (Vi,V2,V3) -> (vi> V2, such that 

2 2 
A' = {v A( Vo Af((3')+f3') \ & G /\(vi,V2,Vs)}, A'" = {MA^qA^'"^"') | /3"' G A (^2, %)}. 

Choose the basis B — {771, 772, 773} of (771, 772, 773) and let £> v = {772A773, 773A771, ?7iA772} be the dual basis 
of /\ 2 (rii, 772, 773): the matrices associated to / and 5 are the unit matrix I3 and — 13 respectively: 
in particular we have g = —f. By Proposition 15. 4751 we have A n [vo] A V14 A [775] = [uo A 770 A U5]: 
it follows that there exists a linear map /i: /\ 2 (r/i, 772, 773) — > (771,772,773) such that 

2 

^4" = N A % Atj 5 ] ® {(tj A/i(/3") A7J5 + 770 A/3") | /3" G /\ (771, 772, 773)}. 

By definition [.ttjo + ?/o + yvs] G CV,a if and only if dim(A n F XVo+Vo+yV5 ) > 2 i.e. there exists 

222 

(0,0,0) ^ (/3',/3",/?'") g /\(m,m,vs) * /\(m,m,v3) x f\{m,m,vz) 

such that 

= ( OT o+77o+^5)A(7> o A(77oA/(/?0+/^ (5.4.20) 

We may write out the right-hand side as the sum of 3 elements respectively in [vq] A /\ 3 V14, 
[v 5 ] A A 3 VU and [v ] A /\ 2 Vu A [v 5 ]: we get that 

= 0'- = /3"' - y/3" = ^(/5"') - y/(/3') - h{(3") = xf3" - y(3'. (5.4.21) 
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Thus (recall that g = — f) 



[xvq + i]q + yv$] £ Cw,A if and only if (h + 2xyf) is singular. (5.4.22) 
To finish the proof we distinguish between the two cases: 

(a) A" n A 3 Vu = {0} or 

(b) A" n A 3 Vu + {0}. 



Item (a) holds Then Qa" is a quadric with sing Qa" = { [Vo] } and Qa' H Qa" is a smooth curve 
of genus 1 (by Proposition [574.31 it cannot have singular points). Let Qa' = V(qa') and Qa" — 
V(qA")- Since Qa' H Qa" is smooth there are exactly 4 singular quadrics in the pencil spanned by 
Qa> and Qa"'- since Qa' is smooth and Q^" is singular it follows that 

\{r ? | det(«A' + rq A ») = 0}| = 3. (5.4.23) 

Now let M(g^/) and M(qA") be the symmetric matrices associated to qA> and qA" by the choice of 
the basis {r? , ??i , 772 , % } of V 14 and the dual basis {771 A 772 A 773 , r) A 772 A 773 , 770 A 773 A 771 , 770 A 771 A 772 } 
of A VU- Th en Af(g A ») has first row and first column equal to zero. Let TV be the 3x3- 
matrix obtained by deleting first row and first column of M(qA")'- thus N is the matrix Mg V {h^ 1 ) 
associated to h~ x by the choice of bases £>, B v given above. By (|5.4.4j) we know that M(qA') is the 
unit matrix: thus (|5.4.23[) gives that N has exactly 3 distinct (non-zero) eigenvalues and hence so 
does (hj. Since Mg (/) = I3 we get that (h + 2s f) is singular for exactly 3 distinct non-zero 
values of s, say si, S2, S3. Now look at (|4.1.2[) : we get that di/bi — — Sj and hence the 3 conies are 
indeed distinct. 



Item (b) holds Then dim(^4" n A Vu) = 1 by Proposition 15.4.31 By an orthogonal change 

of basis in (771,7/2,773} we may assume that A" D f\ 3 Vu — [770 A 771 A 772] and moreover (|5.4.4[) 
continues to hold (recall that C' W(j is smooth by Lemma I5.4.15|) . Thus A" is given by (|5.4.17[) 
with a = 0. Let Wo := (770,771,772}: then W E 6a and we have the conies C(y o ,C(^ o C P(W / o), 
see Definition 15.4.131 By (|5.4.19[) we know that C(^ o is singular at [770] (recall (|5.4.18l0 ; in order 
to be coherent with our current use of coordinates (see (|5.4.4p ) we replace the X^s in (|5.4.19[) by 
TVs. Let C' Wo = V(c' Wo ) and C^ o = V{d^ Q ): by Lemma [5Xl5] we have 

\{r ± I det(c' Wo + rc^ a ) = 0}| = 2. (5.4.24) 

The matrix Ml (h) has third row and third column equal to zero: let P be the 2 x 2-matrix 
obtained by deleting third row and third column, it is invertible because dim(A" n /\ 3 V14) = 1. 
Let R be the 3 x 3- matrix with vanishing first row and first column and with P _1 in the remaining 
space. Then R is the symmetric matrix giving c'^ o : since (|5.4.4I) continues to hold (|5.4.24j) gives 
that P _1 has exactly 2 distinct eigenvalues. Thus P has exactly 2 distinct eigenvalues as well: it 
follows that (h + 2s f) is singular for exactly 2 distinct non-zero values of s, say Si, s-i- Moreover h 
is singular because Item (b) holds. Now look at (|4.1.2[) : we get that <2j/&j = — Si for i = 1,2 and 
03 = 0, thus the 3 conies are indeed distinct. □ 

Proposition 5.4.17. Let AeS^, be Gv-stable. Let W G 6^- Then 

(i) If Ltem (1) of Proposition [5~.4.11l holds then Cw,A is a semistable sextic of Type II- 1. 

(ii) If Item (2) of Proposition [5~.4.11l holds then Cw,A is a semistable sextic of Type IT2. 

(Hi) If Item (3) of Proposition [5". 4.111 holds then Cw,A is a semistable sextic of Type II-3. 

In particular [A] £3. 
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Proof. Item (i) is the content of Lemma 15.4.161 and Item (iii) is the content of Lemma 15.4.151 

Thus it remains to prove Item (ii). First we claim that Cw,A ^ P(W). In fact A has minimal 
PGL(V)-orbit by Claim [5.1.11 moreover it follows from Proposition [574.111 that dimO^ = 1. 
Thus C W>A ^ ¥(W) by Corollary [572781 Since A is G-p-stable we have W G {Q A ' UQ A '")- We will 
give the proof for W G &A r , if W G @a<" the proof is analogous. There exist 771 , 772 G V14 such that 
W = (v ,rn,r) 2 ). Let {X 0l X 1 ,X 2 \ be the dual basis of W v and ^ P G C[X ,X 1 ,X 2 } 6 be the 
homogeneous . The 1 PS Ap defined in Subsection l5.1l maps W to itself: by applying Claim [3. 1.41 
to Xv(t) and P we get that P — XqF where ^ F G C[Xi, X^]^ It remains to prove that F has no 
multiple roots. Let L := V(WC\ V14). The line L is contained in Qa> (by definition). By Corollary 
I5.4.6l wc know that Qa' is a smooth quadric and hence there is a projection n: Qa' — > L. The line 
L has equation X = in P(W) and the roots of F give 4 points pi,p2,P3,P4 G L: we must show 
that the p^s are distinct. In order to describe the p^s we distinguish between the two cases: 

(a) There is no Wo G Qa contained in V44. 

(b) There exists Wo G 8a contained in V14. 



Item (a) holds Then E := Qa'C^Qa" is a smooth elliptic curve by Proposition 15. 4731 Restricting 
the projection ir to E we get a degree-2 map f : E —¥ L. Since E is smooth of genus 1 there are 
4 (distinct) ramification points gi, . . . , 54 of /: we will show that {p\, . . . ,7*4} — {it{qi), . . . , 7r((?4)}. 
Let [772] £ £ be a ramification point of / and let ^([772]) = [770]. We must prove that 

n(v ,Vo}) CC W , A . (5.4.25) 

By hypothesis the line P( (r]o,rfe)) is contained in Qa 1 and it belongs to the ruling parametrized by 
A'" i.e. i]q A 7/2 At>5 G A'" . We may extend {770, 772} to a basis {770, 7/1 , 772 , 773} (we may need to rescale 
770) of V14 so that 

A' = (v A 7/q A 771, « A (770 A 773 + 771 A 772), v A i] 2 A 773). (5.4.26) 

Since [772] is a ramification point of / the line P((t70) 772)) is tangent to Qa" at [772]: by Proposition 
15.4.21 it follows that there exists 7 G (771, 773) such that 

(v A 772 A i>5 + ??o A 772 A 7) G A". (5.4.27) 

Thus 7 = sr/i + £773. A straightforward computation gives that 

(-su A(»JoArj3+?7i AJj2)+ti>oA))2A773+a: 2 i)oAi)2At)5+a;(iioA))2AU5 + si)oAi)2 Aiji +t»)o AJ72 Ar; 3 )) G Ari-F„ 0+ ^^ . (5.4.28) 

Since (uq A 770 A 771) G An F V()+x1l0 it follows that dim(A n F„ -|_ X7)0 ) > 2. This shows that (|5.4.25[) 
holds and hence that Cw,A is a semistable sextic of Type II-2. 



Item (b) holds Let C' Wo ,C!^ G P(W ) be as in Definition 15.4.131 by Lemma [5747151 we know 
that C' Wq nCj^ o consists of 4 distinct points, say gi, . . . , q±: moreover no two of the points gi, . . . , (74 
belong to the same line on Qa> because C' w is a smooth conic (see Lemma 15.4. 151) . Let's show 
that {pi, ■ ■ ■ ,Pi} = {tt(9i)) • • • j ""(^i)}- Let qt — [772]. By hypothesis [772] G Qa>' it follows that 
we may complete 772 to a basis {770, . . . , 773} of V14 so that 770 A 772 A v 5 g A'" and (|5.4.26p holds. 
By definition of the g^'s there exists ^ 772 A /3 G A" n A" 3 ^14 an d moreover dim(A" n F^ 2 ) > 2: 
since A is Gp-stable &m\{A" n /\ 3 V44) = 1 and hence there exists (v A 772 A v 5 + 772 A <5) G A". 
Moreover 772 A S ^ because otherwise [772] is a singular point of C(^ o (see (|5.4.19[1 ) and that would 
contradict Lemma 15.4.151 Now notice that 770 A 772 A /3 ^ because by Lemma 15.4.151 we know 
that C' Wo is smooth. Thus there exists i£C such that 770 A (772 A 5 + xr\i A/3) =0 and hence (j5.4.27[) 
holds for a suitable 7 G (771, 773). It follows that (|5.4.28[) holds in this case as well and we are done 
again. □ 

Proposition 5.4.18. Let A G Sj,. Suppose that A is properly G-d- semistable with minimal 
PGL(V)-orbit (equivalently minimal G-p-orbit by Claim [5.1.1|j and that [A] Xyy. If W G &a 
then Cw,A is a PGL(W) -semistable sextic curve PGL(W)-equivalent to a sextic of Type III-2, in 
particular [A] ^3. 
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Proof. First we notice that Cw,A 7^ P(W). In fact suppose the contrary. By Corollary |5.2.8l we get 
that A is PGL(l/)-equivalent to a lagrangian in (X^ UPGL(V)A fe ). Since A has minimal PGL(V)- 
orbit it follows that A £ (X^ U PGL(F)A fc ). Since [A] £ X w we must have A £ PGL(V)A k . As is 
easily checked ®A k = k(P(L)) and hence 8,4,, is a Veronese surface of degree 9: thus 0^ fc does not 
contain any conic and therefore A k ^ B-p, that is a contradiction. This proves that Cw,A 7^ P(W). 
Next we may suppose that A ^ PGL(V)Ajjj because in that case C\y,A is a sextic of Type III-2 
by Proposition 14.2.31 thus Qa' is a smooth quadric by Corollary 15.4.61 Let Ap, Ai be the 
1-PS's of SL(V) defined in Subsection 15.11 and (|5.4.9[) respectively: notice that they commute 
and hence they define a homomorphism 

(C x ) 2 -A SL(V) 
(a,t) h> Xv(s)-Xi(t) 

Both Ap and Ai act trivially on /\ 10 A: thus p(s, t) acts on 8,4 and hence we get an action of (C x ) 2 
on Qa- Suppose first that W is fixed by p(s,t) for every (s,t) £ (C x ) 2 : we will prove that C\y,A 
is a sextic of Type III-2. Let {6, ■ • ■ ,6} be the basis of V14 appearing in the definition of Ai, 
see (|5.4.9p . We claim that W is one of the following: 

(v ,6, 016+026), («o, 016+026, 6), (6,016+026,^5), (016+026,6,^5), (6,6,6), (6,6,6)- 

In fact this is a simple consequence of Proposition 15.4.111 one invokes the hypothesis that Qa' 
is smooth (recall that a polynomial defining Qa> is left invariant by Ax>) in order to exclude the 
cases W — («o,6,6) or W = (6,6,^5)- I R eacn °f the cases above the image of (C x ) 2 — > GL(W) 
is a 2-dimensional torus. Let Cw.A = V(P), thus Py^O: applying Claim [3.1.41 we get that P is 
left invariant by a maximal torus of SL(W) and hence Cw,A is a sextic of Type III-2 by Remark 
14.1.41 Now let W £ 6,4 be arbitrary. Then the closure of {p(s, t)W} contains a Wo £ 6,4 which is 
fixed by p{s 7 t) for every (s, t) £ (C x ) 2 . It follows that Cw,A is PGL(W)-equivalent to Cw ,A : we 
have proved that Cw ,A is a sextic of Type III-2 and hence we are done. □ 

5.4.4 Wrapping it up 

We will prove Proposition l5.4TT1 Item (1) is the content of Corollary 15.4.41 Let's prove Item (2). 
By Corollary 15.4.121 we have Qa — ©A' U Qa 1 " U Za where 9,4', ®a'" are smooth conies, Za 
is a finite set, every W € ®a> contains [vq] and every W € &A'" contains [1)5]. It follows that 
[vq] is the unique 1-dimensional vector subspace of V contained in every W £ 8^' and [v^] is the 
unique 1-dimensional vector subspace of V contained in every W £ Oa>>> ■ From these facts we 
get that if g £ Stab(^4) then g preserves the set {[i>o], [^5]} and maps Vu to itself. Thus the the 
connected component of Id in Stab(A) belongs to the centralizer Csl(v)(^v)- Since A is Gp-stable 
the stabilizer of A in Gx> is a finite group and hence Item (2) follows. Lastly let's prove Item (3). Let 
A £ Sj, be Gxi-stable with minimal orbit: then [A] ^ 3 by Proposition 15.4. 171 Next suppose that 
A £ §p is properly Gu-semistable with minimal orbit and [A] ^ Xw- then [A] ^ 3 by Proposition 
15.4.181 It remains to prove that 

X w c S8j>. (5.4.29) 

In fact let U be a 4-dimensional vector-space and ip: V = f\ 2 U be an isomorphism as in (|4.3.2[) . It 
suffices to prove that X W (U) C B|,. Let A £ X W (U). By Definition 14.3.31 there exists a smooth 
quadric Z C P(E/) such that A D i + (Z). Let L C Z be a line. Then i+{L) is a smooth conic 
contained in 8a; we claim that the intersection of Gr(3, V) and the linear span (i + (L)) C P(A 3 V) 
is equal to i+(L). In fact if it is not then the plane (i + (L)) is contained in Qa (because Gr(3, V) is 
cut out by quadrics) and hence A £ XJ- + ; thus A is unstable and that contradicts Proposition 
14.3.41 Since the intersection of Gr(3, V) and the linear span (i + (L)) is equal to the smooth conic 
i+(L) it follows by [2U] that A £ M* v . This proves (|5.4.29|l . 
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5.5 Q5 £l 

The isotypical decomposition of /\ 3 Xg 1 with decreasing weights is 

33 / 2 2 \ 2 3 

/\V = /\V 02 ® M A Vi 2 A V35 © I [w ] A /\ F35 © /\ V12 A F35 8 y i2 A /\ F 35 © /\ F 35 - (5.5.1) 
Let AeS^. By definition A — A Q © © A 2 © ^4 3 where 

A =A 3 Vb2, AieGr(2,MAVi 2 AVb5), A 2 eLG(bo]AA 2 V 35 ©A 2 ^AV^), A 3 =A 1 L n(V 12 AA 2 V 35 )- 

We will associate to A two closed subsets of P(/\ 2 V35) that will be conies for A generic. First we 
notice that P(Vi 2 A/\ 2 V35) DG(3, V) is isomorphic to P(V 12 ) x P(F 35 ) embedded by the Segre map. 
Since P^s) has codimension 2 in P(Vi 2 A f\ 2 V35) it follows that &a 3 has dimension at least 1 and 
that generically it is a twisted rational cubic curve. The projection P(Vi 2 ) x P(A 2 V35) — > P(/\ 2 V35) 
defines a regular map 7r: 8a 3 — > P(A 2 ^35)- Let Da 3 ■— im7r. If 8a 3 is a twisted rational cubic 
curve then Da 3 is a smooth conic. On the other hand let 

2 2 
£U 2 :={[ 7 ] eP(/\y 35 ) |A 2 n([v A7]eA^2A(supp 7 ))^{0}}. (5.5.2) 

Then Da 2 is a lagrangian degeneracy locus and either it is a conic or all of P(A 2 ^35)- 
Remark 5.5.1. If A 2 D A V 12 A F35 = {0} we may describe Da 2 as follows. By our assumption 
A 2 is the graph of a linear map [v Q ] A A 2 ^35 — ► A 2 ^12 A V35 which is symmetric because A 2 is 
lagrangian: let qA 2 be the associated quadratic form. Then Da 2 = ^(<7A 2 )- 

If A e is generic then -D^,-,, _Da 3 are conies intersecting transversely. Below is the main 
result of the present subsection. 

Proposition 5.5.2. The following hold: 

(1) Let A € . TTien yl is -stable if and only if Da 3 is a a smooth conic and D a 2 is a conic 
intersecting Da 3 transversely. 

(2) The generic A G is G^-stable. 

(3) If A G §g is G [ g 1 -stable the connected component of Id in Stab(-A) < SL(V) is equal to imA^. 

(4) n 3 = {y} w/iere y e 971 is as in (|4.4.3|l . 

The proof of Proposition [575. 21 is given in Subsubsection 15.5.31 

5.5.1 The GIT analysis 

Let A be a 1-PS of G £l . By definition G £l = C x x SL(V 12 ) x SX(V3 B ). Thus there exist bases 
{Pi,p2, Pa} of V12 and V35 respectively such that 

X(t) = (t m ,diag(f ,t- r ),diag(t Sl ,t S2 ,t S3 )). (5.5.3) 

and 

m, s 1 ,s 2 ,s 3 e Z, reN, si > s 2 > s 3 , (m, r, si, s 2 , s 3 ) 7^ (0, 0, 0, 0, 0), ^ Sj = 0. (5.5.4) 

We recall that the action of the C x -factor on V is given by (|5.1.9p . We write below the action of 
A 3 A on the second and third summands of (|5.5.1[) : 

[vo] A V 12 A y 35 = [v A Ci A ft] + [t) A $1 A ft] + [v A Si A ft] + [no A&A ft] + [u AfeA ft] + [t) A^A ft] . (5.5.5) 
t r+»! t>"+ s 2 t r + s 3 i- r + s l t~ r + s 2 t~ r + s 3 

2 2 

[no] A A ^35 ©A Vl2 AV 3 5 = N Aft A ft] + [l>o Aft Aft] + [v Aft A ft] + [£i AfeA ft] + [£i A & A ft] + [£i A£ 2 Aft] . 

t s 3 - 3m 

(5.5.6) 
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In particular /-(A) C {0,4}, see Definition 15.1.21 We let e\ > . . . > ej,^ and e§ > . . . > be 

the weights (in decreasing order) of the action of f\ 3 A on the second and third summands of (|5.5.1[) . 
By (|5.1.22p and ([2~1~9| we have 

3(1) 3(2) 

fi(A, A) = -3m + 2fi(Ai,X) + n(A 2l A) = -3m + 2 ^ ^(A 1 )eJ + ^ (A 2 )e?. (5.5.7) 

i=0 i—0 

Proposition 5.5.3. A G §£ is no£ Gs^-stable if and only if one of the following holds: 

(1) There exists a non-zero decomposable element of A\. 

(2) dim(A 2 n A 2 ^12 A V 35 ) > I- 

(3) There exist bases {£i,£ 2 } of~V\i, {0i, 02, 03} 0/V35 and x,y EC not both zero such that 

(£1 A ft A 2 , «i A 01 A 3 + y£ 2 A 0i A 2 )) C A 3 (5.5.8) 

and 

dim(A 2 n(v o A0i A0 2 ,£iAC 2 A/3i)) > 1. (5.5.9) 

Proof. We will use the data displayed in Tables ([T71) . (JTHJ) and (Ti~9"|) . The first two tables give 
for each of a series of 1-PS's of Gg 1 the weights of the action on the second and third summands 
of (|5.5.1[) . Each such 1-PS is diagonalized as in (|5.5.3[) and we denote it by the corresponding 
string of weights (m, r, si, s 2 , S3). One computes the numerical function [i(A, A) of such a 1-PS 
by plugging the data in Formula f|5.5.7|) : the results are listed in Table ([T9|) . The 1-PS's will be 
obtained by applying the Cone Decomposition Algorithm of Subsection 12.31 below we will give 
the details. First let's prove that if one of Items (1), (2), (3) above holds then A is not G^-stable. 
Suppose that Item (1) holds. There exist bases {^1, ^2} of Vt% and {01,02,03} of V35 such that 
^0 A£i A 0i € A\. Let A be the 1-PS which is diagonal in the basis {t>o, £1, £2, 0i, 02, 03} and which is 
denoted by (0, 1,0, 0, 0): then [x(A, A) > (see Tables HU) and ([19])) and hence A is not G £l -stable. 
Next suppose that Item (2) holds. There exist bases {£1,^2} of V12 and {01,02,03} of V35 such 
that £1 A £2 A 0i G A 2 . Let A be the 1-PS which is diagonal in the basis {«o, £1,^2, 01, 02, 03} and 
which is denoted by (-1,0, 0, 0, 0): then n(A, A) > (see Tables JIT]) and (HI])) and hence A is not 
G^-stable. Before dealing with Item (3) we notice that the equality A\ = A3 n (/\ 2 V12 A V35) gives 
the following 

Remark 5.5.4. (|5.5.8[) holds (for some x, y £ C not both zero) if and only if there exist w\, 11)2, z G C 
not all zero such that 

M A [wi£i A 0i + w 2 £i A 2 + z& A 0i] ciiC [«o]A([fi] AF 35 ©(6A0i,£ 2 A0 2 )). (5.5.10) 

Now suppose that Item (3) holds. Thus we have the bases {£i,£ 2 } of V12 and {01,02,03} of 
V35 which appear in the statement of Item (3). Let A be the 1-PS of Gg 1 which corresponds to 
(0,3,6,0,-6) (with respect to the given basis of V). By Remark 15.5.41 we know that (|5.5.10|) 
holds, and of course (|5.5.9[) holds: it follows that fi(A, A) > (see Tables ([T7|) and HU)) and hence 
A is not Gg 1 -stable. It remains to prove the converse i.e. that if A is not Gs ± -stable then one of 
Items (1), (2), (3) holds. We will apply the Cone Decomposition Algorithm of Subsection 12.31 
We choose the maximal torus T < Gg 1 to be 

T = {(u, diag(*, i- 1 ), diag(ti, t 2 , t 3 )) | u, t, U g C x , t x ■ t 2 ■ h = 1}. (5.5.11) 

(The maps are diagonal with respect to the bases {£i,£ 2 } and {01,02,03}-) Thus 

X(T) R := {(m,r,si,s 2 ,s 3 ) G M 5 | s x + s 2 + s 3 = 0} 

We let C C X(T)g be the standard cone: 

C := {(m, r, s 1: s 2 , s 3 ) G R 5 | r > s x > s 2 > s 3 }. 
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Table 17: Weights of ordering 1-PS' for G £l , I. 



(m,r,s 1 ,8 2 ,«3) 1 


(1,0 


0, 0, 0) 


v A Ji A 0i 


•0 A £l" 02 


i, A 5i A 03 


"0 A 52 A 01 


v A 52 A 02 


v A 52 A 03 


vq A 01 A 02 


v A 0i A 3 


v A 02 A 3 


5l A { 2 a 0i 


5 1 A 5 2 A 02 


5 1 A 5 2 A 03 


























(-1. 


0, 0, 0, 0) 


v A 5l A ^1 


i, A 5j A 2 


i, A 5j A 3 


i, A 5 2 A 01 


i, A 5 2 A 02 


"0 A 52 A 03 


5 1 A 5 2 A 01 


5l A 5 2 A 02 


5 1 A 5 2 A 03 


l, A 0i A 02 


u A 01 A 03 


v A 02 A 03 






















3 


3 


3 


-3 


-3 


-3 


(0, 1 


0, 0, 0) 




i, A £i A 02 


i, A £i A 03 


v A 52 A 01 


v A 52 A 02 


"0 A 52 A 03 


v A 01 A 02 


v A 1 A 03 


i; A 02 A 03 


5l a 5 2 a 0i 


5l A 52 A 02 


61 A 5 2 A 03 


l 


1 


1 


-1 


-1 


-1 




















(0, 


6, 0, -6) 


"0 A 5i A 01 


"0 A 52 A 01 


v A £ i A 02 


*>0 A 52 A 02 


"0 A 5l A 03 


"0 A 52 A 03 


v A 0i A 02 


5 1 A £2 A 0i 


uq A 0i A 03 


5l A { 2 A 02 


vq A 02 A 03 


5i a 5 2 a 3 


6 


6 








-6 


-6 


6 


6 








-6 


-6 


(0, 3 


6, 0, -6) 




•0MlA 02 


"0 A 52 A 01 


«>o A ei A 03 


v A 52 A 02 


v A 52 A 03 


v A 01 A 02 


5l A 5 2 a 0i 


i, A 0i A 03 


5l A 52 A 02 


i; A 02 A 03 


5l A £ 2 A 03 


9 


3 


3 


-3 


-3 


-9 


6 


6 








-6 


-6 


(1,3 


6, 0, -6) 


•0«!lA 01 


•0MlA 02 


"0 A 5 2 A 01 


«o A ei A 03 


v A 52 A 02 


v A 52 A 03 


v A 0i A 02 


5 1 A £2 A 0i 


u A 0i A 3 


5 1 A £2 A 02 


vq A 02 A 03 


5 1 A £ 2 A 03 








3 












3 






-3 




(2, 3 


6, 0, -6) 


v A £ 1 A 0i 


i, A £i A 02 


"0 A 52 A 01 


i, A 5i A 03 


*>0 A 52 A 02 


"0 A 52 A 03 


v A 01 A 02 


v A 1 A 03 


5 1 A 5 2 A 01 


*>0 A 02 A 03 


5 1 A 5 2 A 02 


6l A 5 2 A 03 


9 


3 


3 


-3 


-3 


-9 


12 


6 








-6 


-12 



Table 18: Weights of ordering 1-PS' for G £l , II. 



(m, i 


*> s l 


s 2 > s 3) 


























(0, 


12, 


-6, -6) 


V Q A €l A 01 


*>o A £2 A 0i 


v () A £l A 02 


v A £ 2 A 02 


v A £1 A 3 


v A £ 2 A 03 


Sl A £ 2 A 0i 


vq A 1 A 2 


vq A 1 A 3 


Sl A £ 2 A 02 


£l A £ 2 A 03 


vq A 2 A 3 




























(1,0 


12, 


-6, -6) 


v A ^1 A 01 


v q A £2 A 0i 


v A £± A 2 


v A £2 A 02 


v A £l A 03 


v A £2 A 03 


£ 1 A £2 A 0! 


vq A 0i A 02 


vq A 0i A 3 


Sl A £ 2 A 02 


£l A £ 2 A 03 


vq A 02 A 3 








-6 


-6 


-6 


-6 


9 


9 


9 


-9 


-9 


-9 


(1,9 


12, 


-6, -6) 


v o A Ci A 0i 


v A £l A 02 


v A £2 A 01 


v A £1 A 3 


v A £2 A 02 


v A £2 A 03 


£ 1 A £2 A 01 


vq A 01 A 02 


vq A 0i A 03 


Sl A £2 A 02 


£l A £2 A 03 


vq A 02 A 03 






3 


3 


3 


-15 


-15 


9 


9 


9 


-9 


-9 


-9 


(4, 


12, 


-6, -6) 


A Ci A 0i 


v q A £2 A 0i 


v A £1 A 2 


v () A £2 A 02 


v A £l A 3 


v A £2 A 03 


v A 01 A 2 


vq A 0i A 3 


£l A £ 2 A 0i 


vq A 2 A 03 


£l A £ 2 A 02 


Sl A £2 A 3 








-6 


-6 


-6 


-6 


18 


18 








- 18 


-18 


(4, 9 


12, 


-6, -6) 


v o A £i A 0i 


^0 A £l A 02 


v A £2 A 0i 


v A £1 A £3 


v A ^2 A 02 


v A £2 A 03 


A 0i A 02 


w A 1 A 03 


£l A £ 2 A 01 


vq A 02 A 03 


£l A £2 A 02 


Sl A £2 A 03 






3 


3 


3 


-15 


-15 


18 


18 








-18 


-18 


("2, 


0, 12 


, -6, -6) 


A Ci A 0i 


Vq A £2 A 01 


v A £1 A /3 2 


v A £2 A 02 


v A £l A 03 


v A £2 A 03 


Sl A £ 2 A 0i 


vq A 0i A 02 


vq A 0i A 03 


Sl A £ 2 A 02 


£l A £2 A 03 


vq A 02 A 03 






























("2, 


9, 12 


, -6, -6) 


A Ci A 0i 


^0 A £l A 02 


v A £2 A 01 


v A £1 A /3 3 


v A £2 A 02 


v A £2 A 03 


£ 1 A £2 A 0i 


vq A 0i A 02 


vq A 0i A 03 


Sl A £2 A 02 


€l A £2 A 03 


vq A 02 A 03 








3 


3 


3 


-15 


-15 


18 














-18 


(0, 


6, 6 


-12) 


v o A £i A 0i 


^0 A £l A 02 


v A £2 A 01 


v () A £2 A 02 


v A £1 A 03 


v () A £2 A 03 


v A 1 A 02 


Sl A £ 2 A 01 


£l A £ 2 A 02 


vq A 0i A 3 


vq A 02 A 3 


Sl A £ 2 A 03 




























(-1. 


0, 6, 


6, -12) 


v q A Cl A 0i 


"0 A £l A 02 


v A £2 A 01 


v A £ 2 A 02 


v A £l A 3 


v A £2 A 03 


vq A 0i A 02 


£l A £ 2 A 0i 


£l A £ 2 A 02 


v A 0i A 3 


vq A 02 A 3 


Sl A £ 2 A 03 






6 


6 


6 


6 






9 


9 


9 


-9 


-9 


-9 


("1. 


9, 6, 


6, -12) 


A £i A 0i 


^0 A £l A 02 


v A £1 A 3 


v A £2 A 01 




v A ^2 A 03 


vq A 0i A 02 


£l A £2 A 01 




vq A 0i A 03 


vq A 02 A 3 


£l A £2 A 3 






























(-4, 


0, 6, 


6, -12) 


A £i A 0i 


^0 A £l A 02 


v A £ 2 A 01 


v A £ 2 A 02 


v A £1 A 3 


v () A £2 A 03 


Sl A £ 2 A 01 


£ 1 A £2 A 02 


vq A 0i A 02 


Sl A £ 2 A 03 


vq A 0i A 03 


vq A 02 A 03 










6 

















-18 




("4, 


9, 6, 


6, -12) 


A £i A 0i 


v A £l A 02 


v A £l A £3 


v () A £2 A 01 


v A £2 A 02 


v A £2 A 03 


Sl A £ 2 A 01 


£l A £2 A 02 


vq A 0i A 02 


Sl A £2 A 3 


vq A 0i A 03 


vq A 02 A 3 






























(2, 


6, 6 


-12) 


A £i A 0i 


^0 A €l A 2 


"0 A € 2 A 0i 


v A ^2 A 02 


u A £l A 3 


v A £2 A 03 


v A 1 A 02 


v A 0i A 03 


vq A 02 A 03 


Sl A £2 A 01 


£l A £2 A 02 


Sl A £ 2 A 03 














-12 


18 













-18 


(2, 9 


6, 6 


-12) 


A £i A 0i 


v A £ 1 A 2 


vq A £1 A 3 


v A £2 A 01 


v A £2 A 02 


v A £2 A 03 


vq A 0i A 02 


v A 01 A 3 


vq A 2 A 3 


£ 1 A £2 A 0i 


£l A £2 A 02 


Sl A £2 A 03 




15 


15 


-3 


-3 


-3 


-21 


18 














-18 



Table 19: Numerical functions of ordering 1-PS' for Gg 1 . 



(m,r,si,s 2 ,s 3 ) 


fi(A, A) 






(1,0,0,0,0) 


6(d (A 2 ) - 2) 






(-1,0,0,0,0) 


6(d (A 2 ) - 1) 






(0,1,0,0,0) 


4(do(^i) - 1) 






(0,0,6,0,-6) 


12(2do(i4i) + di(Ai) + d (A 2 ) - 3) 






(0,3,6,0,-6) 


12(3do(i4i) + 2d 1 (A 1 ) + d 2 (A 1 ) + d (A 2 ) 


-4) 




(1,3,6,0,-6) 


6(6do(Ai) + 4di(Ai) + 2da(i4i) + 3d (A 2 ; 


+ d 1 (A 2 ) 


-9) 


(2,3,6,0,-6) 


12(3do(Ai) + 2d 1 (A 1 ) + d 2 {Ax) + 2d (A 2 ) + di(A 2 ) 


-5) 


(0,0,12,-6,-6) 


12(3do(i4i) + 2d (A 2 ) + d 1 {A 2 ) - 4) 






(1,0,12,-6,-6) 


6(6d (A 1 ) + 3d (A 2 )-9) 






(1,9,12,-6,-6) 


6(12do(i4i) + 6di(i4i) + 3d (A 2 ) - 15) 






(4,0,12,-6,-6) 


12(3d (A 1 ) + 3d (A 2 )-6) 






(4,9,12,-6,-6) 


12(6do(i4i) + 3di(i4i) + 3d (.4 2 ) - 9) 






(-2,0,12,-6,-6) 


12(3d (A 1 ) + 3d (A 2 )-3) 






(-2,9,12,-6,-6) 


36(2d (A!) + di(Ai) + d a (A 2 ) - 2) 






(0,0,6,6,-12) 


12(3do(i4i) + 2d a (A 2 ) + di(i4 2 ) - 6) 






(-1,0,6,6,-12) 


18(2d (A 1 )+d (A 2 )-4) 






(-1,9,6,6,-12) 


18(4do(i4i) + 2di(i4i) + do(^ 2 ) - 6) 






(-4,0,6,6,-12) 


36(d (^i)+d (A 2 )-2) 






(-4,9,6,6,-12) 


36(2d (A!) + di(Ai) + d (A 2 ) - 3) 






(2,0,6,6,-12) 


36(d (^i)+d (A 2 )-2) 






(2,9,6,6,-12) 


36(2do(i4i) + d!(Ai) + d (A 2 ) - 3) 
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H C X(T)r is an ordering hyperplane if and only if is equal to the kernel of one the following linear 
functions: 

Si — Sj, r, 2r — Si + Sj, Si + 6m, s, — 3m. 

In particular the hypotheses of Proposition 12.3.41 are satisfied. One computes the ordering rays 
by passing to coordinates (m, r, Xx,x 2 ) where 

Xi := Si - Sj+i, £=1,2. (5.5.12) 

In the above coordinates 

G = {(n,r,X!,x 2 ) \ r > 0, xi > 0, x 2 > 0}. 
The linear functions s%, s 2 , S3 on W are expressed as follows in terms of the coordinates x\ 1 x 2 : 

III) = ( -1/3 1/3 J ■ ( Xl ) (5.5.13) 
W V -1/3 -2/3 / V ^ 

It follows that H C X(T)r is an ordering hyperplane if and only if, in the (m, r, x%, £2)-coordinates, 
it is equal to the kernel of one of the following linear functions: 

xi, %2, T, 2r— a;i, 2r — X2, 2r — x\— X2, 2xi+X2 + 18m, x\—X2 — 18m, xi~\- 2 X2 — 18m, 2^i+i2-9™, xi—X2+9m, x\-\- 2 X2 J r^ra. 

An easy computation gives the ordering rays in the (m, r, xi, X2)-coordinates. Switching back to 
(m, r, sx, s 2 , S3)-coordinates we get the following generators for ordering rays. First we get the 
vectors 

(±1,0,0,0,0), (0,1,0,0,0), (m, r, 6, 0, -6) (m,r) g {(0,0), (0,3), (1,3), (2, 3)}. (5.5.14) 
Secondly we get the vectors 

(m,r, 12,-6,-6), m = r = or m g {1,4, -2} and r g {0, 9}. (5.5.15) 
and lastly the vectors 

(m,r, 6, 6, -12), m = r = or m g {-1,-4,2} and r g {0,9}. (5.5.16) 

Thus we get exactly the 1-PS's that appear in Tables p7|) . (|T51) and ([!§)) . As is easily checked the 
following hold: 

(a) Let A be the TPS indicized by (0,1,0,0,0) and suppose that fi(A, A) > 0. Then Item (1) 
of Proposition [575.31 holds. 

(b) Let A be the 1-PS indicized by (-1,0,0,0,0) and suppose that ^(A, A) > 0. Then Item (2) 
of Proposition [575.31 holds. 

(c) Let A be the 1-PS indicized by (0,3,6,0,-6) and suppose that /x(A, A) > 0. Suppose in 
addition that neither Item (1) nor Item (2) of Proposition 15.5.31 holds: then Item (3) 
of Proposition [575.31 holds (use Remark 15.5.41) . 

In order to finish the proof it suffices to show that if /x(A, A) > for one of the remaining ordering 
1-PS's (i.e. different from those appearing in Items (a), (b) and (c) above) then one of Items (1), 
(2) or (3) holds. This consists of a series of routine checks. We summarize the main points. First 
consider the 1-PS A indicized by (1,0,0,0,0) and suppose that [i(A, A) > 0. By Table (Tr7|) we get 
that 

2 

dim(A 2 n [vo] A f\ V 35 ) > 2. (5.5.17) 

Let's show that if ([5.5. 17p holds there exist bases {£i, £2} of Vx 2 , {/3i, fl 2 , ^3} of V35 and wi,w 2 ,z g C 
not all zero such that (|5.5.9[) and (|5.5.10[) hold. It will be convenient to identify [vq] A Vxi A V35 
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with Hom(Vi 2 , V35) via the perfect pairing V12 X V12 — > f\ 2 V\% given by wedge product. First one 
shows that there exist 

2 

O^ieAi, O^oAfle A 2 , 9 e /\V 35 

such that the following holds. Let fx : Vx2 — > V35 be the map associated to ay. then im fx C supp 9. 
Now complete ax to basis {ax, a 2 } of Ax and let f 2 : Via — > V35 be the map associated to a 2 . Since 
dim (supp 9) > 1 there exists a basis {^1,^2} of V12 such that /2(d) £ supp#. Let ^ fix 
such that /i(Ci) S thus fix G suppfl. Now complete /3i to basis /?2, ^3} of V35 such 

that supptf = (jSi, j9 2 ). Then (|5.5.9[) and (|5. 5.101) hold: by Remark 1575741 we get that Item (3) 
of Proposition 15.5.31 holds. Next one examines the other ordering 1-PS's, i.e. those indicized 
by (m, r, 6, — 6), (m,r, 6,0 — 6), (m, r, 12, — 6, — 6) and (to, r, 6, 6, —12). Suppose that A is one 
such 1-PS and that /J,(A, A) > 0. We may assume that neither Item (1) nor Item (2) nor Item (3) 
of Proposition [575.31 holds (with respect to arbitrary bases {^1,^2} of Vx2, {fix, P2, fiz} of V35): 
then one must check that fi(A, A) < 0. This is time-consuming but straightforward. □ 

Corollary 5.5.5. A G is G£ 1 -stable if and only if Da 3 is a smooth conic (equivalently Qa 3 is 
a smooth curve) and Da 2 is a conic intersecting Da 3 transversely. 

Proof. First notice the following: 

(A) The equality A 3 = A^ n (V12 A A 2 V35) gives: Item (1) of Proposition 15.5.31 holds if and 
only if the intersection 

P(A 3 ) n ^P(Vi 2 ) x P(/\ V 35 )^ (5.5.18) 

in P(Vi2 A A 2 V35) is not transverse. 

(B) Da 2 is a double line or all of P(A 2 V35) if and only if either Item (2) of Proposition 15.5.31 
holds or (|5.5.17|) holds. 

Let's prove that if Da 3 is not a smooth conic or if Da 3 is a smooth conic but Da 2 is not a conic 
intersecting Da 3 transversely then A is not Gg t -stable. If Da 3 is not a smooth conic then Qa 3 is 
not a smooth curve i.e. the intersection ()5.5.18[) is not transverse. By Item (A) above it follows that 
Item (1) of Proposition [575.31 holds and thus A is not G^-stable by Proposition [575.31 Now 
let's assume that D a 3 is a smooth conic but D 'a 2 is not a conic intersecting Da 3 transversely. In 
order to prove that A is not -stable we need first to write out the tangent space to Da 3 at a 
point [9] (here ^ 9 G /\ 2 V 35 ). Since [9] G Da 3 there exists O^iG Vi 2 such that [£1 A 9] belongs 
to (|5.5.18[) . By the assumption that Da 3 is a smooth conic we get that the intersection (|5.5.18[) 
is transverse at [£1 A 9} (as intersection in P(Vi 2 A A 2 V35)). Let M : A 3 -> /\ 2 V 12 A A 2 V 35 be 
multiplication by £1. Then ker M — [£1 /\6] because the intersection (|5.5.18p is transverse at [£1 A 9]. 
Thus M is surjective and hence 

2 2 
M- 1 (f\Vx 2 A[9}) = (^A9^ 1 A 1 + ^ 2 /\9), 7 G /\V 35 . (5.5.19) 

Moreover 7,6* are linearly independent because the intersection ([5.5. 18[) is transverse at [£1 A 9\. 
thus there exists ^ fix G V35 such that supp 7 H supp# = [fix]- The projective tangent space to 
Da 3 at [9] is given by 

T [e] D A3 =F(Arm[3x). (5.5.20) 

Here we make the identification P(A 2 V35) — P(V3s). We may complete fix to a basis {fix, fi 2 , fi 3 } of 
V35 such that 9 = fix A fi 2 and 7 = fix A fi 3 . Thus (15.5.19)) gives that 

A 3 D {£x A fit A fi 2 ,Zi A Pi A fi 3 +& A fix A fi 2 ). (5.5.21) 

Now suppose that [9] — [fix A fi 2 ) G Da 2 i.e. 

(vq A fix A $2 + £1 A £2 A fi) G A2, fi&{fii,p2) (5.5.22) 
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and that either Da 2 is all of P(/\ 2 V35) or a conic which does not intersect Da 3 transversely at [9]. If 
Da 2 is all of P(/\ 2 V35) or a a double line then by Item (B) above we get that Item (2) of Proposition 
15.5.31 holds, thus A is not G^-stable by Proposition [575.31 Next we assume that Da 2 is a conic 
of rank at least 2. By Item (B) above it follows that Item (2) of Proposition [575. 31 does not hold. 
Thus Da 2 is described as in Remark 15.5.11 it follows that T^ iA ^ 2 ]Da 2 — P(Ann/3). Since Da 2 
and the smooth conic Da 3 do not intersect transversely at [ft Aft] we get that j3 G [Pi]. By (|5.5.21[) 
and (|5.5.22[) we get that Item (3) of Proposition [575.31 holds and hence A is not Gs x -stable. We 
have proved that if Da 3 is not a smooth conic or if Da 3 is a smooth conic but Da 2 is not a conic 
intersecting Da 3 transversely then A is not Gg 1 -stable. Now suppose that A is not Gg ± -stable and 
hence one of Items (1), (2), (3) of Proposition [575.31 holds. If Item (1) holds then by Item (A) 
above we get that Da 3 is not a smooth conic. If Item (2) holds then by Item (B) above Da 2 is 
all of P(/\ 2 V35) or else a double line (and hence it cannot intersect transversely a conic). Lastly 
suppose that Item (3) holds. We may assume that neither Item (1) nor Item (2) hold: thus (|5.5.8[) 
and <|5.5.9|) give (after a rescaling of ft) that 

£1 A ft A ft, (£i A ft A ft + £2 A ft A ft) G A 3 , (v A ft A ft + z& A £ 2 A ft) 6 A 2 . (5.5.23) 

Since Item (1) of Proposition [575.31 does not hold the conic Da 3 is smooth. By (|5.5.23[) we have 
that [ft A ft] 6 Da 3 n Da 2 and the analysis carried out above shows that the intersection is not 
transverse at [ft A ft]. □ 

Let B = {v , £1, £2, ft > ft, ft} be a basis of with {£1, £2} a basis of Vi 2 and {ft, ft, ft} a basis 
of V35. Let Ai be the 1-PS of Gg x indicized by (0, 3, 6, 0, —6) (given the choice of the basis B) i.e. the 
1-PS that intervenes in the proof that if Item (3) of Proposition 1575.31 holds for A then A is not 
Gs 1 -stable. Let be the affine cone over §£; then Gg 1 acts on . The fixed locus ) Al is the 
set of A which are mapped to themselves by A 3 X\(t) and such that A 3 Xi(t) acts trivially on /\ 10 A. 

Definition 5.5.6. Let C P((§£j Al ) be the set of A such that A 3 Ai(i) acts trivially on A 2 M, 
t\A 2 and A 4 ^3- 

Remark 5.5.7. Suppose that A G Sg ; then A G M| x if and only if it is Ai-split of types d Xl (Ai) = 
(0, 1, 1,0) and d Xl (A 2 ) = (1, 1, 1). Moreover M| x is an irreducible component of P((§ £i ) Al ). 

Proposition 5.5.8. Suppose that A is properly Gg 1 - semistable. Then there exists a semistable 
Aq G Mg which is Gg x - equivalent to A. 

Proof. One of Items (1), (2), (3) of Proposition [575.31 holds. Suppose that Item (3) holds. We 
showed in the proof of Proposition [575.31 that there exists a semistable Aq G M| which is Gs x - 
equivalent to A, namely the limit lim t ^o X±(t)A. We will finish the proof by showing that if one 
of Items (1), (2) of Proposition [575.31 holds then there exists Aq G Sg which is Gs x -equivalent 
to A and for which Item (3) of Proposition 15.5.31 holds. Suppose that Item (2) holds. We will 
refer to the notation introduced in the proof that if Item (2) of Proposition 15.5.31 holds then 
A is not Ggj -stable. Let A2 be the 1-PS of G$ 1 indicized by (—1,0,0,0,0). We showed in the 
proof of Proposition [575.31 that fJ,(A, A2) = 0. Thus lim^o X2(t)A is a semistable lagrangian A' 
which is Gg 1 -equivalent to A and which is A2-split with do (A' 2 ) = 1 (and hence di(A' 2 ) = 2). It 
follows that dim(j4 2 H [vq] A A ^35) — 2: as shown in the proof of Proposition 15.5.31 (see the 
text right below (15.5. 17\i ) it follows that Item (3) holds for A'. This proves the result if Item (2) 
holds. Lastly suppose that Item (1) of Proposition [575.31 holds. Let A = (0, 1,0,0,0). As shown 
in the proof of Proposition [575.31 we have fi(A, A) > 0. Since A is Gg 1 -semistable fi(A,X) = 
and hence A is Gc 1 -equivalent to a A-split A' with type d x (Ai) = (1,1). It follows that there exist 
bases {£1,^2} of V\ 2 and {ft, ft, ft} of V35 such that either A\ = (vq A £1 A ft,«o A £2 A ft) or 
A[ = {v Afi Aft, v A£ 2 Aft). Suppose that the latter holds. Let A' be the 1-PS of SL(V 35 ) defined 
by A'(t) = diag(t, 1, t^ 1 ) (the basis is {ft , ft, ft}): then fj,(A' , A') > 0, that is a contradiction. Thus 
A[ = (v A £1 A ft, D A £ 2 A ft). Let A" be the 1-PS of SL(V 35 ) defined by X"(t) = diag(t, t, t-' 2 ): 
then fi(A',X") > and hence it is zero by semistability of A'. Let A" := lim t ^o X"(t)A'. As is 
easily checked A' 2 ' 9 £1 A £2 A ft and hence A" satisfies Item (2) of Proposition [575.31 □ 
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5.5.2 Analysis of Qa and Cw,A 

Proposition 5.5.9. Let A G 6e Gg-^-stable and W <G 0a- T/ien one of the following holds: 

(a) W = V 02 . 

(b) WeO Aa . 

(c) W = (v ,fa,fa) where Pi, fa eV 35 . 

Proof. Let W € <d A . We distinguish between the three cases: 
(I) W D V\2- 

(ii) dim{w nv 12 ) = 1. 
(in) wnv 12 = {o}. 

One checks easily that if (I) holds then W — V02 and that if (II) holds then W G Oa 3 - Suppose 
that (III) holds. Since V02 G ©A we have W (~l V02 ^ {0}: it follows that W is not contained in V15 
and hence dim(VF n V15) = 2. Thus there exist linearly independent Pi,P 2 £ V35 and £i,£2,£ £ V12 
such that 

Thus 

A9(wo+cCl)A(5i-0i)A(C2-/32)=-"oACiA52 + UoA(-5iA/3 2 +5 2 A^i) + ( t >oA/3 1 A/32-5AClAfc+?A5 2 A/3i)+5A/3iAfc. 

(5.5.24) 

The addends of (|5.5.24[) belong to different summands of the isotypycal decomposition of /\ 3 Xs 1 - 
see (|5.5.1[) - hence each addend belongs to A. One checks easily that unless = £1 = £2 = £ one of 
Items (1) or (3) of Proposition 15. 5. 31 holds and hence A is not G,^ -stable, that is a contradiction. 
Thus = £1 = £ 2 = £. □ 

Corollary 5.5.10. Let A G S F Sl be G £l -stable. Then Q A = {V 02 } U 6,43 U Z A where Z A is a finite 
set. 

Proof. It suffices to prove that there is at most one W G ©a such that Item (c) of Proposition 
15.5.91 holds. Let W — (vo, Pi, fa)- By Item (2) of Proposition [575.31 we may describe D A2 as 
in Remark 15.5.11 it follows that [fa A fa] is a singular point of the conic D A2 . On the other hand 
Da 2 is a conic with at most one singular point by Corollary 15.5.51 thus there is at most one 
choice for (fa, fa) and hence for W as well. □ 

Proposition 5.5.11. Let A G be G£ 1 -stable and W G ©a- Then Cw,A is a sextic curve of 
Type II-2. 

Proof. The orbit PGL(V A )A is minimal because A is Gg 1 -stable (sec Claim |5.1.1[) and dim 9a = 1 
by Proposition 15.5.91 thus C W . A ^ ¥(W) by Corollary 15.2.81 One of Items (a), (b), (c) 
of Proposition [575.91 holds. Let {Xq, Xi, X 2 } be a basis of W v such that 

(a') [Xq] = Ann(vi,t>2) and [vq] = Ann(Xi, X 2 ) if (a) holds. 

(b') [X ] = Ann(W n V 35 ) and W C\V l2 = kim(X ll X 2 ) if (b) holds. 

(c') [Xq] = Aim{W n F35) and [v ] = Ann(Xi,X 2 ) if (c) holds. 

The 1-PS Afj maps W to itself. Now we look at the action of Xs 1 on W: by Claim 13.1.41 
and Remark 14.1.41 we get that 

C WiA =X$F(X 1 ,X 2 ), 0^FgC[Xi,X 2 ] 4 . (5.5.25) 

It remains to prove that F does not have multiple roots. We will carry out a case-by-case analysis. 
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W = Vc 



1)2 



Let £ £ V12. Let 



p: 4nF ( „„_ ?) — >Vi 2 A/\y 35 (5.5.26) 
be the projection determined by Decomposition (|5.5.1[) . Let's prove that 

3 

kerp = /\Vo2, dim(imp) < 1. (5.5.27) 

Let a £ (A n -F(„ _£)) an d write a — ^2 i=Q cti where oti belongs to the (i + l)-th summand of 
Decomposition (I5.5.1[) (we start from the left of course). Then vq A a = £ A a. Decomposing 
«o A a and (Aa according to Decomposition (|5.5. If) we get that £ A 0:3 = 0, in particular a 3 is 
decomposable i.e. [as] 6 @a 3 - By Corollary 1 5 . 5 . 5l we know that Qa 3 is a smooth curve: it follows 
that the projection O^., — » P(Vi2) is an isomorphism. This proves that dim imp < 1. Next suppose 
that a 3 = 0. From = v A a 3 = £ A a 2 we get that a 2 = (recall that A n (A 2 V12 A V35) = {0} 
by Ge x -stability of A). We also have £ A ai =0: since ^4 is -stable Ai contains no non- 
zero decomposables and thus ot\ — 0. This finishes the proof of (|5. 5.271) . Now suppose that 
[u -£] € CW,A- By (|5.5.27[) we have dim((4 n F( Wo _^) = 2. We claim that [t> - £] £ B(W,A). 
First there is no W £ (Qa\{W}) containing [vq — £] by Proposition ^. 5. "9l Secondly suppose that 
a £ (A(~\Fr Vo _£\) and a 3 = p(a) ^ 0: if £' e V\ 2 is not a multiple of £ then 7^ woA£'Aa 3 = v A^'Aa, 
this proves that AnF/ Vo _^nSw — f\ 3 W and hence we get that [vo— £] ^ A). By Proposition 
13.2.61 it follows that F has no multiple roots. 



W£& Aa 



Let W n V12 = [£] and ^ /3 £ W n V35. Let 



3 



tt: An% w f\V Q2 (5.5.28) 

be the projection determined by Decomposition (|5.5.1[) . Arguing as in the previous case one checks 
that ker(7r) = [£ A ft A ft] where £ £ V12, ft, ft € V35 and (£,ft,ft) is the unique element of 
Qa 3 mapped to [£] by the projection 0^ 3 — > P(Vi2). Suppose that [£ + /?] £ Cw,A- it follows that 
dim(An Ft£+p)) — 2. A straightforward computation shows that [£ + /?] ^ ^(W 7 , -4) and hence Cw,A 
is smooth at [£ + /?]. This proves that F has no multiple factors. 



W = (v , U) where U £ Gr(2, V £ 



3F, ) 



Let 




T := {[13] £ ¥{U) I mu\t m C W ,A > 3}. 

By (|5.5.25l) it suffices to prove that T has cardinality at least 4. Let [0] £ P(V3s): as is easily 
checked dixn(Fp H A3) =2 and moreover 

|P(F /3 nv4 3 )nGr(3,^)| = 

(We have the identification P(A 2 V££) = V(V 35 ).) Since A is G £l -stable we have A 2 t 7 ^ Atj, and 
hence |P(t7) n D\\ = 2. Applying Proposition 13. 1 .21 we get that 

P(C/)n^ s cT. (5.5.29) 

Next we examine j4 2 . By hypothesis Da 2 — ft U L 2 where ft, -ft C P(A 2 ^35) are distinct lines 
intersecting in f\ 2 U. It follows that there exist bases {£1,^2} of V\ 2 and {ft, ft, ft} of V^g such 
that 

A 2 D {v A ft A ft + £1 A £2 A ft, u A ft A ft + £1 A £ 2 A ft). 
Thus dhftft^ n j4) > 4 for i = 1, 2: by Corollary 13.1.31 we get that 

[ft],[ft]eT. (5.5.30) 

We have [ft], [ft] ^ D\ because Da 2 is transverse to Da 3 (see Corollary I5.5.5[) . Thus (|5.5.29[) 
and (|5.5.30p give that T has cardinality at least 4. □ 
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Proposition 5.5.12. Let A G be properly Gg^^- semistable with minimal orbit. Then either 
[A] = y (here y G 971 is as in (|4.4.3[) ) or else the following holds: if W G Qa then Cw,A is a 
semistable sextic curve PGL(W)- equivalent to a sextic of Type III-2. 

Proof. By Claim [5.1.11 A is PGL(V)-semistable with minimal orbit. We claim that A £ X£y. In 
fact suppose that A G X£y. Since A is the limit of A 1 generic in Sg we get that 0,4 contains a 
curve of degree 3 (with respect to the Pliicker embedding) namely the limit of Qa' ■ On the other 
hand if A G X£y then any curve in Qa has even degree, that is a contradiction. Now suppose that 
[A] ^ y: by Proposition [572.71 we get that Cw,A ^ P(W). Since A is not Gs t -stable we may 
assume that A G M| x by Proposition 15.5.81 It follows that A 10 A is fixed by the 1-PS of SL(V) 
given by (m, r, s\, s%, S3) = (0,1,2,0,-2) - see f|5.5.3|) . On the other hand f\ A is fixed by \s 1 
because A G §£ . Thus f\ W A is fixed by the torus 

T := {diag(s 4 , si, st' 1 , s' 2 t 2 , s~ 2 , s^V 2 ) | (s, t) G C x x C x }. 

(The basis of V is B = {u , £1, £2, Pi, P2, Pz} ) Now suppose that W G ©a is fixed by T: then W is 
spanned by vectors of B. Let C W ,A = V{P) where ^ P G S 6 W y . Applying Claim [3701 we get 
that P is fixed by a maximal torus of SL(W): it follows that Cw,A is of Type III-2. Next assume 
that W is not fixed by T: then we may find a 1-PS A: C x — > T such that lim t ^.o X(t)W exists and 
is equal to Wq G Qa fixed by T: it follows that Cw,A is a semistable sextic PGL(I4 7 )-equivalent to 
a sextic of Type III-2. □ 



5.5.3 Wrapping it up 

We will prove Proposition 1575.21 Item (1) is the content of Corollary 15.5.51 We have noticed 
that if A G is generic then Da 2 , Da 3 are conies intersecting transversely: together with Item (1) 
that gives Item (2). Let's prove Item (3). By Corollary 15.5. lOl we have Qa = {V02} U Qa 3 U Za 
where Za is finite. By Corollary 15.5.51 we know that Qa 3 is a rational normal twisted curve 
parametrizing subspaces W C V15. By the classification of [3D] (see Table 2) the following holds: 
V35 is the unique 3-dimensional vector-subspace of V intersecting every W G Qa 3 in a subspace 
of dimension 2. In addition Proposition [575.111 gives that Cv 02 ,A is a sextic of Type II-2 with 
isolated singular point in [vq] (for the last statement go to the proof of Proposition 15. 5. lip . Now 
let g G Stab(A) belong to the connected component of Id. The facts quoted above about Qa and 
Cv 02 ,a give that g([fo]) = [ w o], 3(^12) = V12 and giV^) — V35. Thus g belongs to the centralizer 
CsL(v)(Af 1 ). Since A is G^-stable the stabilizer of A in Gs 1 is a finite group and Item (3) follows. 
In order to prove Item (4) we will show that 

pe«8 £l . (5.5.31) 

(Here y G 9Jt is as in (|4.4.3[) .) By definition it suffices to show that A k (L) G B £l , where A k (L) is 
given by Definition 14.4.11 Let W G ©A fc (L)- There exists a basis {X, Y, Z} of L such that W — 
{X 2 ,XY,XZ). Let F = {v , v 5 } be the basis of S 2 L defined by F := {X 2 , XY, XZ, Y 2 , YZ, Z 2 }. 
A straightforward computation shows that vq A (v\ A V4 — V2 A U3), vq A (vi A W5 — «2 A U4) G A. Since 
wo A «i A u 2 G A it follows that A k (L) G B Sl . This proves (|5.5.31|) . Item (4) follows from (|5.5.31D . 
Proposition [575. 1 II and Proposition [575.121 

5.6 9$£v 

Let Agv be the TPS of (|5.1.2I) . The isotypical decomposition of /\ 3 Agv with decreasing weights is 

332 / 2 2 \ 3 

/\V = /\Vo2®/\V 2AV 34 ®l V Q2 A/\V u ®/\ V Q2 A H j © Vq2 A V 3 4 A [i> 5 ] © A ^5- (5.6.1) 
Let A G S £ v ; by definition A = A © Ai © A 2 © A 3 where 

^o=A 3 ^02, AieGr(2,A 2 V02AV34), A 2 GLG(y 2AA 2 V 3 40A 2 Vb2A[« B ]), A3=A^n(Vb2AVs4A[i;8]). 
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We associate to the generic A G §g V two closed subsets of P(Vo2) (generically conies) as follows. First 
we notice that P(Vba A V 3A A [v 5 ]) nG(3, V) is isomorphic to P(Vb 2 ) x P(V3 4 ) embedded by the Segre 
map. Since P(As) has codimension 2 in P(Vo2 A V34 A [115]) it follows that 0^4 3 has dimension at least 
1 and that generically it is a twisted rational cubic curve. The projection P(Vba) x P(^4) — > P(Vo2) 
defines a regular map n: Qa 3 — > P(Vo2). Let Ca 3 '■= im7r. If &a 3 is a twisted rational cubic curve 
then Ca 3 is a smooth conic. On the other hand let 



2 



C A2 ■= {[13] e P(F 02 ) I A 2 n ([/?] A /\ V 34 © [/3] A F 02 A [« B ]) ^ {0}}. (5.6.2) 

Then Ga 2 is a lagrangian degeneracy locus and either it is a conic or all of P(Vo2)- If A 2 Pi /\ 2 V02 A 
[115] = {0} we may describe Ca 2 as follows. By our assumption A 2 is the graph of a linear map 
Vo 2 A/\ 2 V34 — > f\ 2 Vo2A[«5] which is symmetric because A 2 is lagrangian: let qA 2 be the associated 
quadratic form. Then Ca 2 = ^ r (?A 2 )' If ^ is generic in §^ v then Cyi 2) Ca 3 are conies intersecting 
transversely. Below is the main result of the present subsection. 

Proposition 5.6.1. The following hold: 

(1) Let A G Sg V • Then A is Ggv -stable if and only if Ca 3 is a smooth conic and Ca 2 is a conic 
intersecting Da 3 transversely. 

(2) The generic A G is Ggv -stable. 

(3) If A G Sg V is Ggv -stable the connected component of Id in Stab(j4) < SL(V) is equal to 
im Xfv . 

U) %n3 = { f v ). 

The proof of Proposition [576. II is in Subsubsection 15.6.31 
5.6.1 The GIT analysis 

Proposition 5.6.2. A G S f £V is not G^v -stable if and only if one of the following holds: 

(1) There exists a non-zero decomposable element of A\ . 

(2) dim(A 2 n A 2 K)2 A [v 5 ]) > 1. 

(3) There exist bases {Pi, j3 2 , P 3 } of Vq 2 , {C11C2} of V34 and x,y G C not both zero such that 

(Pi A 6 A v 5 , {x/3i A ^ + Vfo A 6) A « B ) C A 3 



dim{A 2 n (eiA6Aft,ftAftA«5» > 1. 

Proof. A is not Ggv -stable if and only if <5y (A) is not Gs 1 -stable - see (|1.0.12[) for the definition of Sy- 
Now 5y(A) G §f where G = {1*5 , v^, . . . ,Vq}. The proposition follows at once from Proposition 
15.5.31 □ 

By copying the proof of Corollary 15.5.51 one gets the following result. 

Corollary 5.6.3. A G §>^ v is Ggv -stable if and only if Ca 3 is a a smooth conic (equivalently Qa 3 
is a smooth curve) and Ca 2 is a conic intersecting Ca 3 transversely. 

Let {Pi,p 2 ,Pa} be a basis of V 02 and {6,6} be a basis of V 3i . Let A/ be the 1-PS of SL(V) 
defined by A/(i) :— diag(t 2 , l,t~ 2 ,t, t~ , 1) where we mean diagonal with respect to the basis 
{Pi, Pi, P 3 ,£i,£, 2 ,v§}. The group Ggv acts on the affine cone S^v over S^. The fixed locus (§ £ v) Al 
is the set of A which are mapped to themselves by A 3 Ai(i) and such that A 3 Ai(£) acts trivially on 

A 10 A 
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Definition 5.6.4. Let M| v C P((§^ v ) Al ) be the set of A such that A 3 Ai(i) acts trivially on A 2 A 1 , 
A 3 A 2 andA 4 ^3- 

Suppose that A G Sg V ; then A E M| v if and only if it is -split of types d A i (Ai) = (0, 1, 1, 0) 

and d x i (A2) = (1, 1, 1). Moreover M| v is an irreducible component of P((S^ v ) Al ). By copying the 
proof of Proposition [575.81 one gets the following result. 



Proposition 5.6.5. Suppose that A is properly Ggv -semistable. Then there exists a semistable 



Aa G Mlv with minimal orbit which is Ggv -equivalent to A 



5.6.2 Analysis of 0^ and Cw,A 

Proposition 5.6.6. Let A G S f £V be Ggv -stable and W G ®a- Then one of the following holds: 

(a) W = V 02 . 

(b) w ee A3 . 

(c) W = (j8,£x,&) where P G v 02 and f x ,£ 2 £ T^ 3 4- 

Proof. Follows from the equality oV(0a) = 0<5 V (A) and Proposition [575.91 □ 

Proposition 5.6.7. Let A G S^v be Ggv -stable. Let W G 0a and hence one of Items (a), (b), (c) 
of Proposition 15.6.61 holds. Then Cw,A is a sextic curve of 

(1) Type 11-3 if Item (a) holds. 

(2) Type II- 1 if Item (b) holds. 

(3) Type II-2 if Item (c) holds. 

Proof. The orbit YGL{V)A is minimal because A is Ggv -stable (sec Claim [STTTTfl and dim©^ = 1 
by Proposition 15.6.61 thus Cw,A 7^ P(W) by Corollary 15.2.81 Let us carry out a case-by-case 
analysis. 



W = V ( 
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We have CU 2 ,CU 3 C C Vo2 ,a- Moreover dim( J 4 3 n Fp) > 2 for all [/3] G ¥{V Q2 ): thus 
mult mi Cv 02 ,a > 2 for all [/3] G Ca 3 - Since G^ and Ca 3 are conies and Gy 02j7 i is a sextic it follows 
that Gy 02 ,a = Ga 2 + 2Ga 3 : by Corollary 15.6.31 the conies Ca 2 , Ca 3 are transverse and hence 
Cv 02 ,A is of Type II-3. 

Thus W = (J3,V5,(i) where (3 G V02 and £ G V34. Notice that Afv(t) maps W to itself 



W G A3 



for every i G C x . Let {x, y, z} be the basis of W v dual to {/3,i>5,£}: applying Claim l3.1.4l we get 
that 

Cw,A — V((xy + aiz 2 ){xy + a 2 z 2 )(xy + a 3 z 2 )). (5.6.3) 
It remains to prove that 01,02,03 are pairwise distinct. It suffices to show that 

C w ,a < 1 if y ± 0. (5.6.4) 

The key step is the proof that 

dim(i4 n F {x0+yV5+i) ) < 2, y + 0. (5.6.5) 

Let a G A n ■^Vx/a+ytig+f)' Write a = 5TJi=o ai where on belongs to the (i + l)-th (starting from 
the left) summand of (|5.6.1[) . We set a 2 = a' 2 + at% where a' 2 G V02 A A 2 V34, a 2 G A 2 v 02 A [u 5 ]. 
We have (x/3 + y«5 + ()Aa = 0. Now decompose (x/3 + yv§ + £) A a according to the direct-sum 
decomposition of A V determined by V — V02 ffi V34 [v^] : we get that 

= yv^Aa'^+^Aas — yv^Aax+^Aa'^+xfiAas — xf3Aa' 2 +£,Aai — x/3Aa 2 +yv^Aao — x/3Aai+£Aao- 

(5.6.6) 



s<s 



Now suppose that y ^ 0: then 

n f, „ ... p \ t/„, a t/„. a 

(5.6.7) 



-4 n F( x p +yV5+i ) — > V 02 A V34 A [t> 5 ] 



a h- > a 3 

is injective. This follows at once from (|5.6.6p . Now we prove (|5. 6.5ft arguing by contradiction. 
Suppose that (|5.6.5[) does not hold. Since the map p of (|5.6.7[) is injective it follows that dim(imp) > 
3. Now consider the intersection of P(imp) and P(Vo2) x P(V" 3 4) x {[^5]}: it contains [f3 A £ A W5] 
and the expected dimension is zero. Since the Segre 3-fold P(Vo2) x P(V-34) has degree 3 it follows 
that one of the following holds: 

(I) P(im p) contains [ft A £' A v 5 ] ^ [ft A £ A v 5 ]. 

(II) P(imp) contains a tangent vector to P(Vo2) x P(V34) x {[v 5 ]} at \fi A £ A U5] i.e. there exists 
a G A n F^/j+y^+j) such that a 3 — (/3 A £' + ft A £) A w 5 . 

Suppose that (I) holds. We let /3 3 := ft £ 2 := £, ft := ft and £1 := By hypothesis there 
exists a £ AD F( x p +yV5+ ^ such that a 3 — ft A £1 A U5. The first equality of (15. 6. 61) gives that 
«2 = y _1 ft A £1 A £ 2 - The third equality of (|5.6.6p gives that a\ = -xy~ 1 fii A ft A £1 + 7 A £ 2 for 
some 7 G A 2 ^02- Since ftA^Au 5 e A 3 and Ai_LA 3 we get that 7 A ft = 0. Thus 7 = ft A 6 for 
some G V02 and ai = — xy~ l j3\ Aft A£i + ft A6> A^2- Since Ai contains no non-zero decomposable 
element we get that {ft , ft, 9} is a basis of V02: we let ft := 6*. The second equality of (|5.6.6|) gives 
that a'2 = yft A ft A U5. Summarizing: 

ai - -xy" 1 /?! Aft A £1 +ft Aft A£ 2 , a 2 = y _1 ft A £1 A £ 2 + yft A ft A v 5 . (5.6.8) 

The equality A 3 = Aj^ n (V02 A V 3 4 A [U5]) together with the first equality of (|5.6.8p gives that 
there exist s,t G C not both zero such that (sft A £2 + ift A £1) A G A3. By hypothesis 
ft A£i AW5 = a 3 G A 3 . Thus Item (3) of Proposition 1576 .21 holds and hence A is not G^v -stable; 
that is a contradiction. Next suppose that (II) holds. Let ft := ft £1 := £, ft := ft and £ 2 := 
Thus 

ft A 6 A v 5 , (ft A £ 2 + ft A £1) A v 5 G A 3 

and there exists a G A n F( 2 .^ + j / „ 5+5 ) such that a 3 = (ft A £2 + ft A £1) A U5. Since 6,43 is a smooth 
curve ft, ft are linearly independent and {£1, £2} is a basis of V 3 4. On the other hand an argument 
similar to that of the previous case gives that a 2 = — y _1 ft A £1 A £2 — ^ft A ft A U5. Thus A 
is not Ggv -stable by Proposition [576.21 that is a contradiction. We have proved ([5. 6. 5[) . Next 
assume that [x/3 + yv§ + £] G Giy.A and y ^ 0. Thus dim(A n i^^+^+f)) = 2. One shows that 
[xf3 + yv$ + £] ^ B(W,A). The computations are similar to those which prove (|5.6.5[) : we leave 
details to the reader. This finishes the proof that if W G 8a 3 then Cw,A is a semistable sextic of 
Type II- 1. 



W = (ft £1,^2) where /3 G V02, & € ^4 Mutatis mutandis the proof is that (given in Propo- 
sition 15. 5. lip that if Item (a) of Proposition 15.5.91 holds then Cw,A is of Type II-2. Let 
{Xq, Xi, X2} be the basis of W y dual to {ft £1, £2}: applying Claim [3.1.41 one gets that 

C WA = V{X%F{X ll X 2 )), + F G C[X 1 ,X 2 ] 4 . 

It remains to prove that F does not have multiple roots. Let ^ £ G V34 and tt : A n — ► 
V02 A y 3 4 A [1*5] be the projection. Arguing as in the proof of Proposition [575 .111 one shows that 
the image is either {0} or it belongs to &a 3 , and it has dimension at most 1. Moreover the kernel is 
spanned by (3 A£i A £2- Now suppose that [/? — £] G Cw.a- then it follows that dim(A n F(p_^) = 2. 
Moreover one checks easily that [/? — £] ^ B(W, A). By Proposition [372.61 it follows that Cw.a is 
smooth at [/? — £]: thus F does not have multiple roots. □ 

Arguing as in the proof of Proposition |57"5 .121 one gets the following result. 

Proposition 5.6.8. Let A G S^ v be properly Ggv -semistable with minimal orbit. Then either 
[A] = y v or else the following holds: ifW G Oa then Cw,A is a semistable sextic curve PGL(W^)- 
equivalent to a sextic of Type IH-2. 
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5.6.3 Wrapping it up 



We will prove Proposition [576.11 Item (1) is the content of Corollary 15.6.31 We have noticed 
that if A G Sgv is generic then CU 2 , CU 3 are conies intersecting transversely: together with Item (1) 
that gives Item (2). Item (3) follows from Item (3) of Proposition [575.21 because if A G §^ v is 

G^v -stable then Sv{A) belongs to Sg for a suitable basis F' of V v and is Gg x -stable. In order to 
prove Item (4) we notice that S^gA = 2$£v and hence y v G SS^v by (|5.5.31|) . Since y v G 
Item (4) follows from Proposition 15.6.71 and Proposition 15.6.81 

5.7 05^ 

Let A G Sjr x . Then 

2 2 2 

A = /\Voi AV 23 ®A 2 ®V i A/\V i5 (B f\V 23 AV 45 , M G hG(V Q1 A V 23 A V 45 ). (5.7.1) 
Below is the main result of the present subsection. 
Proposition 5.7.1. The following hold: 

(1) Let A G Sjr . Then A is Gf 1 -stable if and only if A 2 contains no non-zero decomposable 
element. 

(2) The generic A G S^r is -stable. 

(3) If A G Sjr is G^-stable the connected component of Id in Stab(^4) < SL(V) is equal to 
(see (|5.1.13p ). 

(4) n3 = 0. 

The proof of Proposition IB77. II is in Subsubsection 15.7.31 
5.7.1 The GIT analysis 

Let A be a 1-PS of G Tl . Since G Tl S SL(V 01 ) x SL(V 23 ) x SL(V 45 ) we have J_(A) = 0, see Defi- 
nition 15.1.21 Let AeS^: by (|5.1.22j) we have 

H(A,\)=n(A 2 ,\). (5.7.2) 

Let {CojCi}, {£2, £3}, {^4^5} be bases of Vbi, V23 and V45 respectively such that 

\(t) :=di'ag(t ri ,r ri ,t r2 ,r r2 ,t r3 ,t- r3 ), ri > 0, r 2 > 0, r 3 > 0. (5.7.3) 

We denote A by (ri,^,^): thus (ri,r2,r3) belongs to the first quadrant of IR 3 . Below are the 
weights of the action of /\ 3 A(i) on Vbi A V23 A V45: 

KoA6A«4] [€oA? 2 A£ 5 ] [CoAfoACi] KiA6A«4] KoAfoAfo] KiAfoAfo] [fiAf 3 A£ 5 ] (-574-) 

ri+r2+r3 ri+r 2 -r 3 r 1 -r 2 +r 3 -r'i+r 2 +7' 3 ri—rz — r 3 -r'i+r 2 — r 3 — n— r 2 +r 3 —r 1 -r 2 —r 3 

Proposition 5.7.2. A G Sjr is G^-stable if and only if A 2 contains no non-zero decomposable 
element. 

Proof. Suppose that A 2 contains a non-zero decomposable element a. Since we have an isomorphism 

P(Vbi) x P(V 23 ) x P(V 4S ) ^ P(Vbi A V23 A V45) PI Gr(3, V) 
([u], [v], [w]) \-> [uAvAw] 

there exists bases {£o,£i}, {£2, £3}, {£,4, £5} as above such that a = ^A6 A £4. Let Ai be the 1-PS 
of G^ denoted (1, 1, 1) i.e. Xi(t) := diagft,*- 1 ,*,*- 1 ,*,*- 1 ). Then ^(A 2 ,Ai) > 0: by (j577T2"|) we get 
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that A is not -stable. We prove the converse by running the Cone Decomposition algorithm. 
We choose the maximal torus T < to be 

T = {diag(«i, sr\ «2, *2 \ *3, S3 1 )) \ Si eC x }. (5.7.6) 

(The maps are diagonal with respect to the basis {£0, £1, £2, £3, £4, £5}-) Thus 

X(T) R = {( ri ,r 2 ,r 3 )eR 3 } (5.7.7) 

where the r»'s are those appearing in (15.7.31) and C = {(ri,r 2 ,r 3 ) € R 3 | r*j > 0} . Let H C X(T)r 
be a hyperplane: by (|5.7.4[) H is an ordering hyperplane if and only if it is the kernel of one of the 
following following linear functions on X(T)-g\ 

n, n - rj, n - rj - r k (J ^ k). 

A quick computation gives that the ordering rays are those spanned by 

(1,0,0), (1,1,0), (2,1,1), (1,1,1) 

and their permutations. Computing fi(A 2 ,\) and imposing [i{A 2l \) > we get that in each case 
A 2 contains a non-zero decomposable element. □ 

5.7.2 Analysis of ®a and Cw,A 

Proposition 5.7.3. Let AgS^ be G^- stable. Then 

A ={VreGr(3,y)|VbiCVKCVb3}U{VreGr(3,V')|V'23CH'CV25}U{V^6Gr(3,V)|y45CVKC(F45eV r oi)}. (5.7.8) 

Let W £ @a-' then Cw,A is a semistable sextic curve of Type 11-2. 

Proof. The right-hand side of (15.7.81) is contained in 8,4 by (|5.7.1[) . Now suppose that Wq £ Qa- 
Since A is lagrangian 

Wo has non-trivial intersection with every W belonging to the right-hand side of (|5.7.8[) . (5.7.9) 

Suppose that Wq contains one of Vbi, V 23 or V45: it follows from (|5.7.9[) that Wo must belong to the 
right-hand side of (|5.7.8|) . Now suppose that Wo does not contain V01 nor V23 nor V45. It follows 
from (|5.7.9p that Wq has non-trivial intersection with two at least among Vbi , V23 and V45 . That 
easily leads to a contradiction because by Proposition l5.7T2l we know that A2 contains no non-zero 
decomposable elements. We have proved (|5.7.8[) . Now suppose that W £ &a i-e. W belongs to 
the right-hand side of (15.7.81) : we will prove that Cw,A is a semistable sextic curve of Type II-2. 
By (|5.7.8I) we have dim 6.4 = 1: by Corollary 15.2.81 it follows that C w ,a ^ P(W). From now on 
we will assume that Vbi C W C V03, if W belongs to one of the other two subsets in the right-hand 
side of (|5.7.8[) the proof is analogous. Let £ be a generator of W n V23: thus W = (£, Vo,Vi). Let 
{X , Xi,X 2 } be the basis of W v dual to {£, vo, Vi}. Then (t) maps W to itself for every t £ C x : 
applying Claim [3.1.41 we get that 

C W , A = V(X%P), 0^P£C[X 1 ,X 2 ] i . (5.7.10) 

It remains to prove that P has no multiple factors. Let 0^u6 Vbi. We claim that 

dim(AnF (4 _ u) ) < 2. (5.7.11) 

In fact assume that a £ AD F<£- u ) ■ Thus (£ — u) A a = 0. Write a = ao + a 2 + a' 3 + a'l where 
uo £ A 2 Vbi A V 23 , a 2 £ Vol A V 23 A V45, a' 3 £ V i A A 2 V45 and a' 3 ' £ f\ 2 V 23 A V45. The equality 
(£ — u) A a — is equivalent to the following equalities: 

= £ > Aao = uAa 2 =£ t Aa' 3 = uA a 3 , £ A a 2 = u A a 3 . (5.7.12) 
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In particular ao G A 2 ^01 A [£]. One also gets easily that the projection 

7T : A n F (£ _ u) — >■ Voi A V23 A V45 

has 1-dimensional kernel namely f\ 2 Vbi A [£]. On the other hand 

iniTr c {w A (9 I 6» G V23 A V45}. (5.7.13) 

A subspace of the right-hand side of (|5.7.13[) of dimension at least 2 contains non-zero decomposable 
elements: since A 2 does not contain non-zero decomposables it follows that dim(im7r) < 1. This 
proves (|5.7.11[) . Next assume that [£ — u] G Cw,a' by (|5.7.11|) we get that dim(^4 n Ft^_ u \) = 2. 
As is easily checked B(W, A) = 0. This proves that Cw,A is smooth at [£ — u]: it follows that the 
polynomial P of (|5.7.10p does not have multiple roots. □ 

Before stating the next result we notice that PGL(V A ) Am D 7^ 0. 

Proposition 5.7.4. Let A G S^r be properly G ^-semistable: then A G ¥GL(V)Aui ■ In particular 
Cw,A is a semistable sextic curve of Type III-2. 

Proof. By Proposition 15.7.21 A2 contains a non-zero decomposable element, say £0 A £2 A £4. 
Proceeding as in the proof of Proposition 15.7.21 we define a TPS Ai such that fi(A, Ai) = 0. 
Considering the action of Ai on Vbi A V23 A V45 we get that A' := lim f ^o Ai(t)A has a monomial 
basis. Thus either A' is not G? 1 -semistable or else it belongs to ~PQL{y)Ain by Claim 14.2.11 - 
one checks that in fact the latter holds. □ 



5.7.3 Wrapping it up 

We will prove Proposition 15.7.11 Item (1) is the content of Proposition 15.7.21 The generic 
A 2 G LG(Vbi A V23 A V45) contains no non-zero decomposable element because the dimension of the 
right-hand side of (|5.7.5[) is equal to 3, thus Item (2) follows from Item (1). Let's prove Item (3). Let 
g G Stab(A) belong to the connected component of Id. Proposition 15. 7. 31 gives that g(Voi) = Vbi, 
5(^23) = V23 and g(V45) = V45 i.e. g G Csl(v)(\fi)- Since A is GjFj-stable the stabilizer of A in Gjr 1 
is finite: it follows that g G Hp 1 . Lastly Item (4) follows from Proposition ^. 7731 and Proposition 

5.8 93^ 

The isotypical decomposition of /\ 3 Ajr 2 is the following: 

A 2 VoiAV 2 3©(A 2 VoiAV 4 5©VoiAA 2 V 23 )©VoiAV23AV 4 5©(V iAA 2 V45©A 2 V 2 3Ay 4 5)©V23AA 2 V45. (5.8.1) 

Let A G §jr Q : then A = Aq + . . . + A4 where Ai is the (i + l)-summand of A with respect to 
Decomposition (|5.8.1[) (we start counting from the left). Let A be a 1-PS of Gjr 2 . There exist bases 
{£0,6}, {6,6}, {6,6} of Vbi, V23, V45 respectively such that 

A(t) = (t m ,(diag(r i ,t-'" 1 ),diag(t'- 2 ,t- r2 ),diag(r 3 ,t-'" 3 ))), n > 0, r 2 > 0, r 3 > 0. (5.8.2) 

We denote such a 1-PS by (m, ri,r%, r 3 ). Below are the weights of the action of /\ 3 A(t) on the first 
two summands of (15.8.11) : 

A 2 v ai AV 23 = [6A6A6] © [6A6A6] (5 8 3) 

A 2 Vbi AV45©V i AA 2 V23 = KoAfoAfs] © [£iA&A£ 3 ] © KoAfiA^] © [£oA£iA£ 5 ] (5 8 4) 

r\— 3m — t"i— 3m r3+3m — r3+3m 

The weights of the action of /\ 3 A(t) on Vbi A V23 A V45 are given by (15 . 7.4[) . In particular we get 
that 7_(A) = 0: by (|5.1.22|) and (prTT9"j) we have 

H(A, A) = 2n(A , A) + 2n(A u A) + /i(A 2 , A). 
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Proposition 5.8.1. A G S^- 2 is not Gj^ 2 -stable if and only if one of the following holds: 

(1) dim Ai n (Voi A A 2 V> 3 ) > 1 or dim A x n (A 2 V 01 A V45) > 1. 

(2) There exist ^ /3 G V 23 and 7^ 6» e V m A V 45 suc/i i/iai t?o A Ui A /3 € ^0 and /3 A 6< e A 2 . 

(3) TTiere exist 0/«eFoi,0/(3e V 23 , ^ 7 G V45 smc/i that (a A t> 2 A v 3 + v A vi A 7) G A x 
and a A j3 A 7 G A 2 . 

(4) There exists 0^a£ V01 sttcA t/iat dim A2 D ([a] A V23 A V45) > 2, or there exists ^ 7 G V45 
such that dim^ 2 D (Vbi A V23 A [7]) > 2. 

Proof. We begin by considering the duality operator. If A is not Gjr 2 -stable then so is 6v{A) 
where 5y is defined by (|1.0.12[) . More precisely let {£o,£i, ■ • ■ ,£5} be a basis of V as above and 
{£0 >£i\ ■ ■ ■ > £5 } be the dual basis 01 V v . Let cj): V v V be the isomorphism such that = 
f 5 _j. Let A £ E> F jr 2 : then 

3 

B := /\cf>(6v(A)) (5.8.5) 

Now suppose that Ai is the 1-PS of Gjf 2 denoted by (to, n, r 2 , r 3 ) and let A 2 be the 1-PS of Gjf- 2 
denoted by (— m, r3, r 2 , r\). An easy computation shows that /x(^4, Ai) = //(£?, A 2 ); in particular if 
/i(^4, Ai) > then //(£?, A 2 ) > 0. Thus non-stable elements of §^- 2 come in dual pairs. One can 
easily check that if A satisfies one of Items (1) - (4) above then B satisfies the same Item. Now let's 
prove that if one of Items (1) - (4) holds then A is not G.F 2 -stable. We will freely use the data listed 
in Tables (|2"0|) and (|2"Tj) . Suppose that Item (1) holds. Let {£o>£i, ■ ■ ■ :£s} be a basis of V as above 
and \f be the 1-PS of Gjf 2 which is diagonal in the chosen basis and is indicized by (±1, 0, 0, 0) - 
see (pT8~2"|) . Explicitly 

Xi(s) — diag(s, s, s~ 2 , s~ 2 , s, s), A7(s) = diag(s~ 1 , s , s 2 , s 2 , s _1 , s _1 ). (5.8.6) 

If dim(Ai n Vbi A A 2 V" 23 ) > 1 then (i(A, A+) > (see d20I>), if dim(^i n A 2 Vbi A V 45 ) > 1 then 
fi(A, A7) > 0: in both cases it follows that A is not Gjr 2 -stable. Next suppose that Item (2) holds. 
Let £ 2 := (3 and extend £ 2 to a basis {£0, • ■ ■ , £5} of V as above. Let A 2 be the 1-PS's of Gjf 2 which 
is diagonal in the chosen basis and is indicized by (0,0, 1,0). Explicitly 

A 2 (s)=diag(l,l,s,s- 1 ,l,l). (5.8.7) 

Then fx{A, A 2 ) > - see Tables ([50]) and [[ST]). Now suppose that Item (3) holds. Let £ := a, £ 2 := (3 
and £4 :— 7. Extend {£0, £2, £4} to a basis {£0, ■ ■ ■ , £5} as above: we require that (oA(i = t'o A v\ 
and £ 2 A £3 = v 2 A v 3 . Let A3 be the 1-PS's of Gjf 2 which is diagonal in the chosen basis and is 
indicized by (0,3,0,3). Explicitly 

A 3 (s) = diag(s 3 , s" 3 , 1, 1, s 3 , s~ 3 ). (5.8.8) 

Then [i(A, A 3 ) > - see Tables ([2"D"]) and ([2"Tj) . Now suppose that Item (4) holds. We may assume 
that Item (1) does not hold. Thus there exists an isomorphism 92: Vbi — > V45 such that 

A\ = {v A vi A ip(a) + a A v 2 A v 3 \ a€ V Q i}. (5.8.9) 

Assume first that there exists O^ae Vbi such that dim(^4 2 n [a] A V23 A V45) > 2. Let £ := a and 
£4 := <p(a). We extend {£0^4} to a basis {£0, ■ ■ ■ ,£5} as above: we require that £ A £1 = vq A v\ 
and £ 2 A £3 = t> 2 A V3, Let Aj be the 1-PS's of Gjf 2 which is diagonal in the chosen basis and is 
indicized by (1,6,0,0). Then fi(A, Aj) > - see Tables J2(| and (JSTJ). Now assume that there 
exists / 7 £ V45 such that dim(A 2 n Vbi A V 23 A [7]) > 2. Let i? be given by (|5.8.5|) : then 
dim(S 2 (7 [a] A V23 A V45) > 2 for a certain / a G Vbi and hence A is not Gjr 2 -stable. More 
precisely let A7 be the 1-PS's of G^ 2 indicized by (-1,0,0,6): then fi(A, A7 ) > 0. The 1-PS's Aj 
are given explicitly by 

A|(s) = diag(s 7 , s" 5 , s" 2 , s" 2 , s, s), A4 (s) = diag(s _1 , s _1 , s 2 , s 2 , s 5 , s" 7 ). (5.8.10) 
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It remains to prove that if A G §^- 2 is not Gjr 2 -stable then one of Items (1) - (4) holds. We will run 
the Cone Decomposition algorithm. We choose the maximal torus T < G? 2 to be 

T = {(u, diag(si, s^ 1 ), diag(s 2 , s^ 1 ), diag(s 3 , s^ 1 ))) | u, s z G C x }. (5.8.11) 

(The maps are diagonal with respect to the bases {£o,£i}, {£2, £3}, {£4, £5}-) Thus 

X(T) M = {(m, ri,r 2 ,r 3 ) m,r,e R}, C = {(m, n, r 2 , r 3 ) n > 0} 

with notation as in (15.8.21) . Looking at (|5.7.4|) . (|5.8.3|) and (|5.8.4p we get that H C AT(T) H is an 
ordering hyperplane if and only if it is the kernel of one of the following linear functions: 

f», — Tj , rj — rj — r k (j ^= k), r\ - r 3 + 6m, n — r 3 — 6m, ri + r 3 + 6m, n + r 3 — 6m. 

In particular the hypotheses of Proposition 12.3.41 are satisfied. It follows that the ordering rays 
are generated by vectors (m, ri, r%, r 3 ) such that m G {0, ±1} and 

(>"i,J-2,r3)e{(0,0,0), (0,1,0), (6,0,0), (0,0,6), (6,6,0), (0,6,6), (3,0,3), (3,3,3), (3,6,3), (12,6,6), (6,6,12), (4,2,2), (2,2,4)}. 

Actually the ordering 1-PS with m = are (0, 0, 1, 0), (0, 3, 0, 3), (0, 3, 3, 3) and (0, 3, 6, 3) while all 
combinations of m = ±1 and the (ri, r%, r 3 ) listed above occur. By the self-duality of Sj- that we 
discussed above it suffices to prove that if fJ,(A, A) > for an ordering 1-PS A with m G {0, 1} then 
A satisfies one of Items (l)-(4). In other words it suffices to check that if A does not satisfy one 
of Items (l)-(4) then fi(A, A) < for all ordering 1-PS A with m G {0, 1}. One gets the claimed 
statement by consulting the last column of Tables (|2"U)l and (|2"Tj) except for A indicized by (0, 0, 1, 0) 
and A such that d x (Ao) — and d x (A 2 ) > 3. Then fi(A, A) > 0: on the other hand one checks 
easily that one of Items (1), (3) holds. □ 

Corollary 5.8.2. The generic A G Sjr 2 is Gp^-stable. 

Proof. It suffices to show that the generic A G Sjr 2 satisfies none of Items (l)-(4) of Proposition 
15.8.11 A dimension count shows that the set of A's satisfying Item (1) or (2) has codimension (at 
least) 1, and the set of A's satisfying Item (3) or (4) has codimension (at least) 2. □ 

Proposition 5.8.3. Let Xf, , A 3 and A 4 be the l-PS's of Gjr 2 defined by ([5X6"]) . ([5"1T7]) . 
(|5.8.8[) and (|5.8.10[) respectively. Suppose that A G §^- 2 is properly Gj^ 2 -semistable. Then A is 
Gf 2 - equivalent to A' G §jr 2 satisfying one of the following conditions: 

(V) A' is Xf -split andd x i{A[) = (1,1). 

(2') A' is X 2 -split, d X2 (A' a ) = (1,0) and d x t (A' 2 ) = (1,3) (non-reduced type). 

(3') A' is X 3 -split, d X3 (A' Q ) = (1,0), d Xs (A{ ) = (1, 1) and d X3 (A' 2 ) = (1,2, 1) (non-reduced type). 

(4') A' is Xf -split, d x *(A[) = (1,1) andd x i(A' 2 ) = (2,2) (non-reduced type). 

Proof. Follows from the proof of Proposition [578.11 together with the observation that the types 
indicated above are those for which the numerical function /J,(A, •) is equal to (i.e. not > 0). □ 

The proof of the above proposition gives also the following observation. 
Remark 5.8.4. Let A G Sjr 2 be Gjr 2 -semistable. If Item (1) of Proposition [578. II holds then either 
dimAin(Vbi AA 2 V2 3 ) = 1 or dim Ax n (A 2 Vqi A V45) = 1. If Item (2) of Proposition UL8JJ holds 
then 9 is unique up to rescaling. 

Below we will prove a result on Cw,A for certain semistable A G S^- 2 (in ?? we will examine 
Cw,A for arbitrary semistable A G Sjr 2 with minimal orbit). Let A G Sjr 2 ; there exists /3o G V23 
well-defined up to rescaling such that 

A = [v Av 1 /\f3o}, A 4 = [(3 Av 4 Av 5 }. (5.8.12) 
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Table 20: Ordering 1-PS' for G^ 2 , I. 



CD 



(m, ri, r 2 , r 3 ) 


weight 


weight 






weight 






weight 


weight 




weight 




weight 


weight 


2f,(A , A) + n(A 2 , A) 


if neither (2) nor (4) of 
Proposition 15.8.11 holds 




60 A ?2 A 54 


5o A 62 A 


«5 


60 


A S3 A 


64 


61 


A 62 A 64 


60 A 63 A 65 


61 ' 


\ 62 A 65 


61 ' 


\ 63 A 64 


6l A {3 A 5 5 















































(m , 0, 1 , 0) 


5o A 52 A 54 


Si A €2 A 


64 


60 


A 62 A 


65 


61 A £ 2 A {5 


60 A 63 A 64 


60 ' 


\ 63 A 65 


6l A £3 A J 4 


6l A {3 A 5 5 


9 : '9 H l A r\ \ 4- f 4 .-, 1 31 


< 


1 


1 






1 






1 


-1 




-1 




-1 


-1 






5o A 5 2 A 5 4 


Co A 63 A 


S4 


60 


A S 2 A 


65 


60 


A 63 A 65 


6l A 63 A 64 


61 ' 


\ 62 A 64 


6l ' 


\ 6 2 A 65 


6l A {3 A { 5 




< 


6 


6 






6 






6 


-6 




-6 




-6 


-6 






5o A 5 2 A 64 


60 A 63 A 64 


61 A { 2 A 


64 


61 


A 63 A 64 


60 A 62 A 65 


60 ' 


\ 63 A 65 


6l ' 


\ 62 A 65 


6l A {3 A £ 5 




< 


6 


6 






6 






6 


-6 




-6 




-6 


-6 






So A 62 A 5 4 


5 A {3 A 


64 


61 


A S 2 A 


64 


60 


A 62 A 65 


6l A 63 A 64 


60 < 


\ 63 A 65 


6l ' 


\ 62 A 65 


6l A 63 A 5 5 




< 


6 


6 


























-6 


-6 






60 A 62 A 54 


€ A 62 A 


65 


60 


A 63 A 


64 


61 


A 62 A 64 


60 A 63 A 65 


61 ' 


\ 62 A 65 


6l ' 


\ 63 A 64 


6l A {3 A 5 5 


1 ?(9(f^Mf,l 4- 9 t7 r, f 4 .-, 1 31 


< — 12 


12 


12 


























-12 


-12 






5o A 62 A 5 4 


61 A 5 2 A 


64 


60 


A 62 A 


65 


60 


A 63 A 64 


6l A 5 2 A {5 


6i ' 


\ 63 A 64 


60 ' 


V 63 A 65 


6l A {3 A 5 5 


19f9Wn('4f^l 4- 9Wr* f 4 .-, 1 31 


< — 12 


12 


12 


























-12 


-12 






5o A 62 A 64 


6 A 5 3 A 


64 


6l A i 2 A 


64 


60 A 62 A 65 


6l A 5 3 A {4 


60 - 


^ 63 A 65 


6l ' 


\ 62 A 65 


6l A {3 A £5 


3f9l7nf4nl 4- firl r\ < A r,} 4- 9,7 i f Jnl 7} 


< — 3 


9 


3 






3 






3 


-3 




-3 




-3 


-9 






60 A 62 A 64 


Si A 5 2 A 


64 


60 


A 62 A 


65 


60 


A 63 A 64 


6l A £ 2 A {5 


61 ' 


1 63 A 64 


60 A 63 A 65 


6l A {3 A 5 5 


19f9i7r*f4.-,l 4- 9 H n I A r, \ 4- i7, ( A c\ 31 


< — 12 


12 


6 






6 














-6 




-6 


-12 






6 A 62 A 5 4 


so a e 2 a 


65 


60 


A S 3 A 


64 


6l 


A 6 2 A 64 


60 A 63 A 65 


61 ' 


\ 6 2 A 65 


6l 1 


\ 63 a 5 4 


6l A {3 A { 5 


T?C?i1t\ ( Ai^\ A- Ail ^ ( A 4-9W, f 4 .-, 1 51 


< — 12 


24 


12 






12 














-12 




-12 


-24 




(m, 6,6, 12) 


5o A 62 A 64 


So a e 3 a 


64 


6l 


A 62 A 


64 


60 


A 62 A 65 


6l A 5 3 A {4 


60 - 


\ 63 A 65 


6l ' 


\ 62 A 65 


6l A {3 A £5 


12(2dn(An) 4- 4dn(A9l 4- 2di (Ao) — 5) 


< -12 


24 


12 






12 














-12 




-12 


-24 




(m, 4, 2, 2) 


60 A 6 2 A 64 


SO A 5 3 A 


64 


60 


A 62 A 


65 


6l 


A 62 A 64 


60 A 63 A 65 


61 ' 


\ 63 A 64 


6l ' 


\ 62 A 65 


6l A {3 A 5 5 


4(2d (^0) + 4do( A 2) + 2dl(A 2 ) - 5) 


< -4 


8 


4 






4 














-4 




-4 


-8 




(m, 2, 2, 4) 


60 A 62 A 54 


SO A {3 A 


64 


6l 


A 62 A 


64 


60 


A 62 A 65 


6l A £3 A 5 4 


60 ' 


\ 63 A 65 


6l ' 


\ 62 A 65 


6l A {3 A 5 5 


4(2d (>l0) + 4do(-42) + 2di(A 2 ) - 5) 


< 


8 


4 






4 














-4 




-4 


-8 





Table 21: Ordering 1-PS' for G^ 2 , II. 



CO 
05 



(m, ri , r 2 , r 3 ) 




weight 




vcight 




weight 


weight 






if (1) °f Proposition |5 

docs not . 


771 

,8.1| 

bold 


(0, 0, r 2 . 


0) 


i A { 2 A 5 3 


Co A Cl A 


C 4 


Cl A £ 2 A C 3 


Co a ci a e 5 





































(0, 3, r 2 , 


3) 


«0 A { 2 A 5 3 


CO A Cl A 


C 4 


Cl A 5 2 A C 3 


Co a ci a e 5 


12(<io(^l) - 










3 




3 




-3 


-3 






(1, 0, r 2 , 


0) 


C 


A C2 A S3 


Cl i 


\ C 2 A 


C 3 


Co a C 1 A 5 4 


CO A Cl A 5g 


12(<ioC^l) - 


1) 


<; 






3 




3 




-3 


-3 








(1. 6, r 2 . 


0) 


Co 


A C 2 A C 3 


Co ' 


\ {j A 


C 4 


Co a c 1 a e 5 


Cl A £ 2 A {3 


12(2d (A 1 ) - 


3) 








3 




3 




3 


-9 






(1, 0, r 2; 


6) 


C 


A Ci A c 4 


Co ' 


\ 5 2 A 


c 3 


Co a Ci a 5 5 


Cl A £ 2 A {3 


12(2d (A 1 ) - 


1) 








9 




-3 




-3 


-3 






(1, 3, r 2 . 


3) 


Co A Cl A C 4 


CO A C2 A 


C 3 


CO A Cl A {5 


Cl A 5 2 A {3 


12(2d (A 1 ) + d 1 (A 1 ) - 










6 












-6 








(1, 12, ro, 6) 


C 


A Ci A c 4 


Co A C 2 A 


c 3 


Co A Cl A £5 


Cl A 5 2 A {3 


12(4d (A 1 ) + 2d 1 (A 1 ) - 


5) 


< 


— 12 








9 




9 




-3 


-15 








(i. e, r 2; 


12) 


Co 


A C l A c 4 


Co 1 


\ C 2 A 


C 3 


Co a ci a e 5 


Cl A £ 2 A { 3 


12(4d (A 1 ) + 2d 1 (A 1 ) - 


3) 


< 


— 12 




15 




3 




-9 


-9 






(1, 4, r 2; 


2) 


Co A «1 A c 4 


Co ' 


V C2 A 


C 3 


Co A Cl A £ 5 


Cl A 5 2 A {3 


4(6d (A 1 ) + 4d 1 (A 1 ) - 


7) 


< 


— 12 




5 




1 




1 


-7 






(1, 2, 1-2- 


4) 


Co A Ci A c 4 


CO A C2 A 


C 3 


CO A Cl A !S 5 


Cl A 5 2 A {3 


4(6d (Ai) + 2d 1 (A 1 ) - 


5) 


< 


— 12 




7 




-1 




-1 











Proposition 5.8.5. Let A G §^- 2 be Gj^ 2 - semistable with closed orbit and suppose that Item (1) 
of Proposition [5". 8.11 holds. Let W G Qa- Then Cw,A is a semistable sextic curve of Type II-2 
or of Type III- 2. 

Proof. By Proposition 15.8.31 wc know that A is Gjr 2 -equivalent to A' which is Xf -split with 
g? a i (^4') = (1, 1). Since A has closed orbit we may assume that A' — A. Let {£o, ■ ■ ■ ,£5} be the 
basis of V introduced in the proof of Proposition 15.8.11 If A is A^-split we get that there exists 
0/76 V45 such A contains £ A £1 A 7, if A is Aj" -split there exists 0/a£ Vol such A contains 
a A £4 A £ 5 . Let /3 be as in (15.8. 12j) : then A contains £ A £1 A (3q and f3 A £4 A £5. It follows that 
A G B>5v thus the proposition follows from Proposition [577.31 and Proposition [577.41 □ 

Corollary 5.8.6. Let A G §jr 2 be Gr 2 -semistable and suppose that Item (1) of Proposition 15. 87T1 
holds. Let W G Qa- Then Cw,A is a semistable sextic curve and the period map (|0.0.10[) is regular 
at Cw,A- 

Proof. By contradiction. Suppose that Cy/,A is either P(W) or a sextic curve in the indeterminacy 
locus of the period map (|0.0.10[) . Let A' G §^- 2 be Gjr 2 -semistable with closed orbit and Gjr 2 - 
equivalent to A: thus A 1 belongs to the closure of Gj^ 2 A. It follows that there exists W G 0,4' such 
that Cw,A' is either P(W') or a sextic curve in the indeterminacy locus of the period map (|0.0.10[) 
(for W = W): that contradicts Proposition 15.8751 □ 

5.9 QSjr 2 n 3 

Let U be a complex vector-space of dimension 4 and i + be the map of (|2.2.11[) : choosing an 
isomorphism 

2 

V>: f\U V (5.9.1) 

we get i + : F(U) '—t Gr(3,V). Let {uq, Ui, U2, 1*3} be a basis of U and D C P(Z7) be the smooth 
conic 

D := {[A 2 m + Xfiui + li 2 u 3 ] I [A, fj] G P 1 }. (5.9.2) 

(No misprint: the vectors are Uq, u\ and U3.) Then i+(D) is an irreducible curve parametrizing 
pairwise incident projective planes of Type Q according to the classification of 21) . Let A G Sjr 
be semistable with minimal orbit and such that [A] G 3: we will prove that Qa contains i+(D) for 
some choice of Isomorphism (|5.9. 1|) . see Proposition 15. 9. 51 That result will lead us to study those 
A G LG(/\ V) such that Qa contains i+{D) and moreover f\ A is fixed by the action of the TPS 
of SL(y) given by f\ 2 g where g: C x — > SL(U) is defined by g(t) := diag(t, 1, l,t _1 ) (with respect 
to the basis {uo, ui, 1*2, 1*3}) - notice that if we let 

t'o := Mo Atii, Vi:=UqAv,2, v 2 :—UoAu 3 , ii 3 :=!1iAm2 i «4 :=MiAti3, V5 := U2 A 113 

then /\ 2 g(t) is identified with Ajr 2 (t). We will denote by Wj| x the set of such A; as noticed above 
Wg x C S^- 2 . If A G §^r 2 is semistable with minimal orbit and [A] G 3 then it is PGL(T^)-equivalent 
to an element W^ x , see Proposition [579.81 Given A G S^- 2 let (3q G V23 be as in (|5.8.12[) and let 

Woo ■= (v ,«i,A)> . Wo := <«4,«5»A>)- (5-9-3) 

Thus Woo, Wo G Qa- In Subsubsection 15.9.31 we will analyze the locus of A G Wg x such that 
C\v^,A is not a sextic in the regular locus of the period map (I0.0.10[) . in particular we will identify 
an irreducible locus C Wg x parametrizing such A's and whose image in 9Jt is a closed irreducible 
3-dimensional set Xy contained in 3. Lastly we will prove that Bjr 2 n 3 = Xy, see Subsubsection 
15.9.51 
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5.9.1 Lagrangians A such that 9 a contains a curve of Type Q 

Lemma 5.9.1. Suppose that A S §jr 2 is semistable with minimal orbit and that [A] G 3. Then 
there exists 

We {Woo, (a, P, 7), W }, aeV 01 ,peV 23 ,~feV 45 (5.9.4) 

such that W G 9 a and Cyj A is either P(W) or a sextic curve in the indeterminacy locus of 
Map (|0.0.10p . 

Proof. By hypothesis there exists W* G 9 a such that CV„,A is either P(W*) or a sextic curve in 
the indeterminacy locus of Map (10.0. 10|) . Suppose that Cw*.A = P(W+). By Proposition [572.71 
we have [A] G X* w U {j}. By Claim 1473751 and (|4X6l) we get that C WtA = P(W) for every W G 9 a 
in particular for W — Woo (or W = Wo). Thus from now on we may assume that 

for all W G 9,4 we have C W . A ^ ¥(W). (5.9.5) 

Taking \im t ^o Xjr 2 (t)W we get that there exists W G 9a such that C-^ A is a sextic curve in the 
indeterminacy locus of Map (10.0. 10|) and W is fixed by Xjr 2 (t) for alH G C x . Thus W is the direct 
sum of 3 irreducible summands for the representation Xjr 2 : C x — > SL(V) i.e. one of 

Woo, W , V01 © [7], V 23 © [a], V 23 © [7], V 45 © [a], (a,p,-y), a G V i, P G V 23 , 7 G V ib . 

Suppose that W does not belong to the set appearing in the right-hand side of (|5.9.4j) . Then Item (1) 
of Proposition [578. II holds and hence [A] ^ 3 by Proposition [578. 5[ that is a contradiction. □ 

Proposition 5.9.2. Suppose that A G §^- 2 is semistable with minimal orbit and that [A] G 3. Then 
dim& A > 1. 

Proof. By contradiction. Suppose that dim Qa = 0. In particular 

if W\ ^ W 2 G 9a then dim(Wi n W 2 ) = 1. (5.9.6) 

Moreover CW,A is a sextic curve for every W G 9a by Corollary 15.2.81 By Lemma 15.9. II there 
exists W G 9a such that (|5.9.4[) holds and Cyy A is a sextic curve in the indeterminacy locus of 
Map (|0.0.10p . Notice that 

dimS w <3. (5.9.7) 

In fact suppose that (|5.9.7[) does not hold. Then A G Bc x : by Proposition 15.2.11 we get that 
A G PGL(V)A + , that is a contradiction because dim9A + = 3. Let {wo, w\, w 2 } be the basis of W 
appearing in (]5.9.3[) or in (15.9.41) : thus w — v if W = Woo, w — a if W = (a, (3, 7) and wq = V4 
if W = Wo etc. Let {X ,Xi,X 2 } be the basis of W dual to {wo,wi,w 2 }. The 1-PS Xjr 2 acts 
trivially on /\ 10 A; applying Claim [3.1.41 we get that A = V(P) where 

p = (FiXl F± G C[X , Xl] 4 if W = or W = W„, 

[(ftiXo^ + aiX^^XoXs + ^X^^XoXa + aa^i 2 ) if = (a, /3, 7 ). 

Since C^y ^ is a sextic curve in the indeterminacy locus of Map (10.0. 10[) one gets that one of the 
following holds: 

(!) Cw,A = V((bX X 2 + aXlf). 

(2a) C WA = V(X$Xl(bXoX 2 + Xf)). 

(2b) C W A = V(L ■ M 3 ■ Xf ) where L, M G C[X a , X^. 

(3) C' WA = V(Xf(bX X 2 + aXl)). 
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Let Z C P(T / t / ) be the union of 1-dimensional components of singCW^: in all of the above cases 
Z is non-empty. By Proposition [372.61 we get that Z C B(W,A). Let [v] £ Z be generic: there 
does not exist W £ 8 a containing [v] and different from W because dim 9 a = 0. It follows that 
dim(A nf„n SW) > 2. Since [v] moves on a curve it follows that dimSW > 3 (recall that (|5.9.6[) 
holds): by (|5.9.7|l we get that 

dim SW = 3. (5.9.8) 

Let V = W © U where U is A;r 2 -invariant and let V := S w n (/\ 2 W A U). By j|51Tg|t we have 
dim V = 2. View V as a subspace of Hom(W, U) by choosing a volume form on W: every <j> £ V 
has rank 2 (by (15.9.611 . (|5.9.8[) and the fact that Z is not empty). Now suppose that (1) above 
holds. Since Z is a smooth conic we get that A £ Bgv by Remark 13.3.41 By Proposition 
15.6.11 we get that A £ PGL(V)Ah- that is a contradiction because dim0A h = 2. Now suppose 
that (2a) or (2b) above holds: then Z is the union of two lines and that contradicts Proposition 
IA.3.11 Lastly suppose that (3) above holds. Then K(V) (notation as in (|A.3.6p 'l is the line V{X\). 
By Proposition [A".3.1I we get that V is GL(M / ) x GL(J7)-equivalent to V;. Thus there exists a 
basis {uo,iti,it2} of U such that 

V = (wq A Wi A Uo + Wq A W2 A Ui, wq A W2 A U2 + wi A u>2 A uq). (5.9.9) 

Up to scalars there is a unique non-zero element of V mapping wq to and similarly there is a unique 
(up to scalars) non-zero element of V mapping u>2 to 0: since V, [wq] and [1112] are Aj^ 2 -invariant it 
follows that the two elements of V appearing in (|5.9.9p generate Ajr 2 -invariant subspaces. Since each 
Wi generates a A jf 2 -invariant subspace it follows that each Uj generates a Xjr 2 -invariant subspace. 
Now suppose that W — (a, (3, 7). Considering the possible weights of the u/s we get that uo £ V23, 
u\ £ Vox and 112 £ V45. Thus we have 

V=(aAj8Atto + aA7Aui, a A"f Au 2 + (3 A"f Au )^ u £ V23, "1 G Vbi, "2 G V45. 

It follows that Item (3) of Proposition 15.8.11 holds and hence n{A, A3) > where A3 is given 
by (|5.8.8p . Since the Gjr 2 -orbit of A is closed in we may assume that A3 acts trivially on 

A 10 A By Claim I37Q1 we get that P is left invariant by diag(s 3 t, s^t, t~ 2 ) for s,t £ C x : it 
follows that P = aXgXfX^, that is a contradiction. Now suppose that W = Woo- We may (and 
will) choose V2 ■— W2 — Po- Considering the possible weights of the u/s we get that uo £ V45 , 
ui £ V23 and U2 £ V45. Thus we may assume that V3 = iti, V4 = uq and v§ =112- It follows that 

V = (vo A V\ A V4 + vq A i>2 A V3, «o A f 2 A 1)5 + «i A «2 A U4). 

Thus (vo A V2 A V5 + vi A V2 A 1)4,) £ A n SW. Now A n contains a 3-dimensional subspace i? 
dictated by the condition A £ Bjf 2 - see Tabic |T]) - and (vo A U2 A U5 + ui A U2 A V4) f R. Thus 
dim(A n S^y) > 4 and that contradicts (15.9.81) . It remains to deal with the case W = Wo'- it is 
similar to the case W = Woo. d 

Lemma 5.9.3. Q5jr 2 does not contain y nor p v . 

Proof. Suppose the contrary. Then Ak(L) £ §jr 2 or Ah(L) £ §jr 2 , in particular AjF 2 (i) acts trivially 
on y\ Ak(L) (respectively /\ 10 A%{L)). The stabilizer of f\ 10 Ak(L) (respectively f\ W Ah(L)) is 
the image of the homomorphism p: SL(L) — > SL(S 2 L) (we have chosen an isomorphism V = S 2 L): 
since {Ajr 2 (t) t £ C x } is not in the image of p we get a contradiction. □ 

Remark 5.9.4. Let U be a 4-dimensional complex vector-space and i+ be the map of (|2.2.1ip . Let 
D C P(t/) be given by (15.9.21) . The smooth quadric Z C P(J7) given by 

Z := {[?7 iio + m u i + V2U2 + V3 U 3] I V0V3 -Vi=°} 

contains D: it follows that if A £ X^(?7) then there exists g £ PGL(V) such that Q 9 a 3 i+(D). 

Proposition 5.9.5. Suppose that A £ Sjr is semistable with minimal orbit and that [A] £ 3. Then 
@A contains i+{D) for some choice of Isomorphism (15.9.11) . 
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Proof. Suppose first that dimO^ > 2. By Lemma 15.2.61 we have A G U PGL(V)A k U 
PGL(V) Ah- By Lemma 15. 9. 31 we get that [A] G X£y and hence O^ contains i+(D) for some choice 
of isomorphism (|5.9.1[) - sec Remark l5.9.41 Now suppose that dimO^ < 1. By Proposition l5.9"T2l 

we have dim 0,4 = 1. Let O be a 1-dimensional irreducible component of Qa- By Theorem 3.9 
of [20] the curve O belongs to one of the Types 

> £2 > Q> A, A v , C2, R, S, T, T v 

defined in [2D]. Moreover if 6 is of Type X then A e M x - see Claim 3.22 of 20 . Thus if 
9 has calligraphic Type then A G B^ U Bp U B £a U B £ v UB^U B^v U B C2 ; by (|5.1.6[l we get 
that [A] G U Q3 C i U 05© U < B £l U l g v and hence [A] e 03 w U {?, ? v } by Proposition 15.2.11 
Proposition 15.3.11 Proposition 15.4.11 Proposition 15.5.21 and Proposition 15.6.11 It follows 
that dim Qa > 2, that is a contradiction. Thus we may assume that O is of Type Q, R, S, T 
or T v . Now notice that if t £ C x then Ajr 2 (i) acts on © i.e. Ajr 2 (£)| e is an automorphism of O. 
Suppose that AjF 2 (£)|e is the identity for each t G C x : looking at the action of Ajr 2 (t) on V we get 
that is a line and hence A G Bj^ . By Proposition [577. II we have 03^ D 3 = and hence we get 
a contradiction. It follows that if t G C x is generic then Ajf 2 (£)|g is not the identity - in particular 
there exist points in with dense orbit and hence has geometric genus 0. We claim that there 
does not exist a of Type R, S, T or T v such that A_F 2 (i)(0) = for t G C x . In fact suppose that 
has type R. Then we may assume that = i+(C) where C C P(f7) is a rational normal cubic 
curve and each Xjr 2 (t) is induced by a projectivity of F(U): as is easily checked that is impossible. 
On the other hand cannot be of Type S, T or T v because there is no 1-PS of PGL(V r ) mapping 
such a curve to itself. (There is no copy of C x in the automorphism group of such a curve acting 
trivially on the Picard group of the curve.) Thus is of type Q and that finishes the proof of the 
corollary. □ 

5.9.2 Lagrangians containing i+(D) and fixed by Ajr 2 
Let 

3 

:= {A G LG(/\ V) I 9 A D i+(D)} (5.9.10) 

i.e. the closed subset of lagrangians A such that P(A) contains i+(D) - the superscript tp refers to 
Isomorphism (15. 9. ID . Now consider the action of C x on ¥(U) defined by g(t) := diag(t, 1, l,t _1 ) 
in the basis {uq, u\, U2, 113}. Via ip we get a representation r: C x — > SL(V). A straightforward 
computation gives that r(t) = \r 2 {t) where Xjr 2 {t) is the 1-PS corresponding to J- 2 and the basis 
F of V is given by 

w = Mo A ui, v\ = u A U2, v 2 — u A u 3 , w 3 = u\ A u 2 , v± = u\ A U3, v 5 = u 2 A u 3 . (5.9.11) 

Let t G C x : then D is sent to itself by g(t) and hence Ajf 2 (t) defines a projectivity of P(V") mapping 
i+(D) to itself. It follows that A^ 2 defines an action p of C x on W^. Let C A 10 (A 3 V) be the 
affine cone over W^" : then p lifts to an action p on . Let 

10 

W^ x := {4e#|/\4 is in the fixed locus of p(t) for all t G C x }. (5.9.12) 

An explicit description of W^ x goes as follows. First we explain Table (j22|) . Let ((i + (D))) C A + (U) 
be the span of the affine cone over i + (D). Going through Table one gets that a basis of 
((i+(D))) is given by the first five entries of Table (|22|) . It follows by a straightforward computation 
that the elements of Table (|22|) form a basis of i+{D) . Notice that each such element spans a 
subspace invariant under the action of Xj^ 2 (t) for t G C x : the corresponding character of C x is 
contained in the third column of Table (j22|) . Let Pd C A + (U) be the subspace spanned by the 
elements of Table ([2D]) which belong to lines 6 through 10 and Qd C A_(J7) be the subspace 
spanned by the elements of Table ([2D]) which belong to lines 11 through 15. Both Pr> and Qd 
are isotropic for (, )y and the symplectic form identifies one with the dual of the other; thus the 



100 



Table 22: Bases of ((i+(D))) and of ((£+(£>))) 



a-/3 notation explicit expression action of Ajf 2 (i) 

"(2,0,0,0) »0A«lA "2 t 2 

0(1,1,0,0) U A(lllAll4-»2A»3) * 

"(0,2,0,0) + "(1,0,0,1) »0 A D 2 A JJ5 + D A D3 A D 4 - Dl A D 2 A D 4 1 

Q(o, 1,0,1) «o A »4 A »5 + «2 A »3 A «4 

"(0,0,0,2) "2 A D 4 A -05 t~ 2 

0(1,0,1,0) u A Di A JJ5 — V i A D 2 A D 3 t 

"(0,2,0,0) - "(1,0,0,1) —Vo A D 2 A D 5 + D A D 3 A 1)4 + Dl A D 2 A D 4 1 

"0,1,1,0) "0 A 1)3 A 1)5 + V I A 1)3 A 1)4 1 

"(0,0,2,0) Dl A 1) 3 A 1)5 1 

"(0,0,1,1) Dl A D4 A 1)5 + 1)2 A 1)3 A 1)5 t _1 

/3(0, 0,1,1) —Do A Dl A t) 4 — 1)0 A 1)2 A D 3 t 

2/3(0,2,0,0) - 0,0,1) DO A D 3 A D 5 + 2l)i A D 2 A D 5 - Dl A D 3 A D 4 1 

P(0, 1,1,0) -1>0 A 1>2 A 1)5 - Dl A 1)2 A 1>4 1 

/3(0, 0,2,0) 4d A D 2 A D 4 1 

/3(1, 0,1,0) Do A D 4 A D 5 - D 2 A D 3 A D 4 t _1 



restriction of (, )v to Pd © Qd is a symplectic form. It follows that a lagrangian 
contains if and only if it is equal to {{i + (D))) © R where R G LG(Pd © Qd)- Let Pg C Pd 

and C Qd be the subspaces of elements which are invariant for Ajr 2 i.e. the spaces spanned by 
the elements on rows 7 through 9 and 12 through 14 of Table (|2"21 respectively. The symplectic 
form (, )v identifies Pp with the dual of Q Q D and the restriction of (, )y to Pp © Q a D is a symplectic 
form: we let LG(P£ ©Q s ) be the corresponding symplectic grassmannian. Given c = [c ,ci] G P 1 
we let 

R c := (c a ( i, o,i, o) + c i/?(o,o, 1,1)7 c a ( o, 0,1,1) + ci/?(i, , i,o)}- (5.9.13) 
Let c = [co, ci] G P 1 and L G LG(Pg © Q D ); we let 

^c,l := «<+(!>))> ©PcffiL. (5.9.14) 

Looking at the action of Ajr 2 (t) on the given bases of Pd and Q d one gets that 

= {A c ,l I (c, L) G P 1 x LG(P£ © Q° D )} S P 1 x LG(P£ © Q^). (5.9.15) 

Notice that A c l is Ajr 2 -split of reduced type (1, 2) (look at the action of Ajr 2 on the elements of the 
bases of ((i + (D))) 7 Pd and Qd)- Thus 

<CS^ S . (5.9.16) 

Remark 5.9.6. Let A G X£y ([/"). By Remark 1 5 . 9 . 41 we get that there exists g G PGL(V) such that 
gA G W^ x . Explicitly: we get all elements of up to projectivities as A c ^ with c\ — and L 
containing (a (0 , 1,1,0), "(0,0,2,0))- 

In the present subsubsection we will prove that if A G S^r 2 is semistable with minimal orbit 
and [A] G 3 then there exists g G PGL(V) such that gA G W^ x . First we will examine the curve 
9 := i+{D) and the variety 

R e := (J P(W) (5.9.17) 

WSi + (D) 

swept out by the projective planes parametrized by 9. Let {W\, —^2, W3, Z3, W2, Z\\ be the basis 
of V v dual to the basis F of (|5.9.11j) : thus 

v = WiVo - Z 2 v x + W3V2 + Z 3 v 3 + W 2 v± + Z x v 5 . (5.9.18) 



101 



Let W, Z be the column vectors with entries W\ , W 2 , W3 and Zi, Z 2 , Z 3 respectively. Let 




B := 

The Pliicker quadratic relation is W l ■ Z = and we have 

R e = V{W l ■ Z) n V{Z t B- Z). 

Thus 

|XR e (2)|=P((Qo,Qcx 3 », Qo ■■= V{W l ■ Z), Qoo:=V(^ ■ B ■ Z). 



(5.9.19) 



We will describe Aut(i?e) < PGL(V). Let g G Aut(i?e)- Then g(Qoo) = Qoo because Q c 
is the unique singular quadric containing R@ - see (|5.9.19|) . It follows that g(V(Zi, Z 2 , Z 3 )) - 
V(Zi, Z 2 , Z3) and hence 



r 



w 

Z 



L M 
3 N 



W 
Z 



(5.9.20) 



where L, M, N are 3x3 matrices, O3 is the 3x3 zero matrix. Equation (|5.9.19p gives that 

N l ■ B ■ N = fiB, L t -N = vl 3 , M* • N = tB + P, h,v,t€C, P* = -P. (5.9.21) 

The intersection Aut(i? e )nGjr 2 acts on Wg x . It follows from (|5.9.21|) that the elements of Aut(i?e)n 
Gjr 2 are represented by matrices 



/ 


a- 2 











n>i 












b- 2 





m 2 


























m 3 















a 2 
























b 2 







V 

















ab 


) 



a 2 mi + b 2 m,2 + abms = 0. 



(5.9.22) 



In particular 



dimAut(i?e) n Gjr 2 = 3. 



(5.9.23) 



Claim 5.9.7. Let Q, Q' G (2) j be smooth quadrics and h G Aut(O). There exists g £ Aut(i?e) 
such that g(Q) = Q' and the automorphism g 6 Aut(0) induced by g is equal to h. 

Proof. LetQ s := V(W t -Z+sZ t -B-Z) - the notation is consistent with (|5.9.19p . Thus Q s 6 \1r b (2)\ 
is a smooth quadric and conversely every smooth quadric in |2# e (2)| is equal to Q s for some s G C. 
Let g s G PGL(V) be such that 



g* s W 1 = W 1 +2sZ 2 , g* W 2 =W 2 , g* s W 3 = W 3 - 2s Z 3 



g*Zi = Zi 



Then g s G Aut(i?e) H Gjr 2 (it corresponds to a = 6 = 1, mi = 2s, m 2 = and 7713 = —2s 
in (|5.9.22l) ') and g*(Qo) = (Q s )- To finish the proof it suffices to notice that every ip G Aut(D) 
extends to an automorphism of P({7) and hence it induces a projectivity of P(A 2 U) — P( V) sending 
i?e to itself. □ 

Proposition 5.9.8. Let Fq be a basis of V and ip be as in (15.9.11) . Suppose that A G S^? is 
semistable with minimal orbit and that [A] G 3. Then there exist g G PGL(V^) such that gA G 



'fix- 



Proof. Suppose first that dimO^ > 2. By Lemma 15.2.61 we have A G U PGL(V)A k U 
PGL(V A )A, l . By Lemma [5.9.31 we get that [A] G and hence there exist g G PGL(V) such that 
gA G W^ x by Remark 15.9.61 Now suppose that dimO^ < 1. By Proposition [579. 51 we get that 
there is an irreducible component of ®a which is projectively equivalent to i+ (D) (i.e. of Type 



102 



Q). The 1-PS A_t? fixes A hence it acts on 9: notice that the action is effective because the set of 
fixed points for the action of A_f 2 on Gr(3, V) is a collection of points and lines. The image 

H := {p G Aut(9) | p = \^ 2 {t)\e for some t£C x } (5.9.24) 

consists of the group of automorphisms fixing two points p, q G 9. Of course \jr 2 acts on Rq 
as well and hence also on |2q-(2)|. Since there is single singular quadric in |2q(2)| there exists a 
smooth quadric Q G |Zq-(2)| which is mapped to itself by Ajr 2 . On the other hand there exists 
g G PGL(V) such that <?(0) = i+(D) =: 9 because up to projectivities there is a single curve of 
Type Q. By Claim [5^71 we may choose g so that g(jp) = i+([l, 0, 0, 0]), g(q) = i+([0,0,0, 1]) and 
g(Q) = Gr(2, U) (recall that /\ 2 U is identified with V via (|5.9.1[) and hence Gr(2, U) is a smooth 
quadric containing Rq). With this choice of g the group H of (|5.9.24[) gets identified with the group 
of automorphisms of D fixing [1, 0, 0, 0] and [0, 0, 0, 1] . Thus gA G W^ x . □ 

5.9.3 C Woo , A for A 

Let A c l G W^ x : then 

Woo =*+([l, 0,0,0]) = (v ,vi,v 2 }, W = i+([0, 0,0,1]) = (va,vb,v 2 ). (5.9.25) 
In particular we may set 

A) = «2- (5-9.26) 

(Here (3q is as in (15.9.31) .) Let {Xq, X\, X 2 } be the basis of W^ dual to the basis {vo, v\, v 2 }. Write 
Cwac,A = V(Poo) where Poo G C[X , Xi, X 2 } 6 . Since Ajr 2 acts trivially on A* ^ an d it maps Woo 
to itself we may apply Claim l3.1.4l it follows that Poo is fixed by every element of {diag(t, t, t~ 2 )}. 
Thus 

C Woo , A =V(F oc Xi), F^eqXo.Iik. (5.9.27) 
Next we notice the following. Let 

2 

A:=P(V>(/\(u ,"i,U3») =H(vo,v 2 ,Vi)) CP(V). 

Given p & D let W(p) = i+{p)- The projective plane A intersects P(W(p)) in the line L w i p \ C 
P(W(p)) parametrizing lines contained in P(uo, u i, u 3) an d containing p: each such line, with 
the exception of the line tangent to D, is parametrized by the intersection (in P(/\ 2 U) = P(V)) 
P{W(p)) n P(W(q)) for a suitable q € (D\ {p}). By Corollary HHY] it follows that C ff(p)Al 
is singular along £w( P ) (or Cvk(p),^ c i. = P(W)). Now we consider Woo = W([l, 0, 0, 0]): then 
L Wao = and recalling (|5.9.27j) we get that 

Cw^.A^ = ^((a 2 A 2 + a 3 A Ai + a 4 Xf)XfX%). (5.9.28) 

(Of course a similar formula holds for Wo.) We let 

X^ := {^ C ,L G Yt | C Woo ,a c , l = ^((a 3 A Ai + a 4 A 2 )A 2 A 2 )}. (5.9.29) 

Thus yl Ci L G X 1 '' if and only if CVao,A c , L i s n °t a semistable sextic in the regular locus of the 
period map (|0.0.10[) . We will determine the dimension and the number of irreducible components 
of X^. In order to do that we introduce the dense open subset U C LG(Pp © Q Q d) of L such that 
Lr\Q° D = {0}. Let 

Lm ■= ("(0,2,0,0) -"(1,0,0,1) + ™ll(2/3(0, 2,0,0) - /?(1, 0,0,1)) + 2m 12/3(o,l,l,0) + 4mi3^( 0: o,2,0)j 
"(0,1,1,0) + m 12(2/3(o,2,0,0) - £(1,0,0,1)) + m 22/?(0, 1,1,0) + 2^23/3(0,0,2,0) j 

"(0,0,2,0) + ™i3(2/3(o,2,o,o) - /8(i,o,Q,i)) + ^23)8(0,1,1,0) + 2m 33 /3(o, 0,2,0)) (5.9.30) 

where m^- are arbitrary complex numbers - here M is the symmetric 3 x 3-matrix with entries the 
given rrii/s. A straightforward computation (use the last column of Table (HU)) gives that L,m G U 
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Table 23: Basis of A CjLm (0). 



(024) (025) (034) (035) (124) (125) (134) (135) element of basis 






1 


1 





-1 











"(0,2,0,0) + "(1,0,0,1) 


16mi3 


— 2mi2 — 1 


1 


mil 


-277712 + 1 


277711 


-77111 





ll 


8m 2 3 


-77122 





77712 + 1 


-777 2 2 


277112 


-777 1 2 + 1 





(■2 


877733 


— 77123 





777 1 3 


-777 2 3 


277713 


-777 1 3 


1 


(3 



Table 24: Basis of A CjL (l)- 



(014) 


(015) 


(023) 


(123) 


clement of basis 


1 





-1 





"(1,1,0,0) 


— Cl 


CO 


— Cl 


-co 


C0"(1, 0.1,0) + c l^(0, 0,1,1) 



and that conversely every L e U is equal to Lm for a unique M. Next recall that A Ci l e Wg x is sent 
to itself by the 1-PS Ajf 2 and hence A Cj l decomposes as the direct sum of its weight subspaces: we let 
A c ,l(*) C A c l be the weight-i subspace (thus A Cj l(«) is A Cj L,2-i in the old notation). Tables (|2"3"1) . 
|24|) and ([25)) give bases of A Cj L A ,f(vi) for i = 0, ±1. A few explanations regarding notation: we 
denote Vi A Vj A Vk by (ijk), we let £j be the j-th element of the basis of Lm given by (|5.9.30p . In 
order to determine whether A Cj l S Wg x belongs to we will analyze Cw^.a^ l m a neighborhood 
of [ 

w o + v 2\- The first step is the computation of F Vo + V2 n A cL . Notice that 

(^0+772 n^4 c ,L Af ) 3 (a( 2 , 0,0, 0), "(1, 1,0,0) + "(0,2,0,0) + "(1, 0,0,1) + "(0,1,0,1) + "(o, 0,0, 2))- (5.9.31) 

(Of course (|5.9.31|) holds also if Lm is replaced by an arbitrary element of LG(Pp © Q%)-) 

Lemma 5.9.9. Keep notation as above. If c$mn ^ then right-hand side and left-hand side 
of (|5.9.31l) are equal. On the other hand 

Fvq+v 2 H ^4[0,1],L M D ("(2,0,0,0) i "(1,1,0,0) + "(0,2,0,0) + "(1,0,0,1) + "(0,1,0,1) + "(0,0,0,2): 

"(1,1,0,0) + 1,0,0)1 "(0,1,0,1) + 2"(o, 0,0,2) + ^(1,0,1,0))' (5.9.32) 

Proof. By (|5.9.3ip the first two elements spanning the right-hand side of (|5.9.32[) are contained 
in A[o ;n l m . On the other hand the third and fourth element are contained in Am i] l m because 
/3(ii,o,o)) fin, o,i.o) S A[ .i].L Af - Thus the right-hand side of (|5. 9.321) is contained in A[ .i].L Af - Look- 
ing at Table (f2"2"j) we get that the right-hand side of (|5.9.32p is contained in F V()+V2 as well: this 
proves that (|5.9.32[) holds. Now suppose that Comn ^ 0. Let 7 e A C) l m - Write 7 = JA 7(1) where 
7(*) e A c ,L M (i), i.e. Ajr 2 (i)7(*) = il 7(*)- Then 7 £ F^ 0+t>2 if and only if (v + v 2 ) A 7 = 0. Now 
«o G A c x Af (l) and «2 S A Cj l m (0): it follows that 7 € ^Tjo+ua H A C) l m if and only if 

0=7j2A7(-2)=7j A7(-2)+7> 2 A7(-l)=7) A7(-l)+7j2A7(0) = uoA7(0)+7;2A7(l)=7JoA7(l)+7ioA7(2)=7j2A7(2). (5.9.33) 

Now let 7 6 i^o+7,2 fl A C) l m : we will show that 7 belongs to the right-hand side of (|5.9.3ip . 
Subtracting from 7 a suitable multiple of "(2,0,0,0) we might assume that 7(2) = 0. By (|5.9.33p we 



Table 25: Basis of A C , L (-1). 



(045) 


(145) 


(234) 


(235) 


clement of basis 


1 





1 





"(0,1,0,1) 


Cl 


CO 


— Cl 


CO 


co"(o, 0,1,1) + ci/3(i, 0,1,0) 
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get that «o A 7(1) = 0; since Co 7^ it follows that 7(1) G (0(1,1,0,0)) _ see Table (pM]) . Subtracting a 
suitable multiple of the second element appearing in the right-hand side of (|5.9.31l) we may assume 
that 7(1) = 0: we must prove that 7 = 0. By (|5.9.33[) we get that vo A 7(0) = 0; a straightforward 
computation - see Table ([2"3"]) - gives that 7(0) = (recall that by hypothesis ran 7^ 0). By (|5.9.33[) 
we get that v A 7(-l) = 0, this implies that 7(-l) = - see Table ([25]). By (|5.9.33p we get that 
vo A 7(— 2) = and hence 7(— 2) = because 7(— 2) G (v 2 A V4 A V5). This proves that 7 = 0. □ 

Proposition 5.9.10. Let [l,c x ] G (P 1 \ {[0, 1]}). Then for generic L G LG(Pg © Q^) we /iaue 
^[i )C1 ],l £ X*. 

Proof. We will analyze CWoo^p Cll l in a neighborhood of [i>o + fa]. Let 

V := (v ,V 1 ,V 3 ,V4,V 5 ). 

(No typo: we omit v 2 Going through Tables (1231) . (fM]) and ([23]) one gets that 
3 / 2mi 3 2m i2 ran \ 

/\F n% Cl]iLM ={0}ifdet m 23 2m 22 m 12 ^ 0. (5.9.34) 

\ m 33 2m 23 m i3 / 

The determinant appearing in (|5.9.34p is not identically zero: we assume that M is such that the 
determinant does not vanish. We will also assume that ran 7^ and hence the right-hand side and 
left-hand side of (]5.9.31[) are equal. The lagrangians A Vo and ^4[i, C i],L A f are transverse because 
On the other hand we have a direct-sum decomposition V = [vq + u 2 ] © Vq. Thus Claim 13.3.21 
applies. We adopt the notation of that claim: of course in the present context Vq is (vq + w 2 ) and 
W = Woe R Vo = (v , ui). Claim [373721 states that 

Cw^a {1 ^ m n (P(Woo \P(W )) = V(det(q A[ici]LM + z q Vo + z.qj. (5.9.35) 

(Beware that the point with affine coordinates (zo, z%) is (1 -I- Zo)vq + Z\Vi + w 2 .) Here qa^ ei j LjvJ 
is as in (13.3.41) and L , g Wo , q t , i are the quadratic forms on /\ 2 Vo/ A 2 Wo given by (|3.3.9I) . 

The kernel of q A is as follows. First notice that 

-("(2,0,0,0) +0(1,1,0,0) + "(0,2,0,0) + "(1,0,0,1) + "(0,1,0,1) +"(0,0,0, 2)) = {vo+v 2 ) /\{vi+v 3 -v 5 ) A(v -v 4 ) . 

By Lemma 15.9.91 it follows that 

kerg A[i ci] Lm = (ei), e\ := («i + w 3 - i> s ) A (u - Vi)- (5.9.36) 

(The notation is somewhat sloppy: we mean that the kernel is generated by the image of e\ in 
/\ 2 Vo/ A 2 Wo-) Since e% is a decomposable tensor we have q v (ex) = and hence by Proposition 
IA. 1.21 we have 

det (?A [liCl] , LM + z i5«J = & 2^ 2 + & 3 zi + . . . + 6 6 «i- 

(Of course this agrees with (|5.9.28[) .l We will show that 6 2 7^ for M generic and that will prove 
the proposition. We will apply Proposition IA.1.31 as reformulated in Remark IA.1.41 In the 

case at hand = q A and q = q v . It follows that e 2 is such that 

(v + v 2 ) A e 2 - vi A (vi + w 3 - u 5 ) A (v - v 4 ) G -A[i, Ci ],l m - 

(Once again notation is potentially confusing: e 2 G A 2 ^/ A 2 Wo and is determined modulo (ei), 
we think of e 2 as an element of A 2 Vo determined modulo (vq A vi, ei).) By Remark IA.1.41 we get 
that 6 2 = if and only if 

(vq + v 2 ) A e 2 A «i A (ui + v 3 - i> 5 ) A (v - V4,) = 0. (5.9.37) 

One computes e 2 by using Table ([2"6"]) . We explain Table (j2"6"j) . Let 7r: A 3 V — ^ A 3 ^0 be the pro- 
jection determined by the direct-sum decomposition f\ 3 V — F Vo+V2 © A 3 Vq. Then 7r(An C1 i ,l m ) = 
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Tabic 26: ir(A [hci] ± M {0)). 



(013) 


(014) 


(015) 


(034) 


(035) 


(045) 


(134) 


(135) 


(145) 




7 





1 

























"(1,1,0,0) 











— 1 





1 













"(0,1,0,1) 

















-1 













"(0,0,0,2) 


-1 


— ci 


1 




















a (l, 0,1,0) 


+ c l^(0, 0,1,1) 











CI 


-1 


c l 





1 





"(0,0,1,1) 


+ c l^(l, 0,1,0) 





1 - 2m 12 


3m U 


1 


mn 





—mn 










h 





-Tn-22 


2m 12 





m 12 + 1 





1 - mia 















-™23 


2m 13 





mi 3 





-m X 3 


1 







<?3 



(vqAvi, ei) , in particular 7r(^4[i. C i].L A/ ) is contained in the subspace generated by ViAvj Avk where 
i < j < k, i,j,k € {0, 1,3,4,5} and (i,j,k) ^ (3,4,5). Table (|2"6l gives ir(j) as linear combination 
of the Vi A vj A v^s listed above for a collection of 7 e ^[i, C i],l m giving a basis of a subspace 
complementary to F Vo+V2 PI Ap A ] ,l m - (The elements £1, £2, £3 are as in Table ([22]).) It follows from 
Table flUJl that 

e2 = (ci+m22-ni^ 1 1 nil2(2mi2-l))a(ia.o,o)+( c l-« i ri 1 " l i2) Q (o,l,o,l)+(2ci-m^ 1 1 mi 2 )Q(o,o,o,2) + 

+ (a(i,o,i,o)+ci(9 (0 ,o,i,i)) + (a(o,o,i,i)+ c i/3(i,o,i,o))-'"ri 1 " i i2^i+^2- (5.9.38) 

Computing we get that (|5.9.37p holds (assuming that m\\ ^ and the determinant appearing 
in (|5.9.34j) does not vanish) if and only if 

2m\ 2 — wiximii — 2m\\C\ = 0. (5.9.39) 

This proves that for generic M we have A[ 1ci ^- Lm ^ X^. □ 

Corollary 5.9.11. Keep notation as above. Then 

X V; = {^[o,i],l I L e LG(P£ © Q° D )} U X^ (5-9-40) 

where Xy is an irreducible divisor in |0pi(l) M C\ where C is the ample generator of the Picard 
group o/LG(Pp © Q%) i.e. the Pliicker line-bundle. 

Proof. One gets right away that X^ is the zero-locus of a section a of Opi (2) IEI C - see (|3.1.21[) 
and (|3.1.26l) . Moreover a is not identically zero by Proposition 15. 9. 101 and hence X^ is a divisor in 
|O p i(2)KI£|. By Lemma GOLl and Corollary El the "vertical" divisor V C P 1 x LG(Pg ©Q^,) 
given by c = is an irreducible component of X^. Thus X*=VUX* where X^ e \O r i(d) El C\ 
with d < 1. Looking at (|5.9.39p we get that in fact d — 1 and Xy is irreducible. □ 

Remark 5.9.12. Let pijk for 1 < i < j < k < 6 be homogeneous coordinates on P(/\ 3 (Pp © Q%)) 
associated to the basis of (Pq © Q a D ) given by 

Q (0,2,0,0) — a (l, 0,0,1), a {0, 1,1,0), a (0, 0,2,0), 2/3(0,2,0,0) — $(1,0,0,1) , $(0,1,1,0)) $(0,0,2,0)- 

Corollary mnUT] and (|5.9.39l) give that X % C P 1 x LG(F° © Q°,)) has equation 

C0P345 - 2cip 2 34 = 0. (5.9.41) 

The following result shows that only the second component of (|5.9.40[) will contribute to Q5jr 2 D3. 

Proposition 5.9.13. //Le LG(Pq ®Q%) then Amji^ is unstable. On the other hand the generic 
^A[c ,ci].l £ Xy is Gjr 2 -stable. 
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Proof. We have vo Aui AV4, V0AV2AV3 G -A[o,i],l(1) _ see Table ([24"]) . Thus Item (1) of Proposition 
15.8.11 holds with A = A^ijx- n the other hand C/Woc-Am y L is not a sextic curve in the regular 
locus of the period map (10.0. 10[) : by Corollary |5.8.6l we get that ^4[o,i],l is Gjr 2 -unstable and hence 

t[l, Cl ],L M G Xy* 



unstable. Next we will prove that the generic 4h C1 i ^ G Xy is Gjr 2 -stable. By Proposition 15. 8TT1 



it suffices to check that if Ah^ilm G Xy is generic then none of Items (1) - (4) of Proposition 
15.8.11 holds. First Item (1) never holds (because Co = 1!). Item (2) holds if and only if F V2 n 
^4[i,ci],l m (0) {0}; looking at Table (j23|) we get that Item (2) holds if and only if 



= det 



/ 1 








°\ 


1 


ran 


-ran 








TO12 + 1 


-mi2 + 1 





V 


mi3 


-TO13 


1 J 



2ra,n 



On the other hand if M is generic and (|5. 9.391) holds then j4[i )C1 i .l m £ Xy: it follows that if 
^4[i,ci],Lm G ^ s g ener i c then Item (2) does not hold. Next we will show that if ^4.ri, Cl ]x M € Xy is 
generic then A[ ljCl jx M (0) contains no non-zero decomposable tensor: that will prove that neither 
Item (3) nor Item (4) holds. First notice that if A G W^ x is generic then &a = i+{D): it follows 
that A(0) contains no non-zero decomposable tensor. On the other hand Table (|23l) gives that 
the condition "A Cj l m (0) contains a non-zero decomposable tensor "is independent of c. It follows 
that if M is generic then for every choice of c G P 1 we have that A C ^ M (0) contains no non-zero 
decomposable tensors: choosing cq = 1 and c\ such that (|5.9.39[) holds we get j4[i jC i],:l m 6 Xy such 
that Ar 1)Cl i Lm (0) contains no non-zero decomposable tensors. □ 

Definition 5.9.14. Let X v := U^Xy be the union over all isomorphisms ip appearing in (|5.9.1[) 

and Xy be the closure of X v . 

By definition Xy is PGL(V)-invariant, moreover the generic A G Xy is semistable by Proposi- 
tion 15.9.131 Thus it makes sense to let 

X v := X v //PGL(y). (5.9.42) 

Thus 

I v c%nl (5.9.43) 

Proposition 5.9.15. Xy is a closed irreducible 3 -dimensional subset of Q3jf 2 PI d. 

Proof. By its very definition Xy is a subset of Q3jf- 2 n 3, and it is closed because Xy is closed. 
By Corollary I5.9.1T1 we know that Xy is irreducible: it follows that Xy is irreducible and hence 
Xy is irreducible as well. It remains to prove that dimXy = 3. We have 

X^' SS ^ XyV/G^ -» Xy 

(see (|5.1.12|0 and the second map is a finite. Since dimXy = 6 it suffices to show that the generic 
fiber of 7r has dimension 3. The open set Xy' s parametrizing Gjr 2 -stable A's is dense by Proposition 
15.9.131 Let A G Xy' s . By G^ 2 -stability we have 

n-\n(A)) = {A'G^ s \A'=gA, g G G^}. (5.9.44) 



We will show that the right-hand side has dimension 3. Let O = i+{D) and let Rq be as in (|5.9.17|) . 

4" 



The group Aut(i?e) nGjp 2 acts on Xy' s with finite stabilizers: by (|5. 9.231) we get that the right-hand 



side of (|5.9.44p has dimension at least 3. On the other hand dimOyi = 1 for A G Xy' s . In fact 
suppose the contrary: by Lemma 15.2.61 either A G X^y or it is in the PGL(V)-orbit of Ak or 
Ah. By Lemma 15.9.31 we get that A G X£y and hence A is properly Gjr 2 -semistable, that is a 
contradiction. Let A G Xy' s : since dim ©^4 = 1 the right-hand side of (|5.9.44[) is a union of sets 
isomorphic to the Aut(-Re) H Gjf 2 -orbit of A and hence it has dimension 3. □ 

We will prove that Q3jr 2 fl 3 = Xy, that is the content of Proposition [579.261 
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5.9.4 C W ,A for ielj and W spanned by a g V i, [3 g V 23 and 7 g V45 

Definition 5.9.16. Let £ C Gr(3, V) be the subset of W such that W — (a, (3, 7) where a g Vbi, 
/3 € V23, 7 g V45. Let £d c £ be the subset of W such that 



/\W±((H(Z>)». 



Remark 5.9.17. Let A g W^ x and suppose that there exists W g @a which belongs to £: then 
W g £ D . 

Below we will make the identification 

pi x pi x pi f /r „„ rN 

/r 1 r 1 r / \ (5.9.45) 

([e ,eij, [e 2 ,e 3 J, [e 4 ,e 5 J) ^ {e w + ejUi, e 2 u 2 + e 3 v 3 , e4«4 + e 5 u 5 ) 
A straightforward computation gives the following result. 

Lemma 5.9.18. Keep notation as above. Then ([eo,ei], [e2,e3], [e4,e5]) g £d if and only if 

eoe 3 e 5 - eie 2 e 5 - eie 3 e 4 = 0. (5.9.46) 
The group Aut(i? e ) H Gjr 2 - see (|5.9.22p - acts on £d. 
Proposition 5.9.19. There are 5 orbits for the action of Aut(i?e) PI Gjr 2 on £r> namely 

(1) An open dense orbit consisting of those ([eo,ei], [e2,e3], [e4,e5]) such that eie 3 es ^ 0. 

(2) The orbit of ([1, 0], [1, 0], [0, 1]). 
(S) The orbit o/ ([1,0], [0, 1], [1,0]). 

(4) The orbit of ([0,1], [1,0], [1,0]). 

(5) The orbit o/ ([1,0], [1,0], [1,0]). 

Proof. One checks easily that the orbit of ([0, 1], [0, 1], [0, 1]) is the set of ([eo, ei], [e 2 , e 3 ], [e 4 , e$\) £ 
£d such that eie 3 es 7^ 0. Now assume that ([eo, ei], [e 2 , e 3 ], [e^, e§\) g £d and that eie 3 e5 = 0. 
Suppose that e\ = 0: then (|5.9.46[) gives that one among e 3 , es vanishes. Similarly if e 3 = then 
one among e\, e§ vanishes, if es = then one among e±, e 3 vanishes. The result follows from this 
and simple computations. □ 

Proposition 5.9.20. Let A g W^ x be a Gjr 2 -s emistable lagrangian with minimal Gjr 2 -orbit. Sup- 
pose that there exists W g @a such that 

(1) W g £ and hence W g £d by Remark 15.9.171 

(2) The Aut(i?e) H G? 2 -orbit ofW is not the single open orbit. 

(3) Cyy a * s either P(W) or a sextic curve in the indeterminacy locus of Map (|0.0.10D . i.e. [A] g 3. 
Then [A] g lyv- 

Proof. One of Items (2) through (5) of Proposition [579.191 holds. Thus we may assume that W 
is one of the following: 

(2') (vo,v 2 ,v 5 ). 

(3') (v Q ,V 3 ,V4). 
(4') (Vi,V 2 ,V4,). 

(5') (v ,v 2 ,V4). 
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Suppose that (2') or (4') holds: we will reach a contradiction. In fact in both cases dim(T / l / nW / 00 ) = 2 
- see (|5.9.25[) . Thus [A] G 58^ and hence [A] ^ 3 by Proposition [577.11 that is a contradiction. 
Suppose that (3') holds. Then Item (3) of Proposition [578.11 holds for A with a — ~vo, f3 = v 3 
and 7 = V4 because by Table (l2"2l we have (vo A Vi A V4 — v A v 2 A v 3 ) — a(i,i j0 ,o) G A. Now look 
at the proof of Proposition 1578.11 since the Gjr 2 -orbit of A is minimal we get that /\ 10 A is left 
invariant by the 1-PS A 3 : C x -> G^ 2 denned by (15X51) . Let C w ^ = V(P) where P G S 6 W V . 
Applying Claim [3.1.41 to Cyy A we get that P is left-invariant by the maximal torus of SL(M /r ) 
diagonalized in the basis {vq, V3, V4} (recall that /\ 10 A is left invariant by Xjr 2 ): thus P — aX^X^X\ 
where {X , X 3 , X4} is the basis of W dual to {vo, v 3 , V4}. By hypothesis C-pp A is either P(W) or 
a sextic curve in the indeterminacy locus of Map (10.0. 10[) : it follows that a = i.e. A = V(W). 
By Proposition [BT2. 71 and Lemma 15 . 9 . 31 we get that [A] G -Eyy- Lastly suppose that (5') holds: 
we will reach a contradiction. We have (vo,V2,Vi) = /\ 2 (ito, Hi, U3) and hence dim(i + (p) n W) = 2 
for every p G £>. Viewing i+(D) as a subset of P(A V) via the Pliicker embedding we get that 
((i+(D))) c S w . Since f g6a and dim((«+(D)}) = 5 it follows that A is PGL(l/)-unstable (see 
Table (HJ , stratum ) , that is a contradiction. □ 

Let 

W m := {Y oVl + Y lV3 + Y 2 v 5 I Yi G C}. (5.9.47) 

Notice that W m G £d and it belongs to the open orbit for the action of Aut(i?e) n Gjr 2 . We will 
examine those A G such that 8,4 contains W m and Cw m ,A is not a sextic in the regular locus 
of ([0.0.101) . Let 

:={A C . L G^ fo 

Notice that Ui A v 3 A U5 is fixed by \r 2 (t) for every i G C x and hence A c l G if and only if 
Vi A v 3 A V5 G L. Let 

Pjj := (Q!(o,2,0,0) - "(1,0,04)' a (0,l, 1,0)): Q°D '■= ( 2 /3(o, 2,0,0) - /3(1, 0,0,1), /3(0, 1,1,0))- 

Thus Pg° C Pp and C Qj,. Given J G LG(P£° © Qg>) we let 



:= {A cX G \ Vl Av 3 Av 5 e A C)L }. 



We have an isomorphism 



Lj := ((a (OA o,o)> © J) e LG(P£ © Q?,). (5.9.48) 

(5.9.49) 



11 x LG(P£° © ^ 00 



(C,J) 4,Lj 



In particular M 1 ^ is irreducible of dimension 4. Let Lm be as in (|5.9.30[) : then 

L M = Lj for some J G LG(Pg° © Q°£) if and only if = m 13 = m 23 = m 33 . (5.9.50) 
We have [vi A v 3 A W5] = i + ([it2]); thus we have an isomorphism 



U M> u A 7i2 



(5.9.51) 



If f> G -D C P((uo, ui, U3)) then [/(p)] belongs to the distinct planes i+{p) and to P(W / TO ). Now 
suppose that A c j, G M^: then i+(p) G Qa c l an d hence by Corollary 13.2.71 we get that 

C Wm ,A = V{{Y Y 2 + Y?) 2 {bY Y 2 + aY?)) if A G M* (5.9.52) 

Here Yq,Y x ,Y 2 are as in (|5. 9.471) . Let 

M " F (5.9.53) 
A ^ [a,b] 

where a, b are as in (|5.9.52p . (Lemma 15.9.211 shows that for the generic A G we have (a, b) ^ 
(0,0) and hence we do have a rational map. ) Let C A (A V) be the affinc cone over M^: 
then p is the projectivization of a regular map 

MT^^C 2 , (5.9.54) 



109 



see (|3.1.23j) and (|3.1.26[) . Let 

N v ' := {A G | a - 6 = 0}. (5.9.55) 

In other words is the set of A G such that Cyi^.A is not a sextic in the regular locus of the 
period map (|0.0.10p . 

Lemma 5.9.21. Identify with P 1 x LG(P°° © Q°°) via (|5.9.49l) . T/ien t/ie sef o/ie sucft 
i/iaf [v 3 ] G C Wm ,A (i-e. PGo _1 {(M)})J * s e 9 Ma ^ to 

{(c, J) G P 1 x LG(P£° e Qd ) I c o = 0} U {(c, J) G P 1 x LG(P£° © Q^ ) | J n PgV {0}}- (5.9.56) 

Proof. Suppose that cq = 0. Then 

-2civ Av 2 Ai;3 = (cia(i ) i ! o,o)+Ci/3(o,o,i,i)) e ^ 3 n ^c,Lj 9 (ciQ!(o,i,o,i)-Ci/3(i,o,i,o)) = 2c 1 v 2 Av 3 Av4- 

Since ci ^ we get that dim(P„ 3 n ^4 c ,Lj) > 3 and hence [va] G Cw m ,A c ,L • Next suppose that 
J n Pg° ^ {0} and let ^ (s(a (0 ,2,o,o) - "(1,0,0,1)) + ta(o,i,i,o)) eJn P°°. Then 

2s'UoA«3A«4 + t«oA«3A'U5+t«lA'U3All4 = (s(a(o,2,0,0)+ Q (l,0,Oa)) + S ( Q (0,2,0,0)-"(l,o,0,l)) + *" (0>lil , 0) )eF„ 3 nA , Lj . 

Thus dim(F„3 n ^4 c ,Lj) > 2 and hence [v 3 ] G CW m , Ac.l, ■ We have proved that the set given 
by (|5.9.56[) is contained in P(p~ 1 {(0, &)}). It remains to prove that P(p~ 1 {(0, 6)}) is contained 
in the set given by (15.9. 56|) . Since v$ generates a Ajf 2 -invariant subspace of V the intersection 
Pug n j4 c ,Lj decomposes as the direct-sum of the interesections F Va fl j4 C) Lj(i). By (|5.9.26[) we get 
that F V3 n ^4 c ,Lj (i) can be non-zero only for i = 0, ±1. Looking at Tables and ([23)1 we get that 
dim(P„ 3 n A C) Lj(±l) is non-zero only if cq = 0. Next we compute dim(F„ 3 fl ^4c,Lj(0)) for those 
J such that Lj = Lm - see (|5.9.50[) . Of course v\ A v 3 A v 5 G Pu 3 fl A Ci Lj(0). A straightforward 
computation gives that dim(P„ 3 n -A c ,l m (0)) > 2 if and only if (miiTO22 — 2mf 2 ) = (notice: this 
is equivalent to requiring that Lm H P™ ^ {0}). This shows that 

P^HC ^)}) contains {[c ,Ci]} x LG(P£° © Q°£) if and only if c = 0. (5.9.57) 

In particular P(p- 1 {(0, &)}) is not all of P 1 x LG(P£° © Q°£). It follows that P(p- x {(0, 6)}) is the 
zero locus of a non-zero section of O r i (2) IEI £ where £ is the (ample) Pliicker line-bundle on 
LG(P£° © Q°£) - see (|3.1.23D and (|3.1.26|t . Since P(p^{(0, &)}) contains the set of (|5.9.56j) we get 
by (|5.9.57p that it is equal to that set. □ 

Lemma 5.9.22. Identify MP 4 wzt/i P 1 x LG(P£° © Qg 1 ) via (|5.9.49l) . T/iera fte set o/4e sucft 
f/iaf [«i — W5] G Cw m ,A (i-e- IP(/° _1 {( a J 0)})J is equal to 

{(c,J)eP 1 xLG(P™eQi )|coci=0}U{(c,J)GP 1 xLG(P«°eQ l g > )|Jn<a (0 , 2 , 0i0) -a (1>0)0il) ,/3 (0il>1)0) >#{0}}. (5.9.58) 

Proof. First we prove that the set of (|5.9.58l) is contained in P(p _1 {(a, 0)}). Suppose that Co = 0. 
Then 

-2(vi ~ v 5 ) A v A Vi = a(i,i )0 ,o) - £(o,o,i,i) + "(0,1,0,1) + £(1,0,1,0) S P( Wl -u 5 ) n A CjL 

and hence dim(P(„ 1 _ l)5 ) fl ^4 c ,l) > 2: it follows that [v\ — U5] G C'w m ,A c L ■ Now suppose that c\ = 0. 
Then 

(ui - t> 5 ) A (t! A v 5 + v 2 A v 3 - v 4 A v 5 ) = -(a( ,o,i,i) + "(1,0,1,0)) G ^(wi-u 5 ) n ^c,l 

and hence dim(P( l , 1 _„ 5 ) fl A c .l) > 2: it follows that [ui — U5] G C^ j^. Lastly suppose that 
J n (a( , 2,0,0) ~ "(1,0,0,1) ,£(0,1,1,0)) 7^ {0} and let 

^ (t(d!(0,2,0,0) - "(1,0,0,1)) + "£(0,1,1,0)) S J n (a( 0i2 ,0,0) ~ "(1,0,0,1), £(0,1,1,0))- 

Then 

(ill -1,5) A((2t-«)i;2Aii4+(2t+«)foAW2)=(-(«+2t)a(2,o,o,o)-*(a!(o, 2, 0,0) +"(1,0,0,1))+ 

+*( a (o, 2,0,0) - a (i,o,o,i))+"^(o,i,i.o)) + ('"-2t)a (0 _ 0i0 , 2) )e-F ( „ 1 _„ 5) nA , I ,. 
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Thus dwa.(Fr Vl _ V5 -\ n ^4 c ,l) > 2: it follows that [t?i — 1)5] G CV m ,A oL - It remains to prove that 
V(p~ 1 {(a, 0)}) is contained in the set given by (15.9. 56[) . Let A c j_,(even) and ^4 C) L,(odd) be the 
direct sum of the /\ 3 A.F 2 -isotypical summands of A Cj z, with even and odd weights respectively. Let 
& € A c j^: then 8 G P( 0l _„ B ) if and only if i>iA<5 = t>5A<5. Since both v\ and belong to Ajr 2 -isotypical 
summands of odd weight it follows that F( Vl - Vls ) n A c j, is the direct-sum of its intersections with 
^4 c ,L(even) and A C; L(odd). Going through Tables and (|23|) we get that F^ Vl _ V5 - ) n A c ,L(odd) is 
not empty if and only if CqCi = 0. Next we compute dhn(F/ Vl _ V6 \ n A c ,Lj (even)) for those J such 
that Lj = La/ - see (|5.9.50p . Of course «i A 1)3 A 1)5 G F( Vl _ Vs - ) n ^4 c ,Lj (even) . A straightforward 
computation gives that dim(F(„ 1 _„ 5 ) R A Ci L M (even)) > 2 if and only if mu = (notice: this holds 
if and only if (c,Lju) belongs to the second set of l|5.9.58p ). In particular P(p^ 1 {(a, 0)}) is not all 
of P 1 x LG(P£° © Q^°). It follows that P(p" 1 {(a, 0)}) is the zero locus of a non-zero section of 
O r i(2)MC where C is the (ample) Pliicker line-bundle on hG(P^ ®Q°°) - see (|3.1.23|) and (13.1. 26|) . 
Since F(p~ 1 {(a, 0)}) contains the set of (|5.9.58p we get that it is equal to that set. □ 

Proposition 5.9.23. Identify with P 1 x LG(Pg° © Q°g) via (|5.9.49|> . TTien 

N v ' = {(c, J) I c = 0} U X^ (5.9.59) 

where is an irreducible divisor in |0pi(l) M C\ where C is the ample generator of the Picard 
group o/LG(Pq © Qjj) i.e. the Pliicker line-bundle. 

Proof. Let A = A C:Lj . If c = then C Wm ,A = P(W ro ) by Lemma [579721] and Lemma [579722] 
This shows that the left-hand side of (|5. 9.591) contains the first set in the right-hand side of the 
same equation. We need to compare the two sides away from the set of (c, J) such that Co = 0. 
The restriction to of the Pliicker (ample) line-bundle is isomorphic (via Identification (|5 .9.49|> ^ 
to O r i(2) M C. Let 7T and r be the projections of P 1 x LG(P£° © Q°£) to the first and second 
factor respectively. Both P(p _1 {(0, &)}) and P(p _1 {(a, 0)}) are the supports of divisors in the linear 
system |O p i(2) Kl C\: thus Lemma 15.9.211 and Lemma 15.9.221 give sections 

cri,a 2 eH°(¥ 1 x LG(P™ © Q™); O r i (2) H C) (5.9.60) 

such that 

div(cri) = 2tt*(oo) +r*Ei, div(cr 2 ) = tt*(0) + 7r*(oo) + t*E 2 (5.9.61) 
(we choose c\/cq as affine coordinate on (P 1 \ {[0, 1])}) where 

Ei := {J G LG(P°° © Q$°) I J n PgV {0}} (5.9.62) 

and 

E 2 := {J G LG(P™ © Q°°) I J n (a (0)2 ,o,o) - "(1,0,0,1)^(0,1,1,0)) ^ {0}}- (5.9.63) 

Now notice that away from 7r _1 (oo) the divisors div(eri) and div(cr 2 ) intersect properly: it follows 
that the rational map p of (|5.9.53|) is dominant and p*Opi (1) = Opi (1)E3£. This shows that (|5.9.59[) 
holds with X^ a divisor in | Opi (1) M £\. It remains to show that X^J is irreducible. Now X^ contains 
the base locus of the rational map p i.e. 

(tt'\oo) n r _1 S 2 ) U (7r -1 (0) n r _1 Ei) U (r -1 E 2 n r _1 Ei). (5.9.64) 

Suppose that X^ is reducible, then it is equal to (7r -1 (s) Ut _1 E) for some s G P 1 and E G \C\. Since 
XjJ contains the base locus i.e. (|5.9.64l) it follows that either s = 00 and E = Ei or s — and E = E 2 : 
that is absurd because for the generic (c, J) in the first set Cw m .A cLj = ^((^0^2 + Yir^QWfo)) 
while for the generic (c, J) in the second set CV m ,A c Lj = V((YvY 2 + Y 1 2 ) 2 (Y 1 2 )). □ 

Proposition 5.9.24. X*Cl{. 

Proof. Let := (X*nM*): thus is a divisor in \O r i (1) IE £| by Corollary [5JL11] (notation 
as in the statement of Proposition [579. 23p . Since X^J is an irreducible divisor in |C P i(l) M C\ it 
will suffice to prove that 

G X#. (5.9.65) 
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First we notice that the restriction of the rational function p (see (|5.9.53j) ) to IT is constant. To 
see why notice that p = ai/a 2 where a l G ^"(P 1 x LG(P£° © Q°g)\ P i(2) El C) are the sections 
appearing in the proof of Proposition 15.9.231 - sec (|5.9.60[) . The equation of is given by the 
restriction of (|5.9.41D to P 1 x LG(P^° © Q°§) - see also (I5.9.39|) : it follows that is irreducible, 
smooth and 

(7T*(oo)+T*£l)| T * = (7T*(0)+£ 2 )| T *. 

Looking at (|5.9.6ip we get that div(<7i| T ^) = div(<T2 It* ) and hence the restriction of p to TT is 
constant. Thus it will suffice to show that 

there exists A a G such that C WmtAo = V((Y Y 2 + if) 3 ). (5.9.66) 

Let's show that such an example is provided by the lagrangian A-ji of (14.3.71) . Let Z C V(U) be the 
smooth quadric 

Z := {[i] u Q + rum + n 2 u 2 + 773^3] I V0V3 - Vi + V2 = °}- 

Then Z contains D and is left-invariant by diag(i, 1, 1, t^ 1 ) for every t G C x : it follows (see the 
proof of Proposition [473. 41) that every lagrangian A G LG(/\ 3 V) containing ((i + (Z))) belongs to 
W^. Let TZ be the ruling of Z by lines containing the line ([1, 0, 0, 0], [0, 1, -1, 0]) and let A n be 
given by (14.3.71) . A straightforward computation gives that 

W = (v - vi 1 2v 2 - v 3 ,v 4 + v 5 ). 

(Notation as in the definition of An.) Thus W G £d and it belongs to the open orbit for the action 
of Aut(i?e) H Gjf 2 - see Proposition 15.9.191 Thus there exists go G Aut(i?e) H Gjf 2 such that 
A := goA-R G M^. We have C Woo ,a r = P(VKoo) and hence C Woo , Ao = P(Woo). Thus A G X^. 
By Corollary 15.9.111 cither Ao G Xy or else Aq — Amji^j for some J: the latter is impossible 
because then Aq would be unstable by Proposition 15.9.131 contradicting Proposition 14.3.41 
Thus A G X^ i.e. A a E T^. On the other hand C WmAo = V((Y a Y 2 + if) 3 ) by Claim l4~X6l We 
have proved (|5.9.66p . □ 

The result below follows at once from Proposition 15.9.241 

Corollary 5.9.25. Let A G W^ x be a Gr 2 -semistable lagrangian with minimal Gp 2 -orbit. Suppose 
that there exists W G Q A such that 

(1) W G £ and hence W G £ D by Remark 15.9.171 

(2) The Aut(i?e) H G? 2 -orbit ofW is the single open orbit. 

(3) C-pp A is either P(W) or a sextic curve in the indeterminacy locus of Map (|0. 0.101) . i.e. [A] G 2. 
Then [A] G Xy. 

5.9.5 The last step 

Below is the main result of the present subsection. 
Proposition 5.9.26. n 3 = Xy. 
Proof. By ()5.9.43|) it suffices to prove that 

«Bjr 2 nJcX v . (5.9.67) 

Let [A] G 25jf 2 n 3 and suppose that A has minimal Gjf 2 -orbit in S^" 5 . By Proposition 15.9.81 
we may assume that A G Wg x . Lemma 15.9.11 gives that there exists W as in (|5.9.4[) such that 
Cyy a i s n °t a sex tic curve in the regular locus of Map ([0.0. 10p . Suppose that W = W^: then 
A G Xy by Corollary 15.9.111 and Proposition 15.9.131 thus [A] G Xy. Next suppose that 
W — (a,f3,-f) where a G Vqi, (3 G V23 and 7 G V45. Thus W G £d- if W belongs to the open 
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Aut(i?e) n Gjr 2 -orbit then [A] £ £y by Corollary 15.9.251 otherwise [A] £ X\y by Proposition 

15.9.201 and since Xyy C Xy we are done again. Lastly suppose that W = Wo: then there exists 
A' = gA (here g £ PGL(V)) such that A' £ Wg x and Cw^.A is not a sextic curve in the regular 
locus of Map (jO.O.lOj) . In fact consider the involution 



[A, p] h». [/j,A]. 



Then g := /\ t: V -> V is an involution mapping i+(D) to itself and exchanging Wqo and Wq. 
Thus [A] = [A 1 ] £X V . □ 

5.10 Xj^f 3 

We will determine the Gj\f 3 -stable points of - notation is as in Subsection 15.11 We will apply 
the Cone Decomposition Algorithm: this makes sense because §^- 3 is a closed (Gjv 3 - invariant) subset 
of a product of Grassmannians. Let {£2, £3} be a basis of V23. The isotypical summands of /\ 3 Ajv" 3 
with non-negative weights are the following: 

A 2 V01AV23, (DoAuiAti 4 , t>oA£2A£ 3 ), (1J0A111A115, VoA&AVi, V /\£ 3 /\V 4 , (t!oA^2Al>5, DlA{ 2 A«4, tllAfoAtl4). 

(5.10.1) 

The weights are (starting from the left) 3, 2, 1, 0. Let A £ Sjy . Let A4 be the intersection of A and 
the isotypical summand of weight (3 — i): then A = Y)j—q By definition 

1 = dimAo = dimAi = dimA 5 = dim A 6 , 2 = dim A 2 = dim A 4 = dim A 3 , Ai±A 6 ^i. (5.10.2) 

In particular 

A = [v Avt A 70], A 6 = [70 A« 4 Au 5 ], 7^ 70 G V" 23 . (5.10.3) 
Let A be a 1-PS of Ga^. There exists a basis {£2, £3} of V23 such that 

A(t) = ((t roo ,r i ,t m2 ) ) diag(t r ,t- r )), (m ,m u m 2 ,r) £ (Z 4 \ {(0,0, 0,0)}), r > 0. (5.10.4) 

We denote such a 1-PS by (mo, mi, m%, r). In the basis {vq, vi, £ 2 , £3, va, v s} the action of A(i) on 
V is given by 

diag(f™°, t 2m \ t r - m °- ,ni ~ m2 , f -r-mo-mi-m 2; ^m^ f m )_ (5.10.5) 

Below are the weights of the action of /\ 3 X(t) on the isotypical summands of (|5.10.1I) : 



vq Avi A & v A Vi A £3 

r + mi — 771,2 — ?" + TMl — "72 

u A vi A u 4 fo A £ 2 A £3 

?77o + 2?77l + 27772 — ™0 — 2?77l — 27772 

v A tji A tj 5 tj A £2 A u 4 tjo A £3 A u 4 vi A £2 A £3 

27770 + 2t77i r — 777i + ^2 — 1" — ™1 + ™2 — 2t77o ~ 2t77 2 

v A £ 2 A w 5 7J A £3 A v 5 vi A £2 A tj 4 «i A £3 A u 4 

r + 777o — 7771 — ~T + ™0 — m l ~ m 2 T — TIIq + 777l + 777 2 — 7' — 777q + fll + 777 2 

In particular J_(A) C {0,6}: by (|5.1.22j) and (12.1.91) we get that 



(5.10.6) 

(5.10.7) 
(5.10.8) 
(5.10.9) 



H(A, A) = 2r(2d%(A ) - 1) + 2|m + 2777i + 2777 2 |(2do ( A i) - 1) + 2/j(A 2 , A) + /j(A 3 , A). 
Proposition 5.10.1. A £ is 77o£ G^/ 3 -stable if and only if one of the following holds: 
(1) A 2 n {v A vi A 7J 5 , «i A £ 2 A &) 7^ {0}. 
(jgj A 2 n([w ] AVjjANJ^O}. 
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(3) v Q Avi A u 4 e A\. 
U) [«i] A V 23 A N = 4 
(5j »oA6 A fa 6 4 

M a v&a a n = 4». 

(7) A 3 n (u Q A 70 A i> 5 , «i A 70 A v 4 ) ^ {0}. 

(8) A 2 n («o A v-l A v 5 ,v A 70 A v 4 ) ^ {0}. 

(5) There exists ^ 7 6 V23 sucft i/iai ^2 H (vq A v 1 A V5, vq A 7 A V4) ^ {0} and uo A 7 A U5 £ A3. 
(10) A 2 n (u A 70 A v 4 , »i A 6 A 6) 7^ {0}- 

fllj There exists 0^76 V23 suc/i i/iai A 2 fl (t?o A 7 A U4, Vi A £2 A £3) ^ {0} and i>i A 7 A 114 £ A3. 

Proof. We will apply the Cone Decomposition Algorithm. We choose the maximal torus T < Gj\f 3 
to be 

T= {( Ul ,u 2 ,u 3 ),diag( S , S - 1 )) I C x }. (5.10.10) 

(The second entry is diagonal with respect to {£2, £3}-) Thus 

X(T) m := {(m , m 1 ,m 2 ,r) e R 5 }, C := {(m , m 1; m 2 ,r) £ M 5 | r > 0}, 

where notation is as in (|5.10.4|t . Equations (|5.10.6|l . (|5.10.7|) . (|5.10.8j) and (|5. 10.91) give that i? C 
X(T)r is an ordering hyperplane if and only if is equal to the kernel of one the following linear 
functions: 

r, mg— Tfli — ma, mn-mi-m2±r, mo+2mi+2m2, 2mo+mi+m2, 2mo-mi+3m2ir, 2mo+3mi — 7712 ir. 

In particular the hypotheses of Proposition ^. 374l arc satisfied. Notice also that if A = (mo, mi, m 2 ,r) 
is an ordering 1-PS then so are 

X' := (—m,Q, —mi, —m 2 ,r), A' := (mo, TO2, mi, r). (5.10.11) 

In other words Klein's group acts on the set of ordering rays. A computation gives that the ordering 
rays are spanned by 

A! := (0,1,-1,0), A 2 := (-1,1,1,0), A 3 := (0,1,-1,4), A 4 := (4,-1,-1,6), (5.10.12) 

and 

(0,1,1,2), (2,1,-2,3), (4,5,-1,0), (2,1,1,6), (8,1,-5,0), (-4,1,7,12) (5.10.13) 

together with the 1-PS's obtained from them by operating with Klein's group, see ([5. 10. lip . Ta- 
ble (|2"Tf lists the weights of the tensors appearing in (|5. 10.81) and (|5. 10.9|) for the action of each 
Aj and the 1-PS's obtained from them acting with Klein's group. (We denote vq A Vi A U5 by 015, 
wo A V\ A £2 by 012 etc.) Similarly Table (|2"5)) lists the weights of the tensors appearing in (|5.10.8[) 
and (|5.10.9p for the action of the ordering 1-PS's of (I5.10.13p and some of the 1-PS's obtained 
acting with the Klein group. Tables (|27[) and (|2"5)) give also the numerical function fi(A, A) for A 
one of the Aj's or one of the 1-PS's obtained from them acting with Klein's group and also for 
ordering 1-PS's of (|5.10.13p and some of their images for the Klein group. We explain our choice of 
ordering 1-PS's in Table (|28|). The sequence of weights for the action of A' (or A") on the tensors 
appearing in (|5. 10.8[) and (|5.10.9p is obtained from that of A by changing signs (this does not mean 
that the weight of a single monomial changes sign !). It follows that if the weights are symmetric 
about then fi(A, A) = fi(A, A') = fi(A, A"). This condition holds for the 1-PS's of (|5.10.13|) except 
for A G {(4, 5, —1, 0), (8, 1, —5, 0), (—4, 1, 7, 12)}. That explains why we have listed the numerical 
function fi(A, A') (which is equal to n(A, A")) for these 1-PS's. 
Going through Table ((27)) one gets the following: 
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Table 27: Ordering 1-PS' for Gm 3 , I- 



(m(] , ttii , m 2 , r) weight weight weight weight weight weight weight weight /i(A, \) 

015 123 024 034 025 035 124 134 
(0,1,-1,0) 8(d (A 2 ) - 1) 



(0,-1,1,0) 8(d (A 2 ) - 1) 



2d (Ai) + d (A 3 ) - 2) 



(1,-1,-1,0) 6(2d (A 1 ) + d (A 3 ) - 2) 



(0,1,-1,4) 8(2d (A ) + 2d (A 2 ) + d (A 3 ) - 5) 



(0,-1,1,4) 8(2d (A ) + 2d (A 2 ) + d (A 3 ) - 3) 



(4,-1,-1,6) 24(d (A ) + d (A 2 ) + d (A 3 ) - 2) 



(-4,1,1,6) 24(d (A ) + d (.4 2 ) + d (A 3 ) - 2) 



Table 28: Ordering 1-PS' for GV 3 , H. 



(0,1,1,2) 8(d (A ) + 2d„(A 1 ) + d (A 2 ) + d Q (A 3 ) - 3) 

2 2 -2 -2 4 -4 

015 024 123 034 025 124 035 134 

(2,1,-2,3) 12(d (A ) + 2d (A 2 ) + d 1 (A 2 ) + d Q (A 3 ) - 3) 



(4,5,-1,0) 12(4d (Ai) + 2d (A 2 ) - 3) 



(-4,-5,1,0) 48(d (A 1 ) + d (A 2 ) - 2) 



(2,1,1,6) 12(2d (A ) + 2d (Ai) + 2d (A 2 ) + d (A 3 ) - 5) 



(8,1,-5,0) 24(2d (A 2 ) + d (A 3 ) - 2) 



(-8,-1,5,0) 24(2d (A 2 ) 



(-4,1,7,12) 48(d (A ) + d (A!) + d (A 2 ) + d (A 3 ) - 2) 



(4,-1,-7,12) 48(d (A ) + d (A!) + d (A 2 ) + d (A 3 ) - 3) 



(1') Item (1) holds if and only if d^(A 2 ) > 1, in particular if it holds then fi(A, Ai) > 0. 

(2') Item (2) holds if and only if d^(A 2 ) > 1, in particular if it holds then fi(A, X[) > 0. 

(3') Item (3) holds if and only if ^(Ax) > 1, 

in particular if it holds then fi(A, X 2 ) > 0. 

(4') Item (4) holds if and only if do 2 (A 3 ) > 2, in particular if it holds then fi(A, X 2 ) > 0. 

(5') Item (5) holds if and only if d^{Ai) > 1, in particular if it holds then fi(A, X' 2 ) > 0. 

(6') Item (6) holds if and only if d^ 2 (A 3 ) > 2, in particular if it holds then /i(A, A' 2 ) > 0. 

(7') Item (7) holds if and only if dQ 3 (Aa) > 1 and dp 3 (A3) > 1, in particular if it holds then 
j"(A A3) > (notice that dQ 3 (A 2 ) > 1 for arbitrary A). 

(8') Item (8) holds if and only if dQ 4 (A Q ) > 1 and dg 4 (A 2 ) > 1, in particular if it holds then 
H(A, A 4 ) > 0. 

(9') Item (9) holds if and only if d^(A 2 ) > 1 and d^(A 3 ) > 1, in particular if it holds then 
MAA 4 ) > 0. 

(10') Item (10) holds if and only if d^^Ao) > 1 and d^ j i {A 2 ) > 1, in particular if it holds then 

KAK) > 0. 

(11') Item (11) holds if and only if d!^{A 2 ) > 1 and dQ 4 (A 3 ) > 1, in particular if it holds then 
MA A4) > 0. 

This proves that if one of Items(l)-(11) holds then A is not Gj\r 3 -stab\e. Next suppose that A is 
not Cryv 3 -stable. By the Cone Decomposition Algorithm there exists an ordering 1-PS A such that 
V(A, A) > 0. Going through Tables ([27} and fl25J| one gets that one of Items (l)-(H) holds. □ 

The result below follows at once from Proposition 15.10.11 
Corollary 5.10.2. The generic A £ S^r is Gj\f 3 -stable. 

5.11 i^na 

Let U be a complex vector-space of dimension 4 and «+ be the map of (|2.2. 1 1|) : choosing an 
isomorphism 

2 

<t>: f\U (5.11.1) 

we get i+: P(U) <-> Gr(3,l^). Let {uq, ut, u 2 , u 3 } be a basis of U and C C ¥(U) be the rational 
normal cubic curve 

C := {[X 3 u + X 2 fiu 1 + Xn 2 u 2 + fi 3 u 3 ] | [A, p] £ P 1 }. (5.11.2) 

Then i+{C) is an irreducible curve parametrizing pairwise incident projective planes of Type R 
according to the classification of [5D]. Let A £ S^- 3 be semistable with minimal orbit and such 
that [A] £ 3: we will prove that Qa contains i+{C) for some choice of Isomorphism (|5.9.1[) . 
see Proposition 15.11.41 That result will lead us to study those A £ LG(/\ 3 V) such that 8^4 
contains i+(C) and moreover /\ 10 A is fixed by the action of the 1-PS of SL(V) given by f\ 2 g where 
g: C x — > SL(U) is defined by g(t) := diag(i 3 , t, t~ x , t~ 3 ) (with respect to the basis {uo,Ui,u 2 ,u 3 }) 
- notice that if we let 

v :=u Aui, Vi:=UqAu 2 , v 2 :=u q Au 3 , v 3 :=uiAu 2 , U4 := u% A u 3: v 5 :=u 2 Au 3 

then f\ 2 g(t) is identified with Xj^ 3 (t 2 ). We will denote by Yg the set of such A; as noticed above 
Yg x C Sjy . If A £ Sjy is semistable with minimal orbit and [A] £ 3 then it is PGL(F)-equivalent 
to an element Yg x , see Proposition [5711.61 Given A £ S^- 3 let 70 £ V 23 be as in (|5.10.3[) and let 

Woo ■= (vo,fi,7o}) W := (jo,Vi,v 5 ). (5.11.3) 



117 



Thus Woo,Wo 6 &a- In Subsubsection 15.11.31 we will analyze the locus of A 6 Yg x such 
that Cw^,A is not a sextic in the regular locus of the period map (|0.0.10p . in particular we will 
identify an irreducible locus C Yg x parametrizing such A's and whose image in StJl is a closed 
irreducible 1-dimensional set Xz contained in 1. Lastly we will prove that Xj^ 3 n J — Xz U Xyy, 
see Subsubsection 15.11.41 As the reader will notice the outline of the subsection is very similar 
to that of Subsection 15.91 

5.11.1 Lagrangians A such that Qa contains a curve of Type R 

Lemma 5.11.1. Suppose that A G Sj^ is semistable with minimal orbit and that [A] G 3. Then 
there exists 

We{W oo ,(v ,'y,vs),(vi,'Y,v i },W }, 7^23 (5.11.4) 

such that W 6 Qa and Cjy A is either P(W) or a sextic curve in the indeterminacy locus of 
Map (|0.0.10j) . 

Proof. By hypothesis there exists W* G Qa such that Cw„,A is either P(W*) or a sextic curve in 
the indeterminacy locus of Map (I0.0.10[) . Suppose that Cw„.A = P(W*). By Proposition [572.71 
we have [A] el^,U {3}. By Claim 1473751 and (jO^l) we get that C WtA = P(W) for every W eQ A 
in particular for W = Woo (or W = Wo). Thus from now on we may assume that 

for all W G Q A we have C W . A ^ P(W). (5.11.5) 

Taking lim^o Aa/" 3 (*)W we get that there exists W G Qa such that Cyy A is a sextic curve in the 
indeterminacy locus of Map (|0. 0.101) and W is fixed by Xj^ 3 (t) for all t G C x . Thus W is the direct 
sum of 3 irreducible summands for the representation Xj\f 3 : C x — > SL(V) i.e. one of Woo, Wo or 

(v ,Vi,V4,), (Vq,Vi,V 5 ), (« ,7>«4), (vo,1,V 5 ), {v ,V4,V 5 ), (ui,7,U 4 ), (vi,J,V 5 ), (Vi,V4,,V 5 ), [Vi] © V 23 

(5.11.6) 

where 7 G V23. Let Wi ^ W 2 E Qa- by Proposition 15.7.11 we get that dim(Wi D W2) = 1. Thus 
we may exclude from (|5.11.6[) all the subspaces which intersect one of Woo , Wo in a 2-dimensional 
space. It follows that W is one of 

Woo, («o,7, u 4), (v ,j,v 5 ), (v 1 ,j,v 4 ), (l>l,7, V 5 ), Wq. 

It remains to prove that we cannot have W = (uo, 7,1*4) nor W = (^1,7, v$). Suppose first that 
W — (t)o,7, W4). Then Item (2) of Proposition [57lO.ll holds and hence lim^o X' 1 (s)A exists 
and belongs to LG(/\ 3 V) ss (if lu generates /\ 10 A then lim s _>.o ^1 (s)u> exists and is non-zero) - 
see ([5. 10. 111) . (|5. 10.121) and Item (2') in the proof of Proposition [5710. II By hypothesis the orbit 
PGL(V)A is closed in S^ s ; thus we may replace A by lim^o X'i(s)A and hence we may assume 
that X[(s) acts trivially on A 10 A for every s G C x . Let C WA = V(P) where / F £ C[X,Y,Z] 6 

- here {X, Y, Z} is the basis of W V dual to {v , 7, V4}. We know that X[ (s) and AjV 3 (i) act trivially 
on /\ W A for (s,t) G C x x C x . Applying Claim I37T741 we get that all elements of SL(W) given by 
diag(s _2 i 5 , s~ 2 t _1 , sH~ 4 ) act trivially on P. It follows that P = aX 2 Y 2 Z 2 and by (|5.11.5j) we have 
o^0, that is a contradiction. Next suppose that W — (wi,7, U5). Then Item (1) of Proposition 
15.10.11 holds: one excludes this case arguing as above. □ 

Proposition 5.11.2. Suppose that A G S^- is semistable with minimal orbit and that [A] G 3. 
Then dim Qa > 1 ■ 

Proof. By contradiction. Suppose that dim Qa = 0. In particular 

if W\ 7^ W2 G 9a then dim(Wi n W 2 ) = 1. (5.11.7) 

Moreover Cw,A is a sextic curve for every W G 9a by Corollary 15.2.81 By Lemma 15.11.11 there 
exists W G Qa such that (15.11.41) holds and C-pp A is a sextic curve in the indeterminacy locus of 
Map (|0.0.10p . We claim that 

&imS w <3. (5.11.8) 
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In fact suppose that (|5.11.8I) does not hold. Then A 6 B>c 1 : by Proposition 15.2.11 we get that 
A 6 PGL(V)A + , that is a contradiction because dim®A + — 3. Let {wq,wx,W2} be the basis of 
W appearing in (|5.11.3p or in (|5.11.4[) : thus u> — v if W — or W — (wo,7, w 5), = v i if 
W — (ui, 7, W4), wo = 7o if W = Wq etc. Let {X , X\, X 2 } be the basis of W dual to {wo, wi,w 2 }- 
The TPS Aaa 3 acts trivially on /\ 10 A; applying Claim [3.1.41 we get that Cyy a = ^(-P) where 

P = {hX X 2 + ai Xf)(b 2 X X 2 + a 2 Xf)(b a X X 2 + a 3 X^). (5.11.9) 

Since ^4 is a sextic curve in the indeterminacy locus of Map (|0.0.10[) one gets that one of the 
following holds: 

(!) C WA = V((bX X 2 + aXlf). 

(2) C WA = V(X^Xl(bX Q X 2 + XI)). 

(3) C WA = V(Xf(bX X 2 + aXD). 

Let Z be the union of 1-dimensional components of singCp^^: in all of the above cases Z is 
non-empty. By Proposition [372.61 we have Z C BiW, A). Arguing exactly as in the proof 
of Proposition [579.51 one shows that 

dim(An5 pr ) = 3 (5.11.10) 

and that Item (1) or Item (2) leads to a contradiction. Lastly suppose that Item (3) holds. Let 
V = W®U where U is Ajv 3 -invariant. Let V := S W D(/\ 2 W AU). By (|5.11.10j) we have dimV = 2. 
View V as a subspace of Hom(VK, U) by choosing a volume form on W: every <f> E V has rank 2 
and K(V) (notation as in (|A.3.6[1 ) is the line V(X±). By Proposition IA.3.11 we get that V is 
GL(M / ) x GL(C/)-equivalent to Vi- Thus there exists a basis {uo, ui,u 2 } of U such that 

V = (wq A Wi A Uq + Wq A W 2 A U\, Wq A W 2 A U 2 + W\ A W 2 A Uo). (5.11.11) 

Up to scalars there is a unique non-zero element of V mapping wq to and similarly there is a unique 
(up to scalars) non-zero element of V mapping w 2 to 0: since V, [wo] and [w 2 ] are Aw 3 -invariant 
it follows that the two elements of V appearing in (|5.11.1ip generate Atv" 3 -invariant subspaces. 
Since each Wi generates a Aaa, -invariant subspace it follows that each Uj generates a Ajv 3 -invariant 
subspace. Considering the possible weights of the Uj's we see that we cannot have W = (vo, 7, V5) 
nor W — (ui,7, U4). Suppose that W = W^. We may (and will) choose v 2 := w 2 = 70 and V3 to 
be a generator of the Ajv 3 -invariant subspace of U. Considering the possible weights of the u/s we 
get that uo S [^4] , u\ € [vg] and u 2 & [v§\. Rescaling V3,V4,v§ we get that 

V = (v A vi A V4 + vo A v 2 A v 3 , vo A v% A V5 + v\ A V2 A V4). 

Thus (vq A v 2 A V5 + Vi A v 2 A V4) € An Sjy. Now A n S^- contains a 3-dimensional subspace R 
dictated by the condition A e Bjv 3 - see Table |T]) - and (uq A v 2 A v 5 + V\ A v 2 A V4) £ R. Thus 
dim(A n SW) > 4 and that contradicts (|5.11.10l) . It remains to deal with the case W = Wo'- it is 
similar to the case W = Woo- □ 

Choose an isomorphism S 2 L V: then we have the maps k : P(£) Gr(3, V) and h : P(L V ) ^-s> 
Gr(3,V r ), see (|3.2.20p . Let D C P(i) and £>' C P(L V ) be (smooth) conies. Then fc(D) and h(D') 
are smooth rational sextic curves parametrizing pairwise incident planes in P(V). By Claim 3.15 
of [2D] (see also (|5.11.22[) ) we may choose the isomorphism S 2 L ^> V so that 

i+(C) = k(D) = h(D'). (5.11.12) 

In particular we get the following result. 

Remark 5.11.3. For a suitable Isomorphism (15.11. ip we have that i+{C) C ®A k and similarly with 
A/; replaced by Ah- 
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Proposition 5.11.4. Suppose that A G is semistable with minimal orbit and that [A] G 3. 
Then Qa contains i+(C) for some choice of Isomorphism (|5.11.1I) . 

Proof. Let [A] G %_\r 3 (~)3. By Proposition [5711.21 we know that dim 0,4 > 1. If dim 0,4 > 2 then 
by Lemma 15 . 2 . 61 we have [A] G Xyy U {y, y v }. Let A G X^: since a smooth quadric in P 3 contains 
a twisted cubic 0,4 contains i+(C) for some choice of Isomorphism (|5.11.1[) . On the other hand 
8,4,, and ©,4 h contain i+{C) for some choice of Isomorphism (|5. 11.11) by Remark 15 .11.31 Thus 
from now on we may assume that dim = 1. Let O be a 1-dimensional irreducible component of 

0. 4. By Theorem 3.9 of [20] the curve belongs to one of the Types 

T x , V, £ 2 , £ 2 V , Q, A, A v , C 2 , R, S, T, T v 

defined in [2D]. Moreover if if of calligraphic Type X then A G B x - see Claim 3.22 of [20]. Thus 
if has calligraphic Type then A G Bj^ U M v U lf 2 U l £ v Ul^U B^v U B C2 ; by ([5X6]) we get 
that [A] G U Q3 Cl U!B P U Sg, U «B f v and hence [A] G X w U {y,y v } by Proposition 15.2.11 
Proposition l573.il Proposition [574.11 Proposition [575. 21 and Proposition l5T6.ll As noticed 
above it follows that Qa contains i+(C) for some choice of Isomorphism (|5.11.1I) . Thus from now 
on we may assume that is of Type Q, R, S, T or T v . Now notice that if i G C x then Xj^ 3 (t) acts 
on i.e. Xj^ 3 (t)\e is an automorphism of 0. Suppose that Ajv 3 (i)l© is the identity for each t G C x : 
looking at the action of Aj^i) on V we get that is a line and hence A G Bj^ . By Proposition 
15.7.11 we have 25 fl 3 = and hence we get a contradiction. It follows that if i G C x is generic 
then \^f a (t)\3 is not the identity - in particular there exist points in with dense orbit and hence 
has geometric genus 0. We claim that there does not exist a of Type Q, S, T or T v such 
that \j\r 3 (t)(<d) = for t G C x . In fact suppose that has type Q. Then we may assume that 
= i+(D) where D c P(U) is the conic given by (|5.9.2[) . Arguing as in the proof of Proposition 
15.9.81 we may assume that each \w 3 (t) is induced by a projectivity of ¥(U): as is easily checked 
that is impossible. On the other hand cannot be of Type S, T or T v because there is no 1-PS 
of PGL(T^) mapping such a curve to itself. (There is no copy of C x in the automorphism group of 
such a curve acting trivially on the Picard group of the curve.) Thus we have proved that is of 
Type R: a curve of such type is equal (up to projectivities) to i+{C) where C is given by (|5.11.2[) 
and the proposition follows. □ 

5.11.2 Lagrangians containing i+{C) and fixed by Xj^ 3 

Let 

3 

Y^ := {A G LG(/\ V) \ & A D i+(C)} (5.11.13) 

1. e. the closed subset of lagrangians A such that ¥(A) contains i+{C) - the superscript 4> refers to 
the chosen isomorphism (f>: f\ 2 U ^> V. 

Remark 5.11.5. The action of C x on P 1 defined by diag(£ -1 ,i) induces the action on U given by 
diag(i 3 , t 1 , t _1 , t~ 3 ) in the basis {uo, u\, u 2 , u 3 }. Via <f) we get a representation 77: C x — > SL(V^). A 
straightforward computation gives that rj(t) = Aw 3 (i 2 ) where X^f 3 (t) is the 1-PS corresponding to 
A3 and the basis F = {vo, . . . , v$} of V given by (|4.3.1[) - sec Subsection 15.11 

Let t G C x : by the above remark Xj^ 3 (t) defines a projectivity of P(V) mapping i+(C) to itself. 
It follows that Aj\r 3 defines an action p of C x on Y^. Let C f\ W (f\ 3 V) be the affine cone over 
Y^: then p lifts to an action p on Y^. Let 

10 

Y^ x := {A G I f\A is in the fixed locus of p(t) for all t G C x }. (5.11.14) 

An explicit description of Yj~ x goes as follows. First we explain Table (j2"9"|) . Let ((i + (C))) C A + (U) 
be the span of the affine cone over i+(C). Going through Table (IT4l one gets that a basis of {{i + (C))) 
is given by the first seven entries of Table ([2"9"1) . It follows by a straightforward computation that 
the elements of Table (|29p form a basis of ^(C) -1 -. Notice that each such element spans a subspace 
invariant under the action of Xj^ 3 (t) for t G C x : the corresponding character of C x is contained 



120 



Table 29: Bases of «i+(C))) and of ((i+iC)))^. 


a-f3 notation 




?i pfinn nf A*r it 1 

GtL>LJlLFJJL Ul /\ J\j 2 It J 


"(2,0,0,0) 




Vq A 1>i A t>2 




"(0,0,0,2) 




«2 At)4 A t»5 




"(1,1,0,0) 




V A («i A W 4 - V 2 A V 3 ) 


t 2 


"(0,0,1,1) 




v 5 A (vi A w 4 + v 2 A w 3 ) 


t- 2 


"(0,2,0,0) + 


"(1,0,1,0) 


77n A 7Ji A 77c -(- 7Jn A 7Jo A 7J/i — 7'i A 77o A 77o 




"(1,0,0,1) + 


"0,1,1,0) 


7Jr\ A 7Jn A 7» —1— 77r\ A 7 )<j A 7!r - — 7?i A 7 To A 7J.I —1— 77i A 7?i A 11a 
UQ / \ C/2 / \ U^j \ UQ 1 \ 1/3 1 \ C£j U\ 1 \ V J, ' » t/4 ' * ^ O ' * ^4 


1 


"(0,0,2,0) + 


"(0,1,0,1) 


■11^ A 11- A 1 1 ■- l A 1 in A it— l 9 1^. A ij in A « 
t/0 /\ t/4 /\ 1/5 i/l /\ A t/g U2 f\ t/3 A "4 




"(0,2,0,0) — 


"(1,0,1,0) 


— ?Jo A i>i A ^5 + ^0 A A V4 + i?! A i?2 A V3 


t 


"(1,0,0,1) - 


"(0,1,1,0) 


Vo A 1>2 A V$ — Vq A U3 A V5 — A 1?2 A U4 — V\ A A 1?4 


1 


"(0,0,2,0) — 


"(0,1,0,1) 


— A A ^5 + vi A V3 A v$ — i>2 A i?3 A V4 




4/3(0,0,2,0) - 


- 2 /3( 0i i i0 ,i) 


— 2v A i>i A 7J 5 + 4vq A ^2 A v 4 — 2ui A ^2 A ^3 


t 


P(l, 0,0,1) — 


P(0, 1,1,0) 


^0 A V 2 A ^5 — Vq A f 3 A V$ + I? i A ^2 A ^4 + ^1 A V3 A V4 


1 


4/3(0,2,0,0) - 


- 2^(1,0,1,0) 


— 2v A ^4 A v 5 + 4^1 A V2 A ^5 + 2^2 A ^3 A V4 


i- 1 



in the third column of Table (|2"§1) . Let C A_|_({7) be the subspace spanned by the elements of 
Table (|2"9"]) which belong to lines 8 through 10 and Qc C A-(U) be the subspace spanned by the 
elements of Table ((29)) which belong to lines 11 through 13. Both Pc and Qc are isotropic for (, )y 
and the symplectic form identifies one with the dual of the other; thus the restriction of (, )y to 
Pc®Qc is a symplectic form. It follows that a lagrangian A £ LG(/\ 3 V) contains i+(C) if and only 
if it is equal to ((i + (C))) © R where i? G LG(F C ©Qc)- Given c = [c ,ci] G P 1 , d = [d ,dx\ £ P 1 
we let 

-R c ,d := (co ("(0,2,0,0) - "(1,0,1,0)) + c i (4^(o,o,2,o) - 2/3( ,i,o,i))> 

^o("(i,o,o,i) - "(0,1,1,0)) + di (^(i,o,o,i) - /3(o,i,i,o))) 

c o("(o,o,2,o) - "(0,1,0,1)) + ci (4^(o,2,o,o) - 2^(1,0,1,0))) (5.11.15) 

and 

A cA := {{i+{C))) ® R cA . (5.11.16) 
Looking at the action of Aw 3 (t) on the given bases of Pc and Qc one gets that 

Y fL = {^c.d I (c,d) 6 P 1 x P 1 } = P 1 x P 1 . (5.11.17) 

Notice that A c d is AjV 3 -split of reduced type (1, 1, 2) (look at the action of C x on the elements of 
the bases of «i+(C)}}, P c and Q c ). Thus 

YtcS^ 3 . (5.11.18) 

Proposition 5.11.6. Let Fq be a basis of V and (j) be as in (|5.11.1[) . Suppose that A G §^/ 3 is 
semistable with minimal orbit and [A] G 3. There exist g G PGL(V) swc/i i/iat gA G Yg x . 



121 



Table 30: Values of i? = A 3 L^ 1 o 5 V , I. 



(012) 


(013) 


(014) 


(015) 


(023) 


(024) 


(025) 


(034) 


(035) 


(045) 


(012) 


-(013) 


-(023) 


-(123) 


-(014) 


-(024) 


-(124) 


(034) 


(134) 


(234) 



Table 31: Values of = A 3 L' 1 o 6 V , H. 



(123) 


(124) 


(125) 


(134) 


(135) 


(145) 


(234) 


(235) 


(245) 


(345) 


-(015) 


-(025) 


-(125) 


(035) 


(135) 


(235) 


(045) 


(145) 


(245) 


-(345) 



Proof. Assume first that dim a > 2. By Lemma 15.2.61 we have [A] € Xyv U {3,3 V } and the 
result follows, see the proof of Proposition 15.11.41 It remains to deal with the case dim ©a < 
1: by Proposition [5711.41 there exists an irreducible component of a which is projectively 
equivalent to z+(C). The 1-PS A^ 3 fixes A hence it acts on 0: the action is effective because the 
set of fixed points for the action of on Gr(3, V) is a collection of points and lines. The image 
H consists of the group of automorphisms fixing two (distinct) points p,q <E O. On the other hand 
by Theorem 3.9 of [20] there exists g G PGL(V) such that gO = i + (C): we may choose g so that 
g(p) = 0,0,0]) and g(q) = i+([0, 0, 0, 1]). With this choice of g the group H gets identified 

with the group of automorphisms of C fixing [1,0, 0, 0] and [0, 0, 0, 1]. Thus gA G Y^ by definition 
ofYf □ 



5.11.3 Cw x ,a for A e Y^ x 

We will start with a couple of preliminary observations. Let {xq, . . . ,25} be the basis of V v dual 
to {vq, . . . , v^} and q 6 S 2 V v be the non-degenereate quadratic form given by xqx$ — x\Xa + X2X3: 
the Pliicker quadric Gr(2, U) C P(A 2 U) = V(V) is the zero-set of q. Let L$ : V —> V v be the 
isomorphism defined by q. 

Proposition 5.11.7. Let (c, d) G P 1 x P 1 and c' := [co,—Ci] and d' := [do,— di]. Then A c >^' is 
isomorphic to the dual <5y(^4 c ,d) (see (|1.0.12|) for the definition of 5\r), more precisely <5y(^4 c .d) = 
A%(A=',d')- 

Proof. Let i?^ := /\ 3 L^ 1 o Sv- Then R$ maps each of A±(U) to itself and R$\a±{U) — ±ItU ± (!7)' 
Thus A C f_d' = R<f>{A c ,d) and the proposition follows. □ 

Tables (f3"Uf and (l3~Tj) list the images of the monomials Uj A Vj A Vk under the map Rq appearing 
in the poof of Proposition 15.11.71 they will be useful later on. In the tables we have denoted 
Vi A Vj A Vk by (ijk). Next we will examine 0A cd - We will start by discussing (|5.11.12p . Let 
v. Gr(l,P(J7)) ^ P(A 2 U) be the Pliicker map. We have the embedding 

p 2 s C {2) _^ p(/\2 ^ _ p( y^ 

zi + z 2 1 y l/((Zl,Z 2 )) 

where (£1,22) is the line spanned by Z\,z% (the projective tangent line to C if z\ = 22)- Then 
K*Opar\(l) = Op2(2). It follows that for a suitable isomorphism V = S 2 i we have 

k(C (2) ) = Vi(L) (5.11.19) 

where Vi(L) is the Veronese surface of symmetric tensors of rank 1 modulo scalars. In order to 
describe the elements of ®A k (L) an d ®A h (L) we introduce a peice of notation. 

Definition 5.11.8. Keep notation as above and let Q C P(U) be a smooth quadric containing C. 
For i — 1, 2 we let Ti{Q) be the family of lines L C Q such that L ■ C ~ i (the intersection takes 
place in Q). 
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Thus v(T 2 {Q)) is a conic lying in the Veronese surface k{C^) and {{v(T 2 {Q)))) belongs to Q Ah ; 
in fact 

&a,al) = {«T 2 (Q)» I Q E |X C (2)| smooth} U {i+{p) \ p £ C}. (5.11.20) 

Now notice that R^(T 2 (Q)) — R\(Ti(Q)) where R^, is as in the proof of Proposition 15.11.71 
By Proposition [5711.71 it follows that 

&A k (L) = {((Ti(Q))) I Q e |2c(2)| smooth} U {i+{p) \ p £ C}. (5.11.21) 
In particular we get that 

i+(c) = e A+iu) n e Ak{L) = e A+(u) n e Ah(L) = & Ah(L) n e A „ (i) . (5.11.22) 

Claim 5.11.9. Let A £ Sjvv {Ao,Ai,A2} &e i/je frasis o/W^ dual to {vo,vi,jq} . There exist 
ai,bi gC for i = 1,2,3 sitc/i i/iai 

C Woo ,a = ^((&iX *2 + axXl){b 2 X a X 2 + a 2 X*)(b 3 X X 2 + a 3 X 2 )). (5.11.23) 

Proof. Let (6C X : then X^ 3 (t) fixes Woo and W . Applying Claim [371741 and Item (2) 

of Remark 14.1.41 we get the result. □ 

Now let A c ^ d £ Y^ x : then 

We =<+([l, 0,0,0]). 

Let {X ,Xi,X 2 } be as in Claim l57LTT9l As [A,/i] varies in P 1 the intersection P(W / " 00 )nP(i+([A, /i]) 
traces out a dense open subset ofV(X X 2 -Xf) C P(VKoo)- By Corollary [3. 2. 71 and Claim [57TTT91 

we get that 

C Woa ,A^ = V((X X 2 - Xlf{bX X 2 + aXf)). (5.11.24) 

We will show that Cw ootAcd and Cw ,A c d are projectively equivalent. In fact let l be the involution 
of P 1 mapping [A, p] to [p, A]. Equation (|5.11.2[) identifies P^ A ^ with C: thus we may regard i as an 
involution of C. In turn l induces the involution on ¥(U) given by [uq, u\, u 2l U3] 1— > [u 3 , u 2 , u±, uq] 
and also an involution ip £ SL(V^) via the isomorphism <j>: f\ 2 U V of (|5.11.1|> . Explicitly 

p(vo)=V5, <p{vi) = V4, (fi(v 2 )=v 2l (p(v 3 )=v 3 , ip(Vi)=vi, tp(v 5 )=v . (5.11.25) 

A straightforward computation gives that 

ip(Ac,d) = A cA , (c,d)eP 1 xP 1 . (5.11.26) 

Since <p(Woo) — Wo we get that 

If (c, d) £ P 1 x P 1 then Cw x ,A c , d is projectively equivalent to Cw ,A cM - (5.11.27) 

We are interested in 

:= {A c , d £ Y£ x I C Woo , Acd = V(m{X X 2 - Xj f), m £ C}. 

Before stating the next result we introduce some notation. By (|5. 1 1 .22(1 we have i+(C) = k(D) 
where D C ¥(L) is a smooth conic. The 1-PS Atv" 3 is induced by a 1-PS p of SL(L) which maps the 
conic D to itself: let qi,q 2 ,r £ P(£) be the fixed points for the action of p on P(L), with qi,q 2 € D. 
Similarly we have i+{C) = h(D') where D' C P(L V ) is a smooth conic. The 1-PS Xjt/ 3 is induced 
by a 1-PS p' of SL(L V ) which maps the conic D 1 to itself: let q[,q 2 ,r' £ P(L V ) be the fixed points 
for the action of p' on P(L V ), with q'i,q 2 £ D. Up to reordering we have Woo = k(qi) = h(q[) and 
Wo — k(q 2 ) — h{q' 2 ). The points r, r' are given explicitly as follows. Let {£o, ■ • ■ , £3} be the basis of 
£/ v dual to {uo, . . . ,113} and let 

Qo = Vfa& - 66) C ¥(L). (5.11.28) 

Then 

k(r) = ((T 1 (Qo))), h{r') = «T a (Q )». 
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Proposition 5.11.10. Keep notation as above. Let A c ^ £ Yg x . Then one of the following holds: 
(s) dim0^ cd > 2 and 



(si ) ci = - in this case A c ^ belongs to 



nv 



or 



(s2) (c,d) = ([1, 1], [1, —1]) - in this case A c d belongs to the orbit of Ak - or 
(s3) (c, d) = ([1, — 1], [1, 1]) - in this case A c d belongs to the orbit of Ah- 

(t) dim9 J 4 cd = 1 and every irreducible component of Qa c d is one of the folowing: 

(ti) i+(o, 

(t2) k{( qi ,q 2 )), k{(r, qi ,r)) or k((r,q 2 }), 
(t3) h((q[,q 2 )), h((r',q[,r)) or h((r> , q' 2 )) , 

(U) i+({Kowo + 6« 3 ] I Ko,6] gP 1 }), 

(t5) {((Ti(Q )))} where Q is given by (|5.11.28p . 
(t6) {((T 2 (Q )))}. 

Moreover ((Ti(Qo)}) is an element of&A cd if and only ifdo + di = and ((T2(Qo))) is an element 
°f ©Ac d if and only if e?o — d\ = 0. 

Proof. As is easily checked 

{W g Gr(3, V)\Wn i+(p) ± {0} V P g C} = 6 A+(t/) U 9 Afc(i) U 6 A)i(L) 
where L is as in f|5.11.19[) . Since i+(C) C Qa d it follows that 

©A c , d c @ A+m u e Ak{ L) u e Afc(i) . (5.H.29) 

Let be an irreducible component of &a c d - By (|5. 1 1 -29[) one of the following holds: 

(A) ec& A+ (u), 

(b) e c e Ak{L) , 

(C) 9c8 Al([) . 

Suppose that (A) holds. Then 6 = i+(R) where R C P(f7) is left invariant by the action of the 1-PS 
of PGL([7) defined by diag(i 3 , t, t~ 3 ) in the basis {uq, . . . , u^} - see Remark 15. 11.51 Moreover 
R is an irreducible component of C (0ji o d ) = i+ 1 P(A) and the latter is an intersection of quadrics. 
It follows that O is one of the following: 

(Al) A + (U), 

(A2) i+(Q ), 

(A3) i+(C). 

(A4) {i+(KoWo+e 3 W3]) I [Co, 6] eP 1 }, 

Next suppose that (B) holds. Arguing as above (notice that this time k~ 1 (OA c d ) is an intersection 
of cubics) we get that O is one of the following: 

(Bl) A k (L), 

(B2) k(D)(=i + (C)), 

(B3) k({q 1 ,q 2 )), k((r,qx,r)) or k((r,q 2 }), 

(B4) {k(r)} = «2i(Q )». 
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Lastly suppose that (C) holds. Arguing as above we get that O is one of the following: 

(CI) A h (L), 

(C2) h(D>)(=i + (C)), 

(C3) K(q' 1) g' 2 )),h{(r f ,q' 1 ,r)) or h({r', q> 2 }), 

(C4) {%')} = «T a (Q )». 

A quick glance at Items (A1)-(A4), (B1)-(B4), (C1)-(C4) gives that if dime Ao . d > 2 then one of 
(Al), (A2), (Bl) or (CI) holds. A straightforward computation gives that (Al) or (A2) holds if and 
only if c\ = (see (|5.11.15[l ). Moreover if (Al) or (A2) holds then A cd belongs to X£y by definition 
of X^y. Next let's prove that (B4) or (C4) holds if and only if d = [1, -1] or d = [1, 1] respectively. 
Let Qo be as in (15.11. 28|) : it is a smooth quadric containing C. A computation gives that 

((7i(Qo)» = (vi,(v 2 + v 3 ),v 4 ). (5.11.30) 

It follows that ((Ti(Qo))) is an element of Qa c d if and only if d + d\ = 0. Similarly 

«T 2 (Qo)» = (vo,v 2 -v 3 ,v 5 ). (5.11.31) 

(Notice: R^ 3 ((Ti(Q )))) = A 3 «T 2 (Q )))-) It follows that 6 Ac , d contains ((T 2 (Qo)» if and only 
if do — d\ = 0. Next we will prove that A cd — Ak{L) if and only if (c,d) = ([1, 1], [1, — 1]). 
Suppose that A cd = Ak(L). Then ((Ti(Qo))) is an element of A cd and hence d = [1, —1] by the 
computation above. Let 

Qi = vfob - & + tita - el) c nu). 

Thus Q\ is another smooth quadric containing C . A computation shows that 

((Ti(Qi))) = (v + v 2 ,vi + v 4l v 2 + v 5 ). 
It follows that ((Ti(Qi))) is an element of &a c d if and only if 

A C}d 3i(v +V 2 )A(v 1 +V4)A(v2+V ;> ) = 

=4a(2, 0,0,0) +( a (0,2,0,0)+ a (l,0,l,0) ) — ( a (0,2,0,0) — Q (l ,0, 1,0) ) — (4/3(0,0,2 ,0) — 2 /3(0,l,0,l) ) + 

+ ( Q (0, 0,2,0) +0(0,1,0,1) ) — ("(0,0,2,0) — "(1,0,1,0) ) _ (4/3(0,2,0,0) — 2/8(1, 0,1,0) )+4«(0, 0,0, 2) ■ 

The above holds if and only if cq — c\ = 0. This proves that if A c d — Ak(L) then (c, d) = 
([1, 1], [1, —1]); since we know that there exists such a (c, d) we get that A c d = Ak(L) if and only 
if (c,d) = ([1,1], [1,-1]). By Proposition mTTHI h follows that A c d = A h (L) if and only if 
(c,d) = ([1, -1], [1, 1]). This proves that if dim6^ c d > 2 then one of (si), (s2) or (s3) holds. Now 
suppose that dim6 Ac . d = 1. We showed above that one of (A3), (A4), (B3), (B4), (C3) or (C4) 
holds, thus it is clear that one of (tl) - (t6) holds. We have also shown that ((Ti(Qo))) G @a c d if 
and only if do + di — and that ((T2(Qo))) € @A C d if and only if do + d\ = 0. □ 

Remark 5.11.11. Let A G X^. There exists d e P 1 such that PGL(V)A = PGL(V)A [lfi ], d - 

Corollary 5.11.12. Let A Ctd e Y^ x . Then Cw^.A^a = ^(Woo) if and only if either c\ — or 
(c,d) = ([1,1], [1,-1]). 

Proof. If c x = or (c,d) = ([1, 1], [1, -1]) then C Wao>Ac , d = F(W A 00 ) by Proposition 15.11.101 - 
see Claim [4.3.51 and <|4.4.6[) . Thus it remains to prove the converse. Suppose that C'vK 00 ,A cd = 
P{Woo). By Corollary [3^3 it follows that B{Woo, A c . d ) = P(W / oc ). Thus one of the following 
holds: 

(a) Given a generic [v] £ P(Wqo) there exists W € Qa c d containing v. 
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(b) For any [v] G P(W / 00 ) we have 

dim(yl c , d n S Wao n F v ) > 2. (5.11.32) 

If (a) holds then dim6^ c d > 2. By Proposition I5.ll.10l (14.4.61) and (|4.4.7p we get that either 
ci = or (c, d) = ([1, 1], [1, — 1]). Now suppose that (a) does not hold and that (b) holds. Then 

dim(A c>d n S Woo ) > 4 (5.11.33) 

and of course c\ ^ 0. A straightforward computation gives that (I5.ll.33p holds if and only if d\ = 
and in that case 

Ac^d^Swoo — ( v AUl Al>2 , ^0 Al>l Al>4— "(Jf) Al>2 Al>3, 

(co+Ci)uoAvi A^5— 2ci^oA^2 Al>4~ (co— Ci)vi ^oA^2 AV5— ^1 AV2AV4). (5.11.34) 

Given (I5.11.34[) one checks easily that the set of [v] G P(W / oo) for which ()5.11.32[) holds is a proper 
subset of P(W / 00 ), in fact the union of a line and a singleton: that is a contradiction. □ 

Proposition 5.11.13. Let A c ^ G Y^ x . XTien A c d G X^ if and only if Ci(codi + Cirfo) = 0. 

Proof. We start by noting that X^ is the zero-locus of a section (possibly zero) of Opi (2)KlCpi (1) (we 
identify Yg x with P 1 x P 1 via (|5.11.17[) ) - this is a consequence of the discussion that follows (|3.1.2ip . 
By Proposition [5711.101 and Claim [4.3.51 we know that {(c, d) | c\ = 0} is contained in X*; it 
follows that there exists a G H°(Opi (m) M Opi(l)) with m < 1 such that 

X* = {A Ctd \ Cl =0}UV(a). 

Let's show that a ^ 0. Suppose the contrary holds i.e. that a = 0. It follows that the locus of 
(c,d) G P 1 x P 1 such that C Woo ,A c , d = P(W) is either all of P 1 x P 1 or else it is the zero-locus 
of a section of O r i(2) HI O r i(l); that contradicts Corollary 15.11.121 This proves that u / 0. 
By Proposition 15. 11. 101 and (|4.4.6D . (I4.4.7|) we have 

([1, 1], [1, -1]), ([1, -1], [1, 1]) G V(a). (5.11.35) 
a G H°(Opi (1) HI Opi (1)). (5.11.36) 
= Med I c d! + Cl d = 0}. (5.11.37) 



It follows that to = 1 i.e. 
It remains to prove that 
We will show that 



l/»n{(c,d) |d x = 0} = {([l,0],[l,0])}. (5.11.38) 

Granting the above equality we get (|5.11.37[) by noting that there is one divisor in iJ°(0 P i(l) HI 
P i(l))| whose zero-locus contains ([1, 1], [1, —1]), ([1, — 1], [1, 1]) and ([1, 0], [1, 0]) namely the right- 
hand side of (I5.11.37[) . It remains to prove (|5.11.38[) . By (|5. 11.361) the intersection number of V(a) 
and the "vertical" line P 1 x {[1,0]} is equal to 1: thus in order to prove (|5.11.38[) it suffices to show 
that if ci ^ ^ di then A c d £ V(a). Let (c, d) G P 1 X P 1 : as is easily checked d\ = if and only if 

©A„, d D*+({[&«o+&«3]) I Ko,6] GP 3 }). (5.11.39) 

Now suppose that d\ = and c% ^ 0. By Proposition [5711.101 we know that dim6 J 4 cd = 1. 
Thus the conic on the right-hand side of (I5.11.39[) is an irreducible component of Qa c d • Now 
let p G (C \ {[1,0,0,0]} be close to [1,0,0,0] and set W = i+(p). By Corollary 15.11.121 we 
know that Cfor A cd ^ P(Woo). By continuity it follows that Cw,A c d 7^ P(W). On the other 
hand we see immediatly that B(W, A Cj d) contains a conic and a line (the "projections "from p 
of C and ([1, 0, 0, 0], [0, 0, 0, 1]) respectively). Thus Cw,A c d = 2D + 2L where I? is a smooth 
conic and L is a line (intersecting D transversely). By continuity and (|5. 11.241) it follows that 
CWoo.Acd = V((X a X 2 - XlfXl), in particular (c,d) g X* and a fortiori (c,d) £ F(<r). This 
proves that (I5.ll.38p holds. □ 
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Definition 5.11.14. Let := {A c c j | Cod\ + c\do = 0}. Let X* z := U^X^ be the union over all 
isomorphisms <p appearing in (|5 . 1 1 . 1[) , and X^ be the closure of X^ ■ 

The generic Lagrangian j4 c .d G X^ is semistable: in fact Proposition I5.ll.10l gives that it is 
semistable for (c, d) € {([1,0], [1,0], ([1, 1], [1, — 1]), ([1, — 1], [1, 1])}. The proposition below gives a 
more precise result. 

Proposition 5.11.15. Let A c< i G Yfi x - Then A c ^ is not Gj^ 3 -stable if and only if 

cidi(cg-cf) = 0. (5.11.40) 
Proof. A straightforward application of Proposition 15.10.11 □ 

The result below follows at once from Proposition 15. 11.151 
Corollary 5.11.16. Let A c ,d G X^.. Then A c ,d is semistable with minimal orbit. 
By the above results it makes sense to let 

Xz :=X Z //PGL(V). (5.11.41) 
Claim 5.11.17. Xz is an irreducible curve and it is contained in Xj\f 3 n 3. 

Proof. By Proposition [5711.131 we know that dimX^; < 1 and that Xz is irreducible. Since Xz 
contains the 3 distinct points t),3,3 v it is an irreducible curve. By (I5.11.18[) we have Xz C Xj^ 3 . 
Let j4 Cj d G X^: then Cw d is either P(Wqo) or a triple conic: it follows that Xz Cl □ 

5.11.4 The last step 

We will prove that if A c d G Yg x is semistable and [A] G 3 then A G X*. First we will analyze 
A c ,[i,±i]- Let 

W+ := ((T 2 (Qo)» = (vo,v 2 -v 3 ,v 5 ), W- := ((T^Qo)}) = (v u v 2 + v 3 , « 4 >. (5.11.42) 
By Proposition IBTll. 101 we have W± G &a c {1 ±1] - 

Claim 5.11.18. Let {Zo, Zi, Z 2 } be the basis ofW± dual to the basis ofW± appearing in (j5.ll.42p . 

There exist homogeneous quadratic polynomials P±,Q± G C[cq,Ci] such that 

C^,4 ][li±1] = V((Z Q Z 2 - Zlf{P ± {c)Z Z 2 + Q±{c)Zl)). (5.11.43) 

Proof. Applying Claim [3.1.41 to the action of \j^ 3 on W± we get that Cw±,A c , x ±1] has equation 
/ c := Y[i = i(bi(c)ZoZ 2 + a,i(c)Zi). Let p G C; by Corollary 13.2.71 the differential of / c vanishes at 
W± ("1 i+{p). Since 

{W± n i+{p) \ P eC} = V(Z Z 2 - Z\) (5.11.44) 

we get that (|5.11.43p holds. We may assume that P^, are homogeneous polynomials of degree 2 
(beware that they are determined only up to a common scalar factor) by (13.1. 22p and (j3. 1.231) . □ 

Proposition 5.11.19. Let notation be as in Claim l5.11.18l The point with Z-coordinates [0, 1, 0] 

(1) belongs to Cw + ,A C (1 u "if and only if c = [3, — 1], 

(2) belongs to Cw-,A a n _ij if and only if c = [1, 1]. 
Moreover 

Cw+,A cA1A] = V((Z Z 2 - ZlfZ Z 2 ), C w _ tAct[1> _ x] = P(W_). (5.11.45) 
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Proof. The point in P(W+) with Z-coordinates [0,1,0] is [v 2 ~ V3]. By definition [v2 — V3} G 
Cw + ,A a n !] if and only if dim(i 7, 1 , 2 _ t , 3 n -A c .[i.i]) — 2- Thus the proposition is proved by a computa- 
tion. A priori we need to compute the zeroes of a 9 x 9 determinant with entries functions of Co, c%. 
We explain why the computation breaks up into a series of trivial calculations. The intersection 
F V3 —v 3 H A c [1 1] is the kernel of the multiplication map 



4=,[i,i] -> A 4 ^ 



(5.11.46) 



Both A c nil and /\ 4 are C x -modules because Ajv 3 acts on them; let A c t n t i](t m ) C A c hi] be the 
weight-m susbpace. Map (|5.11.46[) is C x -equivariant because (v 2 — V3) is -invariant; hence its 
kernel is the direct-sum of the kernels of the multiplication maps A c [ 11 ](t m ) — >• /\ 4 V. The kernels 
of these maps are readily computed. One gets that if m ^ {0, ±1} the kernel is trivial for all c, 

^^n^mWHT , , N1 !!'"!!' (5.11.47) 

'' ' - ws) A («o A V4 - «i A « 3 )] if c= 3,-1], 




^^nA.d.nr 1 )-! '7 „ !! C ^!!' !!' (5.11.48) 

V3) A (vi A W5 — U3 A U4)] if c= [3,-1]. 

Moreover the invariant part of F„ 2 _„ 3 D A c [1 1] is spanned by («2 — W3) A t>o A U5. It follows that 
[u 2 — V3] G Cw + ,a c [i !] if and only if c = [3, —1]. Moreover we see that [v 2 — V3] B(W+, ^4 c ,[i,i]) : 
by Proposition 13.2.61 we get that Cvv+,A C (1 „ has an ordinary node at [v 2 — v 3 ] and hence the 
first equality of (|5.11.45[) holds. Similar computations show that [v 2 + V3] G Cw-,A C p _ 1] (notice: 
[v2 + V3] is the point of P(VF_) with Z-coordinates [0, 1,0]) if and only if c = [1, 1]. The second 
equality of (|5.11.45[) holds because by Proposition ^. 1 1.101 we know that A\i t x\ ,[1,-1] = Ak(L). □ 

Corollary 5.11.20. Let {Zq, Z\, Z 2 } be the basis ofW± dual to the basis ofW± appearing in (|5.11.42l) . 

Then 

CV ± ,A [lj0]t[lj±1] = V((Z Z 2 - Z\) z ). 

Proof. By Proposition 15.11.191 we know that Cw±,A [10] , li±1] 7^ P(W±). Thus (see Corollary 
I3.1.3p it suffices to show that 

dim(F„ n A [1Mli±1] ) > 4 if [v] =W±n i+(p), pEC. (5.11.49) 

Let [v] be as above: then v = </>(to A T\) where To,Ti G f7 and P((ro, ri)) is a line contained in Qo- 
Given <j G P((t , n}) we let a q e /\ 3 F be a generator of /\ 3 = [a g ]: then a q € i^nAxm n-j-!]. 
As g varies in P((to, ti)) the elements a g span a 3-dimensional subsapace of F v n ^4[i.o].[i.±i] which 
does not contain a generator of /\ 3 W±; inequality (|5.11.49[) follows. □ 

Proposition 5.11.21. Let A Cy d G Yg x . There exists W G Qa c d sucft £/ia£ Ch/,a c d is either P(W) 
or a sextic in the indeterminacy locus of the period map (|0.0.10j) if and only if A c d G X^. 

Proof. Let A c d G X^; then CV^^d is either P(VFoo) or a sextic in the indeterminacy locus 
of (|0.0.10p by definition of X^. Now assume that there exists W G &a c d such that Cw,A cd is 
either P(14 7 ) or a sextic in the indeterminacy locus of (|0. 0.101) . If dim9 J 4 cd > 2 then A c ^ G X^ 1 
by Proposition IBTl 1.101 and Proposition [5711.131 Thus we may assume that dim0 J 4 cd = 1. 
Since the 1-PS Ajv 3 acts on Qa c d we may assume that W is fixed by X^/ 3 (t) for all t G C x . Going 
through Items (tl) - (t6) of Proposition 15.11.101 we get that W is one of W oo ,W ,W +1 W-. 
If W G {Woo, W } then A c , d G X^ by definition and by (|5.11.27|) . Next let us consider W+. 
By Proposition ^. 11. 101 we know that W+ G &w.A c d if and only if d = [1,1], moreover Cw + ,A C (1 1] 
is a sextic for every c G P 1 by Proposition IBTl 1 . 1 91 By Claim [5.11.181 and Corollary 15.11.121 
it follows that we have a regular map 

pi - |eW6)| 



<=,[!, 1] 
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with image a line and c has degree 2 onto its image. Let Zq,Z%, Z 2 be the homogeneous coordinates 
on ¥(W+) introduced above. Map (|5.11.50[) sends [1,0] to V((Z Z 2 - Z\f) by Corollary QL11J20I 
and it sends [1,-1] to the same sextic by Proposition [5711.101 and (|4.4.7p . Since Map (|5.11.50[) 
is of degree 2 onto a line it follows that no other c is mapped to V((ZqZ 2 — Zf) 3 ) i.e. if c ^ 
{[1,0], [1, —1]} then CV + ,a Cj[1j1] is a sextic which is not in the indeterminacy locus of the period 
map qO.O.lOp . By Proposition \5A1JM both ([1, 0], [1, 1]) and ([1, -1], [1, 1]) belong to X 1 ^. Lastly 
we consider By Proposition 1571 1 . 1 01 we know that T4 7 - £ Q>w.A c d if and only if d = [1, — 1]. 
By Proposition [5711.191 we know that Gw_,A c {1 _^ = P(W_) if and only if c = [1, 1] moreover 
Cw-,A lx ,oui,-i] = V{{Z Z 2 - Z\f ) by Corollary T5.1 1.201 By Claim l57lT7l8l it follows that 

(a) C w _ tAc>ll> _ 1] = V((Z Z 2 - Z\f) for all c ^ [1, 1] or else 

(b) C w _ A ^ _ n = V((Z Z 2 - Z\f) only for c = [1,0]. 

A computation gives that the point in P(W_) with Z-coordinates [1, 0, 1] (i.e. \v\ + V4]) belongs to 
Cw-,A {1 ,_i],[i,_i] : m fact 

i ? „ 1 + t , 4 94(i;i+)J4)A('UoA-U2-i'2A-U3-i>2A-U5)=4a (0>0 2) -(q (0>0 2 0) +" ( o,i,o,l) ) + (("(o ,0,2,0) -"(0,1,0,1))- ( 4 /3(o ,2,0,0) -2/3(i, 0,1,0))) + 

+ ("(0,2, 0,0) +"(1,0, 1,0)) -(("(0,2, 0,0) -"(1,0, 1,0)) -(4/3(0, 0,2,0) -20(0, 1,0,1))) -40(2,0,0,0)6^(1,-1], [1,-1]- (5.11.51) 

Thus Item (b) holds; since ([l,0],[l,-l])eX* this finishes the proof. □ 

Below is the main result of the present subsection. 
Proposition 5.11.22. Xaa 3 D 3 = Iw U 3Cz- 

Proof. By (|5. 11.181) and Remark 15. 11. Ill we know that Xyv C 3£js 3 , moreover Xyv C 3 by Claim 
14.3.51 thus Iw C 3£jv 3 n 3. On the other hand Xz C 3£jj 3 D 3 by Claim 15. 11.171 It remains to 
prove that 

%n3cl w Ul 2 . (5.11.52) 

Let [A] G Xtv" 3 H 3. We may and will assume that A has minimal orbit. By Proposition 15.11.61 
we may assume that A 6 Y^ x , say A = A Ct d- By Proposition [5711.211 we get that A Ct d £ 
and by Proposition 15. 11.131 cither c\ — or (codi + Cicfo) = 0. If ci = then [A c d] 6 Xyy 
by Proposition [5711.101 if (co<ii + cido) = then [A:,d] £ £z by definition. □ 

We finish the section by observing that 

I v nl 2 = {t)}. (5.11.53) 
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A Elementary auxiliary results 



A.l Discriminant of quadratic forms 

Let U be a complex vector-space of finite dimension d. We view S 2 U v as the vector-space of 
quadratic forms on U. Given G S 2 U v we let $ be the polynomial on the vector-space S 2 U y 
defined by &(q) := det(g* + q). Of course $ is defined up to multiplication by a non-zero scalar, 
moreover it depends on although that does not show up in the notation. Let 

$ = $o + *i + --- + *d, $ 4 £S 4 (S 2 C7) (A.l.l) 

be the decomposition into homogeneous components. We will be interested in giving "intrin- 
sic" descriptions of the loci 

{q G S 2 U v | = 4> (g) = . . . = $,(9)}. (A.1.2) 

Of course all one needs to do is to expand a determinant: the point is to give a meaningful 
interpretation of the result. We introduce some notation. Given q G S 2 U y we let 

q:U^U V , (v,w) q := (q(v),w) (A.1.3) 

be the associated symmetric map and symmetric bilinear form respectively (here (f,v) := f(v) for 
/ G C/ v and u G U). Let if := kerg; then g may be viewed as a (symmetric) map <f: (U/K) —> 
Ann if. The dual quadratic form g v is the quadratic form associated to the symmetric map 

q- 1 : Anniv -> (E//J0. 

Thus g v G S 2 (U/K). We denote by A l q the quadratic form induced by q on f\ U. 

Remark A.l.l. If a = V\ A . . . A is a decomposable vector of /\* £/ then A z g(a) is equal to the 
determinant of q\( Vlt ... yVi ) with respect to the basis {v\, . . . ,Vi}. 

The following is well-known (it follows from a straightforward computation). 
Proposition A.1.2. Let G S 2 C/ v and 

K:=kcv(q r ), k:=dimK. (AAA) 

Let <&i be the polynomials appearing in (|A.1.1[) . Then 

(1) $ ; = for i < k, and 

(2) there exists c ^ such that ^k(q) — cdet(g|/f)- 

Keep notation and hypotheses as in Proposition IA.1.21 Let Vk C S 2 C/ v be the subspace of 
quadratic forms whose restriction to K vanishes. Given q G Vk we have q{K) C Ann K and hence 
it makes sense to consider the restriction of q^ to q{K). 

Proposition A.1.3. Keep notation and hypotheses as in Proposition [Ail. 21 There exists c ^ 
such that 

®2k{q) =cdct{qV\q {K) ), qeV K - (A.1.5) 

In particular by Remark IA. 1.11 we have that <£>2/c (?) = if and only if the restriction of q^ to 
q{K) is degenerate. 

Proof. Choose a basis {u\, . . . , Ud} of U such that K = . . . , Uk) and q*(ui) — u( for k < i < d. 
Let q G Vk and let M be the matrix of q in the chosen basis - thus the upper-left k X k subminor 
of M is zero. Expanding det(<7* + tq) we get that 

det(g, + tq) = {-l) k t 2k ^(det M k ,j) 2 (mod t 2k+1 ) 

J 
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where M^j is the k x k submatrix of M determined by the first k rows and the columns indicized 
by J = (ji,j2, ■ ■ ■ ,jk)- The claim follows because 



£)(det A/ k ,j) 2 = A fe (<Z* V )(gM A . ..?(«*))• 



□ 



Remark A. 1.4. Keep notation and hypotheses as in Proposition [All .31 Suppose in addition that 
k = 1 and set A = kerq* = (ei). Let q G Vk i-e. g(ei) = 0. Since kerg* = (ei) there exists e2 6 17 
(well-defined modulo (ei)) such that <f(ei) = q*(e2}- An equivalent formulation of Proposition 
IA.1.31 (in this case) is that $2(9) = if and only if g*(e2) = 0. 

A. 2 Quadratic forms of corank 2 

In the present subsection G S 2 U v will be a quadratic form such that 

cork(g„) = 2, if := ker(g*). (A.2.1) 

Let $01 • ■ • 1 be the polynomials (well-defined up to multiplication by a non-zero scalar) associated 
to g*. Let q € S 2 C/ v ; by Proposition |A".1.2I we know that &i(q) — for i < 1 and moreover 
$2(9) = if and only if q\x is degenerate. We will describe the loci of q (subject perhaps to some 
a priori condition) such that &i(q) = for higher i. 

Claim A.2.1. Suppose that (jA.2.11) holds. Let q 6 S 2 U v and keep notation and hypotheses as 
above. Suppose moreover that $2(9) = i.e. q\x is degenerate. Then $3(9) = if and only if there 
exists ^ e G K such that 

g(e) € Ann(A), q^ (q(e)) = 0. (A.2.2) 
(Notice that the equation makes sense because of the first condition.) 

Proof. Suppose that q\x = 0. Then $3(q) — by Proposition IA.1.31 On the other hand 
q(e) G Ann (if) for all e G A and hence we may define a quadratic form Q on K by setting 
Q(v) := (q(v)); since dim AT = 2 it follows that there exists a non-trivial zero of Q i.e. a solution 
of (|A.2.2p . Now suppose that q\x = has rank 1 and let (e) = ker(g|/f)- There exists a basis 
{u±,...,Ud} of U such that A = (1*1,1*2), e = Hi and the matrix associated to g* is diagonal: 
q*(ui) = itf for 2 < i < d. Expanding det(g» + i<?) as function of t one gets that $3(9) = if and 
only if (|A.2.2p holds. □ 

Next we assume that 

?|jf = 0. (A.2.3) 

First we introduce some notation. Given w G K we have q(w) G Ann A by (j A.2.3|) and hence there 
exists e(q;w) such that 

q(w) = q*(e(q;w)). (A.2.4) 
Of course e(q; w) is determined modulo A. 

Claim A.2.2. Suppose that (|A.2.1j) /loMs. Let q e S 2 U v such that (IA.2.31) holds. Let v G A and 
suppose that q(v) G ker^^l^jn) i.e. 

(e(g;«),e(g;iu)),, = Vu> G A. (A.2.5) 

TTien 

(ui, e(g; = \/w G A 
and hence q(e(q;v)) is well-defined although e(q;v) is defined modulo K. 
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Proof. We have 

(w,e(q;v)) q = (q(w) , e(q; v)) = (q*(e{q;w)),e(q;v)) = (e(q;v),e(q;w)) q ,. 
The last expression vanishes by (|A.2.5|1 . □ 

Proposition A. 2. 3. Suppose that (jA.2.11) holds. Let q G S 2 U y . Assume that q\x — and hence 
&i(q) — for i < 4 (see Proposition [A".1.3)j . Suppose moreover that <& 4 (a) = i.e. q*\q(K) is 
degenerate (see Proposition [All. 31) . Then <&5 (g) = if and only if there exists ^ v E K such 
that (|A.2.5[) holds and moreover g(e(g;i>)) = 0. 

Proof. Suppose first that q\x is not injective. Then det(g*+ig) = for all t, in particular $5(0') = 0. 
On the other let v € K such that q(v) = 0. Then e(g; v) = 0; thus (|A.2.5I) holds and g(e(g; v)) = 0. 
Next suppose that q\x is injective and qi\q(K) nas rank 0. A straightforward computation gives 
that $5(9) = 0. Now ([A.2.5P holds for arbitrary v € K; since dim if = 2 there exists 7^ v £ K 
such that q(e(q;v)) — 0. Lastly suppose that q\x is injective and q^\q(K) has rank 1. There exists 
a basis {u\, . . . , Ud} of U such that K = (u±, 112} , 

q*{ui) — ity.j z = 3, 4, q*(ui)=uY 4 < i < d 

and <z(iti) = U3, 9(1*2) = Ug. Thus (q(ui)) = kcr(q^ \q(K)) an d e(g;iti) — U4. Let A — (oy) be the 
matrix of g with respect to the chosen basis. A straightforward computation gives that 

det(g* + tq) = a44t 5 (mod t 6 ) 

Since 044 = 9(^4) = g(e(g; ui)) that finishes the proof of the proposition. □ 

Lastly we will consider the restriction of $ to affine planes containing g* and subject to a certain 
hypothesis. 

Assumption A. 2. 4. r, s S S 2 C/ v and the following hold: 

(1) t\k = and sjx has rank 1 with kernel spanned by v, 

(2) the subspace (r(v),s(v)} C Ann K has dimension 2 and when we restrict g* we get a quadratic 
form of rank 1 with kernel spanned by r(v), 

(3) the restriction of g* to r(K) is degenerate. 

Suppose that r, s satisfy Assumption[A274] by Proposition lA.1.21 Claim [A.2.1l and Propo- 
sition IA.1.31 we have 

det(g* + xr + ys) = c Q3 y 3 + c sl x z y + c 22 x 2 y 2 + ci 3 xy 3 + c 04 y 4 (mod (x, y) 5 ) (A.2.6) 

Claim A. 2. 5. Suppose that (|A.2.1[) holds and moreover r,s satisfy Assumption [A.2.41 in par- 
ticular (|A.2.6[) holds. Then C31 = if and only if r(e(r;u)) = where v is as in Item (1) of As- 
sumption [A2T4] and e(r; v) is as in (|A.2.4[) with q replaced by r. 

Proof. We may choose a basis {u\, . . . , Ud} of U such that the following hold 

(a) K = {ui, U2), q*(ui) — Uy_ i for i — 3, 4 and g*(wi) = for 4 < i < d, 

(b) the matrix associated to r in the chosen basis is A — (ay) with <X\j = S^j and 022 = «24 = : 

(c) the matrix associated to s in the chosen basis is B = (bij) with b\j = S$j and 622 = L 
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Let rriij := (aijX + bij-y); then + xr + ys is equal to 
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A computation gives that 



det(g* + xr + ys) = y 3 + aax^y + . . . 



Now a 44 = r{ui). On the other hand g*(u 4 ) = U3 = r(ui) i.e. u 4 = e(r;ui); since (ui) = ker(s|if) 
that proves the claim. □ 



A. 3 Pencils of degenerate linear maps 

Let gt(3) be the space of 3 x 3 complex matrices. Let £)l(3) r C g[(3) be the closed subset of matrices 
of rank at most r. Let 



P := {V g Gr(2, fl[(3)) | V C ( l(3) 2 \ 01(3)0}. (A.3.1) 

In other words an element of P is a 2-dimensional space of 3 x 3 complex matrices whose non-zero 
elements have rank 2. Multiplication on the left and the right defines an action of GL 3 (C) x GL 3 (C) 
on P; we are interested in the orbits for this action. First we give three explicit elements of P. Let 



Let 



g := ] ,h := 1 . (A.3.2) 






V ; := (f,g), (A.3.3) 
V c := (./, ft), (A.3.4) 
V p := (/*,/!*). (A.3.5) 

Then Vi,V c ,V p E P; we claim that the orbits of these elements are pairwise distinct. To see why 
we introduce a piece of notation: given V £ P let AT(V) C P 2 be defined by 

*-(V):={ker/|[/]eP(V)}. (A.3.6) 

(This makes sense precisely because rk(f) = 2 for every [/] e P(V).) If V,V'eP belong to the same 
orbit then K(V) and if(V') belong to the same PGL3(C)-orbit. A straightforward computation 
shows that 

K(Vi) = V(x), K(V c ) = V(x 2 -yz), K (V p ) = V(x, y). (A.3.7) 

(Here [x,y, z] are the standard homogeneous coordinates on P 2 .) Since the above subsets of P 2 are 
pairwise not projectively equivalent we get that the orbits of V;, V c , V p arc pairwise distinct. One 
more piece of notation: if V G P we let V* := {/* | / € V}. 

Proposition A.3.1. Keep notation as above. Let V G P; then V is GL 3 (C) x GL 3 {£)- equivalent 
to one and only one of Vi,V c ,V p . 

Proof. It suffices to prove that if V € P then V is equivalent to one of V;, V c , V p . A priori there are 
four possible cases: 



133 





b 




/ m 







G 


d 


:) 


&:= 





:; ) 









\P 





3/ 



(1) neither if(V) nor if (V*) is a singleton, 

(2) -ftT(V) is not a singleton, if(V*) is a singleton, 

(3) if(V) is a singleton, K (V*) is not a singleton, 

(4) both # (V) and # (V*) are singletons. 

Assume that Item (1) holds. Then V is equivalent to (a, 0) where Ker(a) — ((0, 0, 1)), im(a) = V(z) 
and Ker{fi) = ((0, 1,0)), im(/3) = V(y). Thus 



(A.3. 



Expanding = det(sa + tf3) we get that = d = q. Furthermore be ^ and up ^ because 
2 = rk(a) = rk(fi). Then it is easy to show that there exist M, N G GL^(C) such that MaN = f 
and M/3N = g. Thus V is equivalent to V/. Now suppose that Item (2) holds: an argument similar 
to that given above shows that V is equivalent to V c . On the other hand if Item (3) holds then 
Item (2) holds with V replaced by V'; since V p = V* we get that V is equivalent to V p . Finally 
suppose that Item (4) holds. We may assume that K(V) = ((0,0,1)) and K{V l ) = V(z). Then 
V C 5312(C); since dimV = 2 there exists ^ / £ V such that rk(f) < 2, that is a contradiction. 
Thus Item (4) cannot hold. □ 

Remark A. 3. 2. Any 2-dimensional subspace of 03(C) is an element of P; such a subspace is equiv- 
alent to V;. 
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